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Abstract In a Hilbert space setting, for convex optimization, we analyze the con-
vergence rate of a class of first-order algorithms involving inertial features. They
can be interpreted as discrete time versions of inertial dynamics involving both
viscous and Hessian-driven dampings. The geometrical damping driven by the
Hessian intervenes in the dynamics in the form V?2f(z(t))%(t). By treating this
term as the time derivative of V f(z(t)), this gives, in discretized form, first-order
algorithms in time and space. In addition to the convergence properties attached
to Nesterov-type accelerated gradient methods, the algorithms thus obtained are
new and show a rapid convergence towards zero of the gradients. On the basis
of a regularization technique using the Moreau envelope, we extend these meth-
ods to non-smooth convex functions with extended real values. The introduction
of time scale factors makes it possible to further accelerate these algorithms. We
also report numerical results on structured problems to support our theoretical
findings.
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1 Introduction
Unless specified, throughout the paper we make the following assumptions

H is a real Hilbert space;
f:H — R is a convex function of class C2, S := argming, f # 0; (H)

v, B, b [to, +oo[— R are non-negative continuous functions, o > 0.

As a guide in our study, we will rely on the asymptotic behavior, when ¢t — 400,
of the trajectories of the inertial system with Hessian-driven damping

E(t) +y(8)i(t) + BV f(@())i(t) +b(6)V f () = 0,

~(t) and B(t) are damping parameters, and b(¢) is a time scale parameter.

The time discretization of this system will provide a rich family of first-order
methods for minimizing f. At first glance, the presence of the Hessian may seem to
entail numerical difficulties. However, this is not the case as the Hessian intervenes
in the above ODE in the form V?f(x(t))i(t), which is nothing but the derivative
w.r.t. time of V f(x(¢)). This explains why the time discretization of this dynamic
provides first-order algorithms. Thus, the Nesterov extrapolation scheme [25,20]
is modified by the introduction of the difference of the gradients at consecutive
iterates. This gives algorithms of the form

yr = ok + agp(@r —xp—1) — Be (Vf(zr) = V(zr—1))
rpp1 = T(yr),

where T', to be specified later, is an operator involving the gradient or the proximal
operator of f.

Coming back to the continuous dynamic, we will pay particular attention to
the following two cases, specifically adapted to the properties of f:

e For a general convex function f, taking v(t) = &, gives
(DIN-AVD), g  &(t) + %:it(t) + B()V? f(x(t)i(t) + b(t)V f(x(t)) = 0.

In the case § =0, a = 3, b(t) = 1, it can be interpreted as a continuous version
of the Nesterov accelerated gradient method [31]. According to this, in this
case, we will obtain O (t72) convergence rates for the objective values.

e For a pu-strongly convex function f, we will rely on the autonomous inertial
system with Hessian driven damping

(DIN)s s &(t) + 2y/mi(t) + BV f(a(t))i(t) + V f(x(t) =0,

and show exponential (linear) convergence rate for both objective values and
gradients.

For an appropriate setting of the parameters, the time discretization of these
dynamics provides first-order algorithms with fast convergence properties. Notably,
we will show a rapid convergence towards zero of the gradients.
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1.1 A historical perspective

B. Polyak initiated the use of inertial dynamics to accelerate the gradient method
in optimization. In [27,28], based on the inertial system with a fixed viscous damp-
ing coefficient v > 0

(HBF)  &(t) +4i(t) + Vf(2(t) = 0,

he introduced the Heavy Ball with Friction method. For a strongly convex func-
tion f, (HBF) provides convergence at exponential rate of f(z(t)) to miny, f. For
general convex functions, the asymptotic convergence rate of (HBF) is O(%) (in
the worst case). This is however not better than the steepest descent. A deci-
sive step to improve (HBF) was taken by Alvarez-Attouch-Bolte-Redont [2] by
introducing the Hessian-driven damping term BV?f(x(t))i(t), that is (DIN)g 5.
The next important step was accomplished by Su-Boyd-Candes [31] with the in-
troduction of a vanishing viscous damping coefficient () = ¢, that is (AVD),
(see Section 1.1.2). The system (DIN-AVD),, 31 (see Section 2) has emerged as a
combination of (DIN)g g and (AVD), . Let us review some basic facts concerning
these systems.

1.1.1 The (DIN), g dynamic

The inertial system
(DIN), 5 &(t) +ya(t) + BV f((t)d(t) + Vf(x(t) =0,

was introduced in [2]. In line with (HBF), it contains a fized positive friction
coefficient ~. The introduction of the Hessian-driven damping makes it possible to
neutralize the transversal oscillations likely to occur with (HBF), as observed in
[2] in the case of the Rosenbrook function. The need to take a geometric damping
adapted to f had already been observed by Alvarez [1] who considered

() + Di(t) + VF(z(t) =0,

where I' : H — H is a linear positive anisotropic operator. But still this damping
operator is fixed. For a general convex function, the Hessian-driven damping in
(DIN),, g performs a similar operation in a closed-loop adaptive way. The termi-
nology (DIN) stands shortly for Dynamical Inertial Newton. It refers to the natural
link between this dynamic and the continuous Newton method.

1.1.2 The (AVD), dynamic

The inertial system
(AVD)a (1) + Sa(t) + V/(x(t)) = 0,

was introduced in the context of convex optimization in [31]. For general convex
functions it provides a continuous version of the accelerated gradient method of
Nesterov. For o > 3, each trajectory z(-) of (AVD), satisfies the asymptotic rate
of convergence of the values f(z(t)) —infy f = O (1/t2). As a specific feature, the
viscous damping coefficient ¢ vanishes (tends to zero) as time ¢ goes to infinity,
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hence the terminology. The convergence properties of the dynamic (AVD), have

been the subject of many recent studies, see [3,4,5,6,8,9,10,14,15,24,31]. They
helped to explain why ¢ is a wise choise of the damping coefficient.
In [20], the authors showed that a vanishing damping coefficient (-) dissipates

the energy, and hence makes the dynamic interesting for optimization, as long as
f t:OO ~(t)dt = +o00. The damping coefficient can go to zero asymptotically but not
too fast. The smallest which is admissible is of order +. It enforces the inertial
effect with respect to the friction effect.

The tuning of the parameter « in front of % comes from the Lyapunov analysis
and the optimality of the convergence rates obtained. The case a = 3, which
corresponds to Nesterov’s historical algorithm, is critical. In the case o = 3, the
question of the convergence of the trajectories remains an open problem (except in
one dimension where convergence holds [9]). As a remarkable property, for a > 3,
it has been shown by Attouch-Chbani-Peypouquet-Redont [8] that each trajectory
converges weakly to a minimizer. The corresponding algorithmic result has been
obtained by Chambolle-Dossal [21]. For a > 3, it is shown in [10] and [24] that the
asymptotic convergence rate of the values is actually o(1/t?). The subcritical case
a < 3 has been examined by Apidopoulos-Aujol-Dossal[3] and Attouch-Chbani-

Riahi [9], with the convergence rate of the objective values O (t_%n . These rates
are optimal, that is, they can be reached, or approached arbitrarily close:

e o > 3: the optimal rate O (tiQ) is achieved by taking f(z) = ||z||” with r — +o0
(f become very flat around its minimum), see [8].

e o < 3: the optimal rate O (f%) is achieved by taking f(z) = ||z]|, see [3].

The inertial system with a general damping coefficient v(-) was recently studied
by Attouch-Cabot in [4,5], and Attouch-Cabot-Chbani-Riahi in [6].

1.1.8 The (DIN-AVD),, 3 dynamic
The inertial system
(DIN-AVD), 5 @(t) + %:ic(t) + BV2f(2(t)a(t) + V£ (z(t) =0,

was introduced in [11]. It combines the two types of damping considered above.
Its formulation looks at a first glance more complicated than (AVD)q . In [12],
Attouch-Peypouquet-Redont showed that (DIN-AVD),, 3 is equivalent to the first-
order system in time and space

#(t) + VL) ~ (5 §) () + Fu() = 0
00 = (§ - ¢ +99) =) + huv) = 0.

This provides a natural extension to f:H — R U {400} proper lower semicontin-
uous and convex, just replacing the gradient by the subdifferential.

To get better insight, let us compare the two dynamics (AVD)q and (DIN-AVD),, 5
on a simple quadratic minimization problem, in which case the trajectories can
be computed in closed form as explained in Appendix A.3. Take # = R? and
flz1,22) = %(w% +1000z3), which is ill-conditioned. We take parameters a = 3.1,

B = 1, so as to obey the condition a > 3. Starting with initial conditions:
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Fig. 1 Evolution of the objective (left) and trajectories (right) for (AVD)s (o = 3.1) and
(DIN-AVD),, s (a=3.1,8=1) on an ill-conditioned quadratic problem in R2.

(z1(1),z2(1)) = (1,1), (21(1),22(1)) = (0, 0), we have the trajectories displayed in
Figure 1. This illustrates the typical situation of an ill-conditioned minimization
problem, where the wild oscillations of (AVD), are neutralized by the Hessian
damping in (DIN-AVD), g (see Appendix A.3 for further details).

1.2 Main algorithmic results

Let us describe our main convergence rates for the gradient type algorithms. Cor-
responding results for the proximal algorithms are also obtained.

General convex function Let f : H — R be a convex function whose gradient is
L-Lipschitz continuous. Based on the discretization of (DIN-AVD) we

consider

{yk =ap+ (1 - @) (2g — 2-1) — BVE (Vf(2x) = Vzr-1)) — BLEVf(2p)

o,B1+2

Tp1 = Yk — sV (Yk)-

Suppose that a > 3, 0 < 8 < 24/s, sL < 1. In Theorem 6, we show that

(@) f(xx) —m7_ilnf =0 <ki2> as k — +oo;

(i) > K IVFR)l? < +ooand Y K|V F(ap)l* < +oo.
k k

Strongly convex function When f : H — R is p-strongly convex for some p > 0,
our analysis relies on the autonomous dynamic (DIN), g with v = 2,/u. Based on
its time discretization, we obtain linear convergence results for the values (hence
the trajectory) and the gradients terms. Explicit discretization gives the inertial
gradient algorithm
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T4l = Tp + ! ;\/\/Zz(ﬂfk —Tp_1) — I f\/\jﬁ (Vf(zr) = Vf(rr—1)) — ﬁvf(zk)'

Assuming that Vf is L-Lipschitz continuous, L sufficiently small and 8 < ﬁ, it

is shown in Theorem 11 that, with ¢ = (0<g<1)

1
f(Ik)—H%_i[IleO(qk) and |zj — 2*|| :@(qk/z) ask — too,

Moreover, the gradients converge exponentially fast to zero.

1.3 Contents

The paper is organized as follows. Sections 2 and 3 deal with the case of general
convex functions, respectively in the continuous case and the algorithmic cases. We
improve the Nesterov convergence rates by showing in addition fast convergence of
the gradients. Sections 4 and 5 deal with the same questions in the case of strongly
convex functions, in which case, linear convergence results are obtained. Section 6
is devoted to numerical illustrations. We conclude with some perspectives.

2 Inertial dynamics for general convex functions

Our analysis deals with the inertial system with Hessian-driven damping

(DIN-AVD) a5, #(t) + %i(t) + BV f(2(t)i(t) + b(t)V f(z(t) = 0.

2.1 Convergence rates

We start by stating a fairly general theorem on the convergence rates and inte-
grability properties of (DIN-AVD), g; under appropriate conditions on the pa-
rameter functions B(¢) and b(¢). As we will discuss shortly, it turns out that for
some specific choices of the parameters, one can recover most of the related re-
sults existing in the literature. The following quantities play a central role in our
analysis:

w(t) = b(t) — A1) - X and 5(1) 1= u(e) (1)

Theorem 1 Consider (DIN-AVD),, g , where (H) holds. Take oo > 1. Let x : [to, +-00[—
H be a solution trajectory of (DIN-AVD),, 31, . Suppose that the following growth con-
ditions are satisfied:
- t
(@) o) > Bt + 20,
(G3) tw(t) < (a—3)w(t).
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Then, w(t) is positive and

() 1Gal0) = min g = 0 (s ) s 1o

“+o0
(id) t Bt w(t) |V f(z(t)]? dt < +o0;

+oo
(i) / (0 = Byult) — 1(0)) (7(a(0)) — min f)dt < +oo.
to H
Proof Given z* € argming, f, define for t > tg

E(t) = o(t)(f(=(t)) — f(z")) + % lo(8)11*, (2)

where v(t) := (a—1)(z(t) —x*) + t (z(t) + B)V f(z(¢)) .
The function E(-) will serve as a Lyapunov function. Differentiating E gives

%E(t) = 6(0)(f(2(t) — (&™) + 6NV F(2(1)), &(t) + (v(t), 0(¢)).  (3)

Using equation (DIN-AVD),, g5, we have

i(t) = ai(t) + BOVF((t) + t[E(0) + BOV (1)) + B0V F(2(1))i(0)]
= ai(t) + BOVH((t) + [ — () + (3(0) — b)Y F(a(0)]
= 1[50 + 28 o) v s

Hence,

(i), 1)) = (o~ (30 + 22 o) (v r), (0) =)

w2 (30 + 22 o) (v ), #0)

w280 (30 + P9 o) 19 ).
Let us go back to (3). According to the choice of §(¢), the terms (V f(z(t)), ©(t))
cancel, which gives

%E(t) = 5(1)(f(x(t)) — F(=*) + LV f(2(t)), 2* — (1))
— B V(@)

Condition (G2) gives §(t) > 0. Combining this equation with convexity of f,
F@) = fx(t) 2 (VF((t), 2" = (t)),
we obtain the inequality

L p0)+ 8050 1 £ @)I? + [T 00 - 5] (Fw) - s <0 @)

Then note that

(o

st - 500) = (0 - i) - i), (5)
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Hence, condition (G3) writes equivalently

(o=

st~ bit) =0 (6)

which, by (4), gives %E(t) < 0. Therefore, E(-) is non-increasing, and hence

E(t) < E(to). Since all the terms that enter E(-) are nonnegative, we obtain (7).
Then, by integrating (4) we get

/ T B080) IV F@(®) P dt < Bto) < 400,

and .
/t t((a —3)w(t) — tw(t)) (f(z(t)) = f(z¥))dt < E(to) < +oo,

which gives (i7) and (7ii), and completes the proof. |

2.2 Particular cases

As anticipated above, by specializing the functions 3(¢) and b(t), we recover most
known results in the literature; see hereafter for each specific case and related lit-
erature. For all these cases, we will argue also on the interest of our generalization.

Case 1 The (DIN-AVD), g system corresponds to 5(t) = 8 and b(t) = 1. In this

case, w(t) = 1 — ? Conditions (G2) and (Gs) are satisfied by taking a > 3 and
t > g:zﬁ. Hence, as a consequence of Theorem 1, we obtain the following result

of Attouch-Peypouquet-Redont [12]:

Theorem 2 ([12]) Let z : [to,+oo[— H be a trajectory of the dynamical system
(DIN-AVD),, 5 . Suppose o > 3. Then

fz(t) — rr%_itnf =0 (é) and /OO V£ (x(t)]]2dt < +oo.

to

Case 2 The system(DIN-AVD) | .14 2 » Which corresponds to B(t) = B and b(t) =
B1+5

1+ g, was considered in [30]. Compared to (DIN-AVD), g it has the additional
coefficient % in front of the gradient term. This vanishing coefficient will facilitate
the computational aspects while keeping the structure of the dynamic. Observe
that in this case, w(t) = 1. Conditions (G2) and (Gs) boil down to « > 3. Hence,

as a consequence of Theorem 1, we obtain

Theorem 3 Let x : [to, +0o[— H be a solution trajectory of the dynamical system

(DIN-AVD) . Suppose o > 3. Then

a,f,1+2

fz(t) — H%-itnf =0 (%2) and /OO 2V f (2(t))]2dt < 4-oc0.

to
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Case 3 The dynamical system (DIN-AVD),, ¢, which corresponds to 5(t) = 0,
was considered by Attouch-Chbani-Riahi in [7]. It comes also naturally from the
time scaling of (AVD), . In this case, we have w(t) = b(t). Condition (G2) is
equivalent to b(t) > 0. (G3) becomes

th(t) < (o = 3)b(1),
which is precisely the condition introduced in [7, Theorem 8.1]. Under this condi-
tion, we have the convergence rate

F(a(t) = min f = 0 (%) as t — +oo.

This makes clear the acceleration effect due to the time scaling. For b(t) = t", we

have f(z(t)) —miny f = O <t2%)’ under the assumption o > 3 + 7.

Case 4 Let us illustrate our results in the case b(t) = ct’, 8(t) = t°. We have
w(t) = ct® — (B+ )P0/ (t) = ebt®™! — (82 — 1)t?~2. The conditions (G2), (Gs)
can be written respectively as:

o’ > B+ 1)t and c(b—a+3)t" < (B+1)(B—a+2)t° 7 . (7)
When b = 8 — 1, the conditions (7) are equivalent to 8 < c—1 and B8 < a—2,

tB+1

Let us apply these choices to the quadratic function f : (x1,22) € R? —
(z1 4 x2)° /2. f is convex but not strongly so, and argming. f = {(z1,z2) € R? :
xg = —x1}. The closed-form solution of the ODE with this choice of 8(t) and b(t) is
given in Appendix A.3. We choose the valuesa =5,8=3,b=08—-1=2andc=5
in order to satisfy condition (7). The left panel of Figure 2 depicts the convergence
profile of the function value, and its right panel the trajectories associated with
the system (DIN-AVD),, g; for different scenarios of the parameters. Once again,
the damping of oscillations due to the presence of the Hessian is observed.

which gives the convergence rate f(z(t)) — mingy f = O ( ! )

Discussion Let us first apply the above choices of (a, 3(t), b(t)) for each case to the
quadratic function f : (z1,22) € R? — (21 +22)* /2. f is convex but not strongly
so, and argming: f = {(z1,72) € R? : 29 = —x1}. The closed-form solution of
(DIN-AVD),, g with each choice of 3(t) and b(t) is given in Appendix A.3. For
all cases, we set a = 5. For case 1, we set 3 =b = 1. For case 2, we take 3 = 1. As
for case 3, we set r = 2. For case 4, we choose 3 =3,b=3—-1=2and c=5in
order to satisfy condition (7). The left panel of Figure 2 depicts the convergence
profile of the function value as well as the predicted convergence rates O (1 / t2) and
(@] (1/t4) (the latter is for cases with time (re)scaling). The right panel of Figure 2
displays the associated trajectories for the different scenarios of the parameters.
The rates one can achieve in our Theorem 1 look similar to those in Theorem 2
and Theorem 3. Thus one may wonder whether our framework allowing for more
general variable parameters is necessary. The answer is affirmative for several
reasons. First, our framework can be seen as a one-stop shop allowing for a unified
analysis with an unprecedented level of generality. It also handles time (re)scaling
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Fig. 2 Convergence of the objective values and trajectories associated with the system
(DIN-AVD), g5 for different choices of 5(t) and b(t).

straightforwardly by appropriately setting the functions 3(¢) and b(t) (see Case 3
and 4 above). In addition, though these convergence rates appear similar, one
has to keep in mind that these are upper-bounds. It turns out from our detailed
example in the quadratic case introduced above in Figure 2, that not only the
oscillations are reduced due to the presence of Hessian damping, but also the
trajectory and the objective can be made much less oscillatory thanks to the
flexible choice of the parameters allowed by our framework. This is yet again
another evidence of the interest of our setting.

3 Inertial algorithms for general convex functions
3.1 Proximal algorithms

8.1.1 Smooth case

Writing the term V2 f(z(t))#(t) in (DIN-AVD),, 5 as the time derivative of V f(z(t)),
and taking the implicit time discretization of this system, with step size h > 0,
gives

Thyl — 2T + Th—1 | & Tyl — T " Br

2 oh 3 f(vf(l'k+l) = Vf(@k)) + bV f(@p+1) = 0.

Equivalently

k(zgpq1 — 22 + 2p—1) + a(@p1 — ) + Brhk(Vf(zp41) — V(21))
+bih%kV f (2)41) = 0. (8)
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Observe that this requires f to be only of class C'. Set now s = h?. We obtain the
following algorithm with 3, and by varying with k:

(IPAHD): Inertial Proximal Algorithm with Hessian Damping.

Stepk : Set py := ,H_La(b’k\/g—i— sby).

Yk = Tk + (1 - k%}) (zk — Tk—1) + BrV/s (1 - k%‘) Vf(zk)

Tr41 = proxukf(yk).

(IPAHD) {

Theorem 4 Assume that f : H — R is a convez C function. Suppose that o > 1. Set
O = h(byhk = Bry1 = k(B — Br)) (k+ 1), (9)
and suppose that the following growth conditions are satisfied:
(G2™) bk — Brir — k(Brr1 — Br) > 05

di I
(G3™) 5k+1—5k§(a—1)k+1-

Then, Jy, is positive and, for any sequence (mk)keN generated by (IPAHD)

| mr—o(L)= :
(Z) f(l’k)_H%_ltnf—O <5k> @ (k(k+1)(bkh%l(ﬁk+lﬁk))>

(i) Y SkBrra |V f (@rga)|* < +o0.
3

Before delving into the proof, the following remarks on the choice/growth of
the parameters are in order.

Remark 1 We first observe that condition (G3'®) is nothing but a forward (explicit)
discretization of its continuous analogue (G2). In addition, in view of (1), (G3)
equivalently reads

t6(t) < (oo — 1)8(t).

In turn, (9) and (G$'®) are explicit discretizations of (1) and (Gs) respectively.

Remark 2 The convergence rate on the objective values in Theorem 4(i) is
O (1/((k + 1)k) with the proviso that

inf(bgh — L — (8140 B1)) > O, (10)
which in turn implies (G$3%). If, in addition to (10), we also have inf}, 8; > 0, then
the summability property in Theorem 4(ii) reads 3", k(k+ 1)V f(zx11)]]* < +oo.
For instance, if 3, is non-increasing and by, > ¢+ 5,2;1, ¢ > 0, then (10) is in force
with ¢ as a lower-bound on the infimum. In summary, we get O (1/((k 4+ 1)k) under
fairly general assumptions on the growth of the sequences (8), <y and (bg);cn-

Let us now exemplify choices of Sy and by, that have thg appropriate growth
as above and comply with (10) (hence (G$®)) as well as (G$').
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e Let us take B, = 8 > 0 and b, = 1, which is the discrete analogue of the
continuous case 1 considered in Section 2.2 (recall that the continuous version
was analyzed in [12]). Note however that [12] did not study the discrete (algo-
rithmic) case and thus our result is new even for this system. In such a case,
6p = h?(k 4+ 1)(k — B/h) and B}, is obviously non-icnreasing. Thus, if o > 3,
then one easily checks that (10) (hence (G$*)) and (G$*®) are in force for all
E>ae=28_, 2

= a—=3h a—3

e Consider now the discrete counterpart of case 2 in Section 2.2. Take 8, = 8 > 0
and by, = 14+6/(hk)'. Thus 6;, = h?(k+1)k. This case was studied in [30] both in
the continuous setting and for the gradient algorithm, but not for the proximal
algorithm. This choice is a special case of the one discussed above since (3}, is
the constant sequence and ¢ = 1. Thus (10) (hence (G$3%)) holds. (G§¥%) is also
verified for all k& > % as soon as « > 3.

Proof Given z* € argming, f, set

B = 84(f ) — @) + 5 o2,

where
vp = (o — 1) (xp — %) + k(zp — 2_1 + BhV f(zk)),
and (0y) ¢y 18 a positive sequence that will be adjusted. Observe that Ej, is nothing

but the discrete analogue of the Lyapunov function (2). Set AE, := Ej 1 — E,
ie.,

ABg = (k1 = 0)(f(zr1) = f(27)) + 0k (f(zht1) — flar)) + %(Ilfvle2 — llokll)

Let us evaluate the last term of the above expression with the help of the three-
point identity 3 [lves1l? — 5 okll® = (kg1 — vy vrg1) — 5 lokgr — vkl
Using successively the definition of v, and (8), we get
Vg1 — vk = (@ = D (zpr1 —2x) + (k+ 1) (kg1 — 2k + Be1 AV f(w141))
—k(zy — xp—1 + BphV f(zy))
= argpq1 — ox) + k(Tpg1 — 20 + Tp—1) + Brp 1 AV f(Tp41)
+hk(Br 1V (zp11) — BeV f(zk))
= [a(zgpr1 — xp) + k(Tpr1 — 228 + 2p—1) + khBL(Vf(zp11) — VF(zp))]
+Bk41hV f(xrp1) + kR(Bryr1 — Bie) VI (Tr41)
= —bphkV f (2h41) + B AV f(wig1) + kh(Bry = Br) VS (i)

= h(Brs1 +k(Bs1 — Be) — bihk )V f (@ 11).
Set shortly Cy = Br11 + k(Br+1 — Br) — bphk. We have obtained

1 2 1 2 h? o 2
llvkall” = Fllvll =—7Ck\|vf($k+1)|\

(VI(@hg1), (@ = D)(apy1 —27) + (b + 1) (@p41 — Tp + Brp1hV f(2r41)))

= 12 (5CF ~ Oubin ) IV S or )P = (o= DACK(VF(@g), * — 2pn)

—hC(k + IV f(Trt1), Tk — Tt1)-
1 One can even consider the more general case b(t) = 1 + b/(hk),b > 0 for which our

discussion remains true under minor modifications. But we do not pursue this for the sake of
simplicity.
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By virtue of (G$*), we have

—Ck = bghk — Bry1 — k(By+1 — Bk) > 0.

Then, in the above expression, the coefficient of \|Vf(:rk+1)||2 is less or equal than

zero, which gives

1 1
§\|Uk+1\|2 - §|\Uk||2 < —(a=DhCy (Vf(@p41), 2" — Tpq1)
—th(k + 1) <Vf($]€+1), Tl — J,’k;+1> .

According to the (convex) subdifferential inequality and Cj, < 0 (by (G2%)), we
infer

Sl = S llogll® < ~(@ — DAC(F @) — F(wre1))

—hCy(k + 1)(f(zk) — f(241))-
Take §;, := —hCi(k+1) = h(bkhk — Brt1 — k(Br41 — ,Bk)) (k+1) so that the terms
f(zr) — f(zgy1) cancel in Ey 1 — E. We obtain

Epy1—E; < (5k+1 — 0 — (= 1)h(bhk — Bry1 — k(Br+1 — 5k))) (f(@pg1) = f(27))

Equivalently

Epi— B < (5k:+1 — 0 — (a— 1)%)“(%“1) — f(z")).

By assumption (G$'*), we have 651 — 8 — (a — 1)% < 0. Therefore, the sequence

(Ek) ey is non-increasing, which, by definition of Ey, gives, for k > 0
. Ep
- <=,
f(zx) —min f < 5,
By summing the inequalities
h
Epy1— Ex + h(§(5k+1 + k(Brs1 — Br) — buhk)® + 5kﬂk+1) IV f(wria)]* <O

we finally obtain Y, 6xB8k+1 [V f(zrs1)|? < +oo. ]

8.1.2 Non-smooth case

Let f: H — RU{+o0} be a proper lower semicontinuous and convex function. We
rely on the basic properties of the Moreau-Yosida regularization. Let f) be the
Moreau envelope of f of index A > 0, which is defined by:

. 1
fiz) = min {f(z) + B3 |z — x||2} , for any z € H.
We recall that fy is a convex function, whose gradient is A~!-Lipschitz continuous,
such that argming, f\ = argming, f. The interested reader may refer to [17,19] for
a comprehensive treatment of the Moreau envelope in a Hilbert setting. Since
the set of minimizers is preserved by taking the Moreau envelope, the idea is to
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replace f by fy in the previous algorithm, and take advantage of the fact that fy
is continuously differentiable. The Hessian dynamic attached to f, becomes

#(1) + (1) + BVIA((0) (1) + bV (@ (1) = 0.

However, we do not really need to work on this system (which requires fy to be C?),
but with the discretized form which only requires the function to be continuously
differentiable, as is the case of fy. Then, algorithm (IPAHD) applied to f) now
reads

{yk =+ (1= g55) (o —ai1) + B3 (1- 525 ) V()

Tyl = proxﬂ%(,g\/g-;-sbk)f,\ (yk).

By applying Theorem 4 we obtain that under the assumption (G$**) and (G§¥),

Paog) = ming £ =0 (&), Sy 868V @rg )l < +oc,

Thus, we just need to formulate these results in terms of f and its proximal
mapping. This is straightforward thanks to the following formulae from proximal
calculus [17]:

Fae) = F(proxys () + 55 [z — proxa @), (1)
Vi) = 5 (- proxy (@), (12)

0
proxgy, (z) = %—Mx + 5375 ProXono) £ (2)- (13)

We obtain the following relaxed inertial proximal algorithm (NS stands for Non-
Smooth):

(IPAHD-NS) :

._ A(k+a)
Set Lk = X hFa)+h(BysTobn)

ye =z + (1 — £55) (o — 2p—1) + Bz (1 - kj%a) (zk — proxy s ()
Th1 = Yk + (1 — pg) PYOXﬁf(yk)-

Theorem 5 Let f: H — RU{+o0} be a convex, lower semicontinuous, proper func-
tion. Let the sequence (5k)keN as defined in (9), and suppose that the growth conditions

(G1%) and (G35 in Theorem / are satisfied. Then, for any sequence (7k) pey generated
by (IPAHD-NS), the following holds

. 1 2
f(prox, ¢ (z1)) — H%_l[nf =0 (a> , Xk:ékﬂk‘*‘l ka—H - proxkf(xk_,_l)H < 4o0.
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3.2 Gradient algorithms

Take f a convex function whose gradient is L-Lipschitz continuous. Our analysis is
based on the dynamic (DIN-AVD) gatl considered in Theorem 3 with damping
B+

parameters a > 3, # > 0. Consider the time discretization of (DIN-AVD) R
s t

s — 2 ) + (@~ w) (V) — V(o))
s B ks B NG B

iV o) + VT ) =0

with y;, inspired by Nesterov’s accelerated scheme. We obtain the following scheme:

(IGAHD) : Inertial Gradient Algorithm with Hessian Damping.

Step ko, =1— ¢.
{yk = ap, + gy — 2_1) — BVS (VS (xk) = Vi(zp_1)) — BLEV (1)

Tpy1 = Yk — SV (Yr),

Following [5], set tg41 = %, whence t = 1+ tj4q 0.
Given z* € argming f, our Lyapunov analysis is based on the sequence (E}); oy
2 * 1 2
By, =t (f(zx) = (@) + g [lowll (14)
vk = (Tpo1 — %) + by (mk — a4 ﬂ\/§Vf(:ck_1)>. (15)

Theorem 6 Let f : H — R be a convex function whose gradient is L-Lipschitz con-
tinuous. Let (x1),eyn be a sequence generated by algorithm (IGAHD) , where a > 3,
0 < B <25 ands < 1/L. Then the sequence (Ey),cy defined by (14)-(15) is non-
increasing, and the following convergence rates are satisfied:
. o 1 )
(%) f(axk)—n%_l[nff(’) 2 as k — +oo;
(#3) Suppose that 8> 0. Then

SRV E)II® < 400 and Y K|V f(ak)|* < +oo.
k k

Proof We rely on the following reinforced version of the gradient descent lemma
(Lemma 1 in Appendix A.1). Since s < +, and Vf is L-Lipschitz continuous,

Fy = sVIW) < f@) + (VIW).y - 2) = SIVI)I® = S1VF(@) - Vi)

for all z,y € H. Let us write it successively at y = y,, and = = 1, then at y = yy,
x = z*. According to zy11 = yr — sV f(yx) and Vf(z*) =0, we get

F@in) < )+ (VFn)ue = o) = SIVI@IP = SIV @) = VI@ol? (16)

F@nen) < @) + (V) v — o) = IV = S IVl (17)
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Multiplying (16) by ¢x11 — 1 > 0, then adding (17), we derive that

ti1 (f(@rg1) = f(27)) < (e — 1) (@) — f(=7))

(VI (r), (b1 — 1) (yp — 1) +yp — 27) th+1\|vf(yk)||2~

s s
=5 (ter = DIV (@) = VEw)lI* = SIVF ). (18)
Let us multiply (18) by tg41 to make appear Ej. We obtain

topr (f(@rga) = F(@) < (thgr — thar — 18)(far) = £(27) + R (f(@x) = f(27))

i1 (VS k), (trrr — 1) (yk — z) +y — 27) 2ti+1”vf(yk)”2

S S
—5 (R =t )V (@) = VI = Staea [V ()1
Since o > 3 we have ti_H —t41 — t3 <0, which gives

thi1(F(@pgr — (@) <R (f () — F(2¥))
1 (VF(Wk), (ks — 1) (e — 21) +yp — ™) — %tiHHVf(yk)HQ

S S
—5 (ke =t DIV F () = V)l = Strsa V5 ().
According to the definition of Ej, we infer
Ept1— Er <ty 1 (VF k), (b1 — Dy — o) +y — %) — %tiHHVf(yk)HQ
S S
—g(tiﬂ — tr ) IV (k) = VI ()1 — gtkﬂ”Vf(yk)HQ

1 2 1 2
o ol = o ol

Let us compute this last expression with the help of the elementary identity

1 2 1 2 1 2
Slverill” = Slvell™ = (ks — ves viey1) — 5 vk — vkll”
2 2 2

By definition of v, according to (IGAHD) and ¢, — 1 = ¢, a5, we have

Vg1 = Uk = Tk — Th1 F b1 (Thp1 — T + BVsVF(21))
—tg(@r — 2p—1 + BVsV(2g-1))
= tpp1(@pr1 — ) — (b — D (@ — 2p—1) + ﬂ\/g(tkﬂvf(ﬂfk) - thf(wkq))
= trta <$k+1 = (zg + o (g, — -’Ek—1)) + 5\/§(tk+lvf(xk) - thf(-’Ek—l))
= trp1 (The1 — Uk) — o1 BVS(V (k) = Vf(2g-1)) — tk+157\/gvf(l"k—1)
+BVs(te1V f(2g) — iV f(z-1))
= tit1 (T — Uk)
)

+BVs <tk+1 (1 - %) - tk) Vf(zg-1)

=ty (Thp1 — Yk) = —Ste1 VI (W)
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Hence

1 2 1 2 S 2 2
%H%HH - %HUI@H = _itk+1|‘vf(yk)”

—ly1 <Vf(yk)7 o — "+t ($k+1 -z + ﬂ\/EVf(:vk))> :
Collecting the above results, we obtain

Bpi1 — B < 1 (VF (), (trgr — D) (yg — 23) +y — 2%) — st 1 IV () |12
~tht1 <Vf(yk)7xk — "+t (wk+1 — xR+ ﬂ\/EVf(:rk))>

—5 (g1 — ) IVI (@) = VI = St IV @)l

Equivalently

Byy1 — By <t 1 (VF(yk), Ax) — st IV F (i) |I?
S S

2(ti+1 —tey )V (z) = V()| — 2tk+1\|Vf(yk)||2,
with
A = (i1 — (yk — 2x) + yp — @ — tpa (ﬂﬁk+1 -z + ﬁ\/EVf(xk))

= tht1Uk — tht1 Tk — tog1 (Tpp1 — k) — by BVsV f ()
= thp1(Uk — Thg1) — tep1 BVsV f ()
stir1Vf(yk) — ter18VsV f (zg)

Consequently

Erp1 — Ex <ter 1 (VF(ur), steg1 V() — ter1BVsV ()
—stiaIVS @)l = 51 = i) IV @) = VIl = Steea |V £ ()]
= _t12c+15\/§<vf(yk), Vf(xk» - g(tiJrl - tk-',—l)va(xk) - Vf(yk)||2

S

S tra IV F ()

= —tgy1 Bk,

where
By = U BVE(VL (), VI () + 5 (trer = DIVFar) = V@) [P+ 51V ()|

When 8 =0 we have By, > 0. Let us analyze the sign of B, in the case 8 > 0. Set
Y =V f(yr), X = Vf(z)). We have
s
2
S
= itk+1‘|y‘|2 + (tkp1(BVs —5) +5) (Y, X) +
S

2

(thpr = DIY = X|* + tp 1 BV5(Y, X)

S
i(tkﬂ - 1)1 x|

S
et [V 1% = (g1 (895 — 8) + 8) IVIIX ]+ 5 (s — DX

S
By = §HYH2 +

>
Elementary algebra gives that the above quadratic form is non-negative when

(try1(BVs =) + 8)2 < Pty (trgr — 1)
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Recall that ¢ is of order k. Hence, this inequality is satisfied for k large enough if
(Bv/s—s)? < %, which is equivalent to 8 < 2/s. Under this condition Ej, — Ej <
0, which gives conclusion (7). Similar argument gives that for 0 < e < 2/s3 — 52
(such e exists according to assumption 0 < 8 < 24/3)

1
Epi1— Ep+ 5fti+1||vf(yk)“2 <0

After summation of these inequalities, we obtain conclusion (ii). O

Remark 3 In [32, Theorem 8], the same convergence rate as in Theorem 6 on
the objective values is obtained for a very different discretization of the system

(DIN—AVD)(Lb VE e Their scheme is thus related but quite different from

(IGAHD) . Their claims require also intricate conditions relating («a, b, s, L) to hold
true.

In Theorem 6, the condition 8 < 24/s essentially reveals that in order to pre-
serve acceleration offered by the viscous damping, the geometric damping should
not be too large. It is an open question whether this constraint is a technical
artifact or is fundamental to acceleration. We leave it to a future work.

Remark 4 From 3, k*||V f(zy)||* < +o0o0 we immediately infer that for k > 1

k k
. 2 2 2 2 2 2
i IVF@IP Y <D @IV @a)I* < 3P IV @a)® < oo,
i=1 i=1 €N
A similar argument holds for y;. Hence
inf VF@)P=0 (5 inf Vi@ =0 (5
i=1,...k A k3 )’ i=1,..k vl = k3 )"

Remark 5 In Theorem 6, the convergence property of the values is expressed ac-
cording to the sequence (xj),cy- It is natural to know if a similar result is true
for the sequence (y),cy- This is an open question in the case of Nesterov’s ac-
celerated gradient method and the corresponding FISTA algorithm for structured
minimization [26,18]. In the case of the Hessian-driven damping algorithms, we
give a partial answer to this question. By the classical descent lemma, and the
monotonicity of Vf we have

fyr) < f@pr1) + W — Tgr, VI (@p41)) + %Hyk — zpqa?
< Flanan) + W — 2hin VE@O) Sl —
According to zpy1 =y — sV f(yr) we obtain
£~ min £ < Faipn) - min £+ SIS @I + S0

From Theorem 6 we deduce that

f(yp) —min f < O (k—lg) + (s+ SZL) V()| =0 (%2) +o0 (?12) .
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Remark 6 When f is a proper lower semicontinuous proper function, but not nec-
essarily smooth, we follow the same reasoning as in Section 3.1.2. We consider
minimizing the Moreau envelope fy of f, whose gradient is 1/A-Lipschitz contin-
uous, and then apply (IGAHD)to f). We omit the details for the sake of brevity.
This observation will be very useful to solve even structured composite problems
as we will describe in Section 6.

4 Inertial dynamics for strongly convex functions
4.1 Smooth case

Recall the classical definition of strong convexity:

Definition 1 A function f: H — R is said to be u-strongly convex for some p > 0
if f— & -|? is convex.

For strongly convex functions, a suitable choice of v and 8 in (DIN), 3 pro-
vides exponential decay of the value function (hence of the trajectory), and of the
gradients.

Theorem 7 Suppose that (H) holds where f : H — R is in addition p-strongly convex
for some p > 0. Let (-) : [to, +oo[— H be a solution trajectory of

B(t) + 2y/pi(t) + BV f(a(t)i(t) + Vf(z(t) = 0. (19)
Suppose that 0 < 5 < ﬁ Then, the following hold:
(i) for allt > to

B llet) - o |* < #(a(0) — min g < cemF Ot

where C:= [(z(to)) = ming, [ + pllz(to) = 2*|* + |l (to) + BV (w(to))|*
(i) There exists some constant C1 > 0 such that, for all t > to

t W
eV e\/ﬁSHVf(:c(s))Hst < Clefgt,

to
Moreover, LOOO egtﬂi:(t)Hth < +o0.
When 8 =0, we have f(z(t)) —miny f = O (e_\/ﬁt) ast — +oo.
Remark 7 When 8 = 0, Theorem 7 recovers [29, Theorem 2.2]. In the case 8 > 0, a
result on a related but different dynamical system can be found in [32, Theorem 1]

(their rate is also sligthtly worse than ours). Our gradient estimate is distinctly
new in the literature.
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Proof (i) Let z* be the unique minimizer of f. Define & : [to, +oo[— R by
€(t) = f(x(t)) — min f + %H\/ﬁ(w(t) — ) + (1) + BV f(2(t)]?
Set v(t) = /u(z(t) — «*) + (t) + BV f(x(t)). Derivation of £(-) gives

%S(t) = (Vf(()),&(2)) + (0(t), Vud(t) +E(t) + BV £ (2(1))(1)).

Using (19), we get

%S(t) = (Vf(x(t)),2(t)) + (v(t), —/pa(t) = Vf(x(t))).
After developing and simplification, we obtain

%S(t) + VRV (@(t), 2(t) = 2*) + pla(t) — a*,@(0) + alli )]

+HBVR(V £ (1)), (D) + BIVf (2(8))]* = 0.
By strong convexity of f we have
(VFt),2(t) —2™) = fa(t) - f(a") + %Hw(t) -,
Thus, combining the last two relations we obtain

%S(t) 4 JEA <0,

where (the variable ¢ is omitted to lighten the notation)

A= f(z)—f(z )+ lz—a*||* + itz —a*, &)+ || +B(V f (), & +7|\Vf( z)|*

Let us formulate A with £(t).

A=E— Slb+BVF@P ~ Vile —a*,é + BV (@) + Vil — a*, &) + 4]
o B
ORIl

After developing and simplifying, we obtain

ey (20 + 51617 + (£ - 2 ) IV @I - svte — o 970 ) <0

Vi
Since 0 < 8 < iﬂ, we immediately get % - %2 > % Hence

d

GE@ -+ Vi (60 + 3101 + LIV @I - vite - o 910 ) <0

Let us use again the strong convexity of f to write

E(1) = SE() + 3E(1) > 2E() + 5 (F(0) - F) 2 360) + Blla(t) — 2* .
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(if)

By combining the two inequalities above, we obtain
d .
2O+ @5@) + @l\ac(zt)n2 +VEB <0,

where B = 4lla(t) - a* |2 + 32 VS (@) - By/lle — 2* [V 5 @)1
Set X = ||z —2*||, Y = ||[Vf(z)|. Elementary algebraic computation gives that,

o 1
under the condition 0 < g < BN

H -2 /8 2
X4+ ——Y" -5 XY >0.
4 2 VXY 20

Hence for 0 < 3 < ﬁ
d Vi VI o2
= e ve <0.
Do)+ e(r) + L) <0
By integrating the differential inequality above we obtain
£(t) < E(to)e™F (1),
By definition of £(t), we infer

Ja(®) = min f < E(tg)e” ),
and E
IVE@ () —2*) + () + BYF(2(1))]]> < 26 (t)e™ = 710
Set C' = 28(t0)64t°. Developing the above expression, we obtain
pllet) — 212 + 12012 + BV F @@ + 28vE (x(t) — 2%, Vf(z(t)))
+(i(t), 26V £ (a(t)) + 2/(a(t) — %)) < Ce™ 7L,
By convexity of f we have (x(t) — *, Vf(z(t))) > f(z(t)) — f(z*). Moreover,
(£(), 26V f(2(t)) + 2v/n(x(t) — 2*))
= 2 (26(7(at) — 1(a")) + Villae) — ")
Combining the above results, we obtain
VERB(f(2(8)) = f(=*)) + Vall(t) — 2" (17 + BV £ (@ (1)
+4 (2607(0) — 7)) + Valle() - 272 < cem ¥,
Set Z(t) == 2B(f(x(t)) — f(«*)) + all=(t) — =*||*]. We have
4 20) + VEZ() + BV )P < 0 F

By integrating this differential inequality, elementary computation gives

t
e_\/ﬁt/ VISV f(2(s)) ||Pds < ceE

to

Noticing that the integral of eV over [to, t] is of order eV#!| the above estimate
reflects the fact, as t — +oo, the gradient terms ||V f(z(t))||? tend to zero at
exponential rate (in average, not pointwise). a
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Remark 8 Let us justify the choice of v = ,/u in Theorem 7. Indeed, considering

#(t) + 2vi(t) + BV f(2(t)) + Vf(2(t) = 0,

a similar proof to that described above can be performed on the basis of the
Lyapunov function

&(t) = f(x(t)) — min f + %Hv(ﬂv(t) —2*) +&(t) + BV (= (1))

Under the conditions v < \/p and g < 2%3 we obtain the exponential convergence
rate 5
f(@(®) ~minf = 0 (efft) as t — +oc.

Taking v = /i gives the best convergence rate, and the result of Theorem 7.

4.2 Non-smooth case

Following [2], (DIN), s is equivalent to the first-order system

i(t) + BYL@(®) + (7= §) 2(t) + Fu(t) = 0;
i + (7= &) o) + Hy(®) = 0.
This permits to extend (DIN), 3 to the case of a proper lower semicontinuous con-

vex function f: H — RU{+oc0}. Replacing the gradient of f by its subdifferential,
we obtain its Non-Smooth version :

i(t) + FOF (a(t) (v 1)xt)+ﬁy 50;
t>+(w~)<> y(t) =

Most properties of (DIN)  are still valid for this generalized version. To illustrate
it, let us consider the followmg extension of Theorem 7.

(DIN-NS)., 5

Theorem 8 Suppose that f : H — RU {400} is lower semicontinuous and p-strongly
convez for some u > 0. Let x(-) be a trajectory of (DIN—NS)Q\/ﬁﬁ. Suppose that

O<B§— Then

3

\F
L0 o < 5a(0) = myin g =0 (7 E7) ast 4o
o0
e
and / e i (t)||?dt < +oo.
to
Proof Let us introduce £ : [tg, +00o[— RT defined by

£(0) = 1(e(0) =i + 3 IViGe(e) — %) = (20~ 5 ) ol0) = Gu(o)

that will serve as a Lyapunov function. Then, the proof follows the same lines as
that of Theorem 7, with the use of the derivation rule of Brezis [19, Lemme 3.3,
p. 73].
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5 Inertial algorithms for strongly convex functions
We will show in this section that the exponential convergence of Theorem 7 for

the inertial system (19) translates into linear convergence in the algorithmic case
under proper discretization.

5.1 Proximal algorithms
5.1.1 Smooth case

Consider the inertial dynamic (19). Its implicit discretization similar to that per-
formed before gives

>

2
ig(karl*2$k+mk—l)+7\/ﬁ(xk+1*$k)+ (Vf(@g41) =V I(2K)+Vf(@E41) =0,

h h

where h is the positive step size. Set s = h?. We obtain the following inertial
proximal algorithm with hessian damping (SC refers to Strongly Convex):

(IPAHD-SC)

Yk = T + (1 - 1i%> (xfp —xp—1) + BVs (1 - 1_2&/\’7%) V()

Tr41 = PIrOX 5y54s f(yk)-
1+2/ms

Theorem 9 Assume that f : H — R is a convex C1 function and p-strongly convez,
u >0, and suppose that

1
OSﬁSm and /s < .

Set ¢ = ﬁl\/ﬁ’ which satisfies 0 < q¢ < 1. Then, the sequence (x1,),cy generated by

the algorithm (IPAHD-SC) obeys, for any k > 1

& llan =2 |° < flai) —ming < Bag" Y,

where B1 = f(z1) — f(z*) + 3|l/B(z1 — 2%) + %(azl —x0) + BV f(x1)||%. Moreover,

the gradients converge exponentially fast to zero: setting 0 = 1+\1/;F which belongs to

10, 1], we have

k—2
ok Z 9_j||Vf(xj)H2 =0 (qk) as k — +oo.
j=0

Remark 9 We are not aware of any result of this kind for such a proximal algorithm.
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Proof Let z* be the unique minimizer of f, and consider the sequence (Ey) kEN
* 1 2
By = flay) = f(@7) + g llokll”

where vy, = \/i(xg — o) + ﬁ(ﬁﬂk —xp_1) + BV f(x).
We will use the following equivalent formulation of the algorithm (IPAHD-SC)

% (@1 =2z +op—1)+2v/p(zp1—2k) FB(VF(Tht1) -V (zk))+VsV f(zrs1) = 0.
(20)

We have
1 2 1 2
Bir = By = (i) = @) + g okl = 3l
Using successively the definition of v, and (20), we get
Vg1 — Uk = VI(@py1 — ) + \[(karl 2z + xp—1) + B(Vf(zpt1) = VF(ar))

= Vi(@pg1 — 2) = 2v/0(Tpq1 — o) — VSV (Thg1)
== —(@pr1 — x) — VsV (Tpt1)-

Write shortly By, = /i(xg+1 — k) + VsV f(xpy1). We have
1 2 1 2 1 2
§|\Uk+1|| - §||Uk|| = (Vp41 — Vk» Vky1) — §|\Uk+1 — v

= - <Bk, Vi@ — %) + %(mk—i—l — ) + ﬁVf(fEk+1)> - %HBk”Q

= —p(Tpg1 — Thy Ty — ) — \/EHJ%H — i = BVE(VF(Zpt1)s g — 2k
*M(Vf(xlwrl),xlwrl - 33*> (VI (@hg1)s Tppr — 2) — BVsIIVF(@pp1)]]
—gbllzin = 2kl = SV (gl = VS (95 (@) ongs — )
By virtue of strong convexity of f
Fag) = flenpn) + (VS (@rn)sar = ap) + Sllane — 2l
F@") 2 J(@nen) + (Vh(@psn) a® = anen) + Sllores — )%

Combining the above results, and after dividing by +/s, we get

%(Ek+l — Ep) + Vulf (Tpg) — f(27) + %Hﬂ«“kﬂ — "]

< - <$k+1 Th, Ty — ) — £Hiﬂk+1 — zp||?
1 2 2
-3 Vf(u’vk+1) Thy1 — T\/EH»’%H — i l|” = BIVf(zry)ll

2\[||xk+1 $k|| - 5\/5\|Vf($k+1||2 - ﬁ(vf(xkﬂ),-’vkﬂ —z),
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which gives, after developing and simplification

%(Ek+1 - Ek) + \/ﬁEk+1 - Bu <Vf(a7k+1)a Th41 — x*>
< (L + 2 b -l - (- T+ L) I9saan)?
Vi Vf($k+1)7l’k+1 —Tp) .

2
ccording to 0 < 8 < , we have 8 — > ==, which, wit auchy-Schwarz
Accordi OﬂQ\FhﬁBQ\/ﬁ?’fh'h'hChSh
inequality, gives
= N 2, 3B 2
B = B+ VBB + (55 4 L o — ol + 219 o)

—BullV f (@it D Mzrir — 2"l = VEIV f (@) lleg 1 — 2]l < 0.
Let us use again the strong convexity of f to write
1 1
Epp1 2 5B+ 5 (f(xk+1) - f(z")) > SEk+1+ 7 ||13k+1 - |

Combining the two inequalities above, we get

1 1
F Bt = B+ 5 i+ Vil = o+ (Y2 + 2 s - ol

38
ﬂLZIIVf(ﬂ%H)lI2 = BulV(@ppD)llzrtr — 2"l = VAV f @k ) o1 — 2l < 0.
Let us rearrange the terms as follows
1
(Ery1 — By) + 5\/17Ek+1

(Vo — a1 —\|Vf(mk+1>|\2—ﬁmwf(zm)nnxkﬂ—m*n)+

Term 1

(32 + 2 ) b = aull + 519 )P = VEIT Sl — anl ) <0

Term 2

Let us examine the sign of the last two terms in the rhs of inequality above.

Term 1 Set X = ||zgy1 — ™|, Y = ||V f(zk41)|- Elementary algebra gives that

VAR X+ Dy puxy >0,
holds true under the condition 0 < 8 < 5=~ f Hence, under this condition

VA fzin = a2 + D1V f(oi) I~ BV S @)l e — 2] > 0.
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Term 2 Set X = ||zpy1 — zll, Y = ||[Vf(zka1)|l- Elementary algebra gives

VE | p 2, B2
(2—8+%)X +5Y? - VXY 20

holds true under the condition % + % > % Hence, under this condition

/5

In turn, the condition % + % > % is equivalent to /s < g (1 +,/1+ ﬁi\/ﬁ) .
Clearly, this condition is satisfied if /s < 3.

m
(B2 + £ ) o =l + 519 o) = VI Sl = ] 2 0.

Let us put the above results together. We have obtained that, under the con-
ditions 0 < 8 < 2\% and /s < f3,

1 1
ﬁ(Ek—&-l - Ey) + 5\/17Ek+1 <0.

Set g = ?1\/@, which satisfies 0 < ¢ < 1. From this, we infer Ey < qFEp_; which
gives
Ej < E1qd" 1. (21)

Since Ey > f(zg) — f(z*), we finally obtain
flap) = f@) < B =0 (qk) :

Let us now estimate the convergence rate of the gradients to zero. According
to the exponential decay of (Ey),cy, as given in (21), and by definition of Ej, we
have, for all £k > 1

IVu(zy —2*) + %(wk —ap_1) + BV f(xx)|? < 2B, < 2B14"

After developing, we get
1
plar =12+ ek = op—1|* + IV (@)l + 26V (zx — 2™, V f(21))
1 _
+ﬁ (z — 2p—1, 28V f(z) + 2y/p(zg — ) < 2B ¢ L.

By convexity of f, we have

(zp — 2", Vf(xp)) > flag) — f(@*)and (@) — 251, Vf(2)) > f(zr) — f(zp—1)

Moreover, (zj — zg_1,x) — %) > §llog — 2" — llzp—y — 2|

Combining the above results, we obtain
V(2807 (ox) = £@) + VE Jox — 2 |*) + B IV ()

4= (280 @) = 1) + Vi e - a* )
1

75 (280 @ren) = 1) + VB [ler —2"|") < 2810
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Set Zy, := 2B(f (k) — f(z*)) + Al 2k — 2*||>. We have, for all k > 1

% (Zi — Zir) + ViZi + B2V f ()| < 2Erg* L. (22)

Set 0 = %\/;E which belongs to ]0,1[. Equivalently

Zy, + 08°Vs|V f(wp) 1> < 021 + 21056 .

Iterating this linear recursive inequality gives

k—2 k—2
Z+ 0825 Y 0P|V f(mep)® <0571 21+ 2B10/5 Y 07¢" P (23)
p=0 p=0

1
Then notice that % = 11+ f\}{gg < 1, which gives

k—2 k—2 0 p 1

Z equ—p—l _ qk—l Z (7) <2 (1 + ) qk—l.

= —\q N{E
Collecting the above results, we obtain

k—2
_ 4F _
05 YOIV S )P < 00 2 (24)
p=0

Using again the inequality 6 < ¢, and after reindexing, we finally obtain

k—2
08> 07V s(ay)l® =0 (¢").
p=0

5.1.2 Non-smooth case

Let f: H — RU {400} be a proper, lower semicontinuous and convex function.
We argue as in Section 3.1.2 by replacing f with its Moreau envelope f). The
key observation is that the Moreau-Yosida regularization also preserves strong
convexity, though with a different modulus as shown by the following result.

Proposition 1 Suppose that f : H — R U {400} is a proper, lower semicontinuous
conver function. Then, for any A >0 and p >0

fis p-strongly conver == fyis strongly convex with modulus HL)\
n
Proof If f is strongly convex with constant p > 0, we have f = g+ §|| - |? for some

convex function g. Elementary calculus (see e.g., [17, Exercise 12.6]) gives, with

— _A
0= 14+Ap?

1
1) =0 (1350%) + g Vol

Since = — gy (ﬁ 1:) is convex, the above formula shows that f) is strongly

i K
convex with constant JES W O
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According to the expressions (12) and (13), (IPAHD-SC) becomes with § =

2 s
A
_BVsts  gnda= VIFAET .
142 1+MA;LS 142 K g

(IPAHD-NS-SC)

yk =@ + (1 —a)(zg, —2p_1) + 5L (1~ a) (21, — proxy(a3))
@1 = x3gYk + xpg PTOX(apo) £ (U)

It is a relaxed inertial proximal algorithm whose coefficients are constant. As
a result, its computational burden is equivalent to (actually twice) that of the
classical proximal algorithm. A direct application of the conclusions of Theorem 9
to fy gives the following statement.

Theorem 10 Suppose that f : H — RU{+oo} is a proper, lower semicontinuous and
convex function which is p-strongly convex for some u > 0. Take A > 0. Suppose that

OSBS% /\—i-l and /s < .
U

1
Set ¢ = ———=—=, which satisfies 0 < q < 1. Then, for any sequence (1) ey

T+ 3/ s
generated by algorithm (IPAHD-NS-SC)
|2k —2*|| =0 (qk/Q) and  f(proxy¢(zy)) — n%_ilnf =0 (qk) as k — oo,
and

lzx — prox)\f(xk,)HQ =0 (qk) as k — +oo.

5.2 Inertial gradient algorithms

Let us embark from the continuous dynamic (19) whose linear convergence rate
was established in Theorem 7. Its explicit time discretization with centered finite
differences for speed and acceleration gives

é(mkﬂ*2$k+$k—1)+%($k+1*mk—l)'i‘/j%(vf(wk)*Vf(mk—l))+vf(xk) =0.
Equivalently,
(g1 =2 +2p—1) +VBS(@hp1 —2p—1) +BVS(V f(2) =V f(x)—1)) +5V () = 0,

(25)
which gives the inertial gradient algorithm with Hessian damping (SC stands for
Strongly Convex):

(IGAHD-SC)

Tht1 = Tk + :_T\/g(mk —Tpo1) — HLV\/% (Vf(z) = Vf(zk-1))

—%\/mvf(xk)-
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Let us analyze the linear convergence rate of (IGAHD-SC).

Theorem 11 Let f : H — R be a C' and p-strongly convex function for some u > 0,
and whose gradient V f is L-Lipschitz continuous. Suppose that

VE o p
1 e T
B< —— and L<min{ Y& 2 V5 & (26)
Vi 8 2ppu+ L+

Set g = , which satisfies 0 < g < 1. Then, for any sequence (xk)keN gener-

1+ %\/us
ated by algorithm (IGAHD-SC) , we have

Hmk — x*H =0 (qk/Q) and  f(zp) — H%-itnf =0 (qk) as k — +oo.

Moreover, the gradients converge exponentially fast to zero: setting 0 = 1; which

s
belongs to 10,1, we have

k—2
ok Z Q_jHVf(iCj)HQ =0 (qk) as k — +oo.
p=0

Remark 10

1. (IGAHD-SC) can be seen as an extension of the Nesterov accelerated method
for strongly convex functions that corresponds to the particular case g = 0.
Actually, in this very specific case, (IGAHD-SC) is nothing but the (HBF)
method with stepsize parameter a = = and momentum parameter b =

I+./as
H_\/\/Z:z, see [28, (2) in Section 3.2]. Thus, if f is also of class C? at z*, one
can obtain linear convergence of the iterates (x1),cy (but not the objective
values) from [28, Theorem 1] under the assumption that s < 4/L (which can

be shown to be weaker than (26) since the latter is equivalent for 8 = 0 to
sL<(V1—=c+c2—(1-¢))?/c<1, where ¢ = u/L).
_ *
2. In fact, even for 8 > 0, by lifting the problem to the vector z, = xwk xm*>
k—1 —
as is standard in the (HBF) method, one can write (IGAHD-SC) as

o ((1 +b)1 - <a1+ d)V f2(a*) —bl + dovﬁ(a:*)) 2% + o(z8),

Bv's
T+/ms*
obtained by studying the spectral properties of the above matrix.

3. For 8 = 0, Theorem 11 recovers [29, Theorem 3.2], though the author uses a
slightly different discretization, requires only s < 1/L and his convergence rate
is (1+ \/E)_l, which is slightly better than ours for this special case. In the
case B > 0, a result on a scheme related but different from (IGAHD-SC) can
be found in [32, Theorem 3] (their rate is also slightly worse than ours). Our
estimate are also new in the literature.

where d =

Linear convergence of the iterates (xj),cy can then be
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Proof The proof is based on Lyapunov analysis, and the decrease property at linear
rate of the sequence (E}), oy defined by

1
By, = f(ay) — f(a") + 5“’%”2’
where z* is the unique minimizer of f, and
1
v = Vi(zp—1 —2*) + ﬁ(xk —zp-1) + BV f(zk-1)-

We have Ej 41 — E, = f(zp11) — f(2k) + lvks1]l® — &[lvgl/®. Using successively
the definition of vy and (25), we obtain

Vg1 — Vg = Vi(zg — zp—_1) + %(Ikﬂ — 2z 4+ ap_1) + B(VSf(zg) — Vf(zr_1))

= % ((l’k+1 =2z +op—1) +VEs(zk — 2k—1) + BVs(Vf(zy) — Vf(xk_l)))
— % ( = sV f(zr) = Vis(Trpr — 2p—1) + Vus(zy — xk*l)))
= —u(zg — xp) — VsV f(zg).

Since %Hvk_HHQ — % |vk\|2 = (Vg1 — Uk, V1) — % |vgy1 — kaZ, we have
1 o 1 2 1 2
§|\Uk+1|\ - §||Uk\| = —§H\/ﬁ($k+1 —zp) + VsV [ ()l
% 1
— {Viorss = 20) 4 VAV ) Vo =) + o — ) + 5 (a) )

= —p{Tpqr — T, T — ") — \/%Hmk-&-l — 2yl = BVE(V f(ar), Tpir — k)
Vs (Vf(zk),zp, — ™) — (VF (k) 2pp1 — 21) — BVEIVf ()2
_%Nka-&-l —al|” - %SHVf(il%H2 = Vs (Vf(zg), opr1 — p) -
By strong convexity of f and L-Lipschitz continuity of Vf we have
F@*) > flag) + (Vflag),a* —ap) + gnxk, — )2
flxg) > fag) + (V@) 2x — Tpg1) + %”karl — x|
[

> f(wpyr) + (VF(@R), 2 — Tpyr) + (2 L)||wgr — il

Combining the results above, and after dividing by +/s, we get
€
Vs

I Vi 2 I3
SNE (hr = wpo o —27) = Y=g — 2l - ﬁﬁ(vf(wk)wml — @)

(Bier = Bi) + Vil (zin) = () + Gllar =217+ VA (25) = f(@4))

e (L= Dl = ol = 5oy o
= (54 55 ) ISl = VA (9 o) = ).
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Let us make appear Fy

1 L
7(Elc+1 — Ep) + VB < Vi (Vf(og), g1 —zp) + Vig [Tkt = )l

1
ﬁ(mk—kl -

—% (Thg1 — Tpy o — %) — %Hﬂ%ﬂ — ] - B/ % (Vf(zk), Tpr1 — oK)

f = ot - xk>+ﬁw(xk>n2+u<xk—xi xk)+an<wk>>

m
+—= (L = Slensa — wl)* - \[\|Ik+1 —

S

1
= (54 595 ) ISl = VA (9 o) s — ).
After developing and simplification, we get

(B~ B+ Vi < - (% sl (} n @)) lass — a2

2
~ (5= S ) IV )P + 80 (V1) 7).

Let us majorize this last term by using the Lipschitz continuity of V f
<Vf(ack T — T > = <Vf(mk V™), zp — x*> < L|jzg — :1:*||2
< 2Lwpry — 2" |* + 2L |wgy — k.

Therefore

=By — B + VB + (% o (Qﬁqu o+ “2’7)) s — o

2
T <ﬂ _EE, i) 19 7@y )l = 2BuLllon s — a2 < 0.

According to 0 < 8 < ﬁ, we have 8 — \F > , which gives

1 1
ﬁ(Ek+1 — Ey) + iEp1 + <g + % -L <25M +— 7 + \/2ﬁ>> 241 — zel®

+ 21V r )P — 28pLfepgs — 22 <0,
Let us use again the strong convexity of f to write
Egq1 > ;Ek-&-l + 5 (f(@rgr) — f(=)) > %Ek+1 + %ka-&-l -z
Combining the two above relations we get

1 1
E(Ek-n - Ep) + ix/ﬁEk+1 + (\//7% - 25ML) [T e

(S 22 (280t 3o+ ) ) o - l® + 519 S <0
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Let us examine the sign of the above quantities: Under the condition L < \S/Tlaj we
VE | p

.. +-=
have \/ﬁ% —2BuL > 0. Under the condition L < ﬁ we have g + % _

L (QB,u + ﬁ + 4) > 0. Therefore, under the above conditions

1 1
2 (Blir = B) + 5B + 51V @) <0

Set g = I L_ which satisfies 0 < ¢ < 1. By a similar argument as in Theorem 9

1+3VAs
Ej, < Eig" .

According to the definition of Ey, > f(x) — f(z*), we finally obtain
fr) = 1) =0 ("),

and the linear convergence of z;, to * and that of the gradients to zero. O

6 Numerical results

Here, we illustrate our results on the composite problem on H = R",

TER"

min { £2) = 3y = Acl + 5(0)}. (RLS)

where A is a linear operator from R" to R™, m < n, g : R" — RU{+o0} is a proper
Isc convex function which acts as a regularizer. Problem (RLS) is extremely popu-
lar in a variety of fields ranging from inverse problems in signal/image processing,
to machine learning and statistics. Typical examples of g include the ¢; norm
(Lasso), the £1 — ¢2 norm (group Lasso), the total variation, or the nuclear norm
(the ¢1 norm of the singular values of z € RY*N jdentified with a vector in R"
with n = N?). To avoid trivialities, we assume that the set of minimizers of (RLS)
is non-empty.

Though (RLS) is a composite non-smooth problem, it fits perfectly well into
our framework. Indeed, the key idea is to appropriately choose the metric. For
a symmetric positive definite matrix S € R™*", denote the scalar product in the
metric S as (S-, -) and the corresponding norm as ||-||g. When S = I, then we simply
use the shorthand notation for the Euclidean scalar product (-, -) and norm ||-||.
For a proper convex Isc function h, we denote hg and proxf its Moreau envelope
and proximal mapping in the metric S, i.e.

1 . 1
hs(@) = min 1z~ i +h(z),  proxs (¢) = axgmin cgn 5 I~ all3 + h(2).
Similarly, when S = I, we drop S in the above notation.
Let M = s~1I — A*A. With the proviso that 0 < s||A||> < 1, M is a symmetric
positive definite matrix. It can be easily shown (we provide a proof in Appendix A.2
for completeness; see also the discussion in [22, Section 4.6]), that the proximal

mapping of f as defined in (RLS) in the metric M is

prox?-/l (z) = proxgy(z + sA" (y — Ax)), (27)
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which is nothing but the forward-backward fixed-point operator for the objective
in (RLS). Moreover, fj; is a continuously differentiable convex function whose
gradient (again in the metric M) is given by the standard identity

Viu(z) =z — proxjcw (z),

and ||V far(z) = Vi (2)|ly < llz— 2|, t.e. Vfar is Lipschitz continuous in the

metric M. In addition, a standard argument shows that
. e My .
argming, f = Fix(prox} ) = argming, fas.

We are then in position to solve (RLS) by simply applying (IGAHD) (see Sec-
tion 3.2) to fys. We infer from Theorem 6 and properties of fj; that

f(proxf (ax)) —min f = O(k™?).

(IGAHD) and FISTA (i.e. (IGAHD)with 8 = 0) were applied to fp; with four
instances of g: £1 norm, ¢; — f2 norm, the total variation, and the nuclear norm.
The results are depicted in Figure 3. One can clearly see that the convergence
profiles observed for both algorithms agree with the predicted rate. Moreover,
(IGAHD) exhibits, as expected, less oscillations than FISTA, and eventually con-
verges faster.

7 Conclusion, Perspectives

As a guideline to our study, the inertial dynamics with Hessian driven damping
give rise to a new class of first-order algorithms for convex optimization. While
retaining the fast convergence of the function values reminiscent of the Nesterov
accelerated algorithm, they benefit from additional favorable properties among
which the most important are:

fast convergence of gradients towards zero;

global convergence of the iterates to optimal solutions;
extension to the non-smooth setting;

acceleration via time scaling factors.

This article contains the core of our study with a particular focus on the gradient
and proximal methods. The results thus obtained pave the way to new research
avenues. For instance:

e as initiated in Section 6, apply these results to structured composite optimiza-
tion problems beyond (RLS) and develop corresponding splitting algorithms;

e with the additional gradient estimates, we can expect the restart method to
work better with the presence of the Hessian damping term;

e deepen the link between our study and the Newton and Levenberg-Marquardt
dynamics and algorithms (e.g., [13]), and with the Ravine method [23].

e the inertial dynamic with Hessian driven damping goes well with tame anal-
ysis and Kurdyka-Lojasiewicz property [2], suggesting that the corresponding
algorithms be developed in a non-convex (or even non-smooth) setting.
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Fig. 3 Evolution of f(prox?/[(xk)) — mingn f, where z, is the iterate of either (IGAHD) or
FISTA, when solving (RLS) with different regularizers g.

A Auxiliary results

A.1 Extended descent lemma

Lemma 1 Let f: H — R be a convex function whose gradient is L-Lipschitz continuous. Let
5 €]0,1/L]. Then for all (z,y) € H2, we have

[y =sVIW) < f@) + (V@ —2) = IV = JIVH@) - VI (@8)

Proof Denote yt = y — sV f(y). By the standard descent lemma applied to y* and y, and
since sL < 1 we have

F@h) < fw) = 5 @ = L) IVFWIP < F0) = IV (29)

We now argue by duality between strong convexity and Lipschitz continuity of the gradient of
a convex function. Indeed, using Fenchel identity, we have

fy) = VI, y) — (V).

L-Lipschitz continuity of the gradient of f is equivalent to 1/L-strong convexity of its conjugate
f*. This together with the fact that (Vf)~1 = df* gives for all (z,y) € H?,

(Vi) =2 H(Vi@) + (2, VIy) - Vi) + i IV @) = ViwI?.
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Inserting this inequality into the Fenchel identity above yields
Fw) <~ (V@) + V@), ) — (@ Vi) = VI@) = o IVF@) - V)P

=" (V@) + (2, Vi) + (Vi(y), y —z) - i IV (@) = Vi)l

§@) + (VW) v = o) = o= V@) - VWP
< f(@) + (V@) v —2) = 2 IVF(@) = Vi)

Inserting the last bound into (29) completes the proof.

A.2 Proof of (27)
Proof We have

1
5 == alld + )

proxj\/[ (z) = argmin, cgn
in ez o 12—l = LIAG = 2)? + 7 Iy — A=) + o(2)
=argmin, .gn — ||z — z||* — = z—x — ||y — Az z).
g z€R % 5 2 ) g
By the Pythagoras relation, we then get
. 1 1
proxjfw(x) = argmin, cgn % |z — xHQ + 5 [ly — Aac||2 —(A(x — z), Az —y) + 9(2)
. 1
= argmin, cgn % |z — xHQ —{z—=z, A" (y — Az)) + g(2)
. 1
= argmin,egn o [z — (& — sA” (Az — I” +9(=)

= prox,, (v — sA™ (Az — y)).

A.3 Closed-form solutions of (DIN-AVD),, 3 for quadratic functions

We here provide the closed form solutions to (DIN-AVD), g; for the quadratic objective
f:R™ = (Az, z), where A is a symmetric positive definite matrix. The case of a semidefinite
positive matrix A can be treated similarly by restricting the analysis to ker(A)T. Projecting
(DIN-AVD), 3,5 on the eigenspace of A, one has to solve n independent one-dimensional
ODEs of the form

i (1) + (% + ,B(t)Ai) #i() + Ab(Dai(t) =0,  i=1,...,n.
where A; > 0 is an eigenvalue of A. In the following, we drop the subscript .
Case B(t) = B8,b(t) =b+~/t,3 > 0,b > 0,7 > 0: The ODE reads
.. o . vy -
i)+ (T +87) @0 + 2 (b+ 1) a() = 0. (30)

o If 8202 #£ 4bX: set

€= VBN —dbn, k= AIZB2 a1y

3
Using the relationship between the Whitaker functions and the Kummer’s confluent hy-
pergeometric functions M and U, see [16], the solution to (30) can be shown to take the
form

z(t) = fo‘/267<ﬁ>‘+§>t/2 [citM(a/2 — Kk, o, &) + c2U (/2 — K, o, EL)]
where ¢; and cg are constants given by the initial conditions.
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o If B2)2 = 4bX: set ¢ = 24/A (v — af/2). The solution to (30) takes the form
a(t) =t~ (o7 2= A2 [ClJ(a—l)/Z(C\/z) +C2Y(a_1)/2(4\/5)] ,

where J, and Y, are the Bessel functions of the first and second kind.

When B > 0, one can clearly see the exponential decrease forced by the Hessian. From the
asymptotic expansions of M, U, J, and Y, for large t, straightforward computations provide
the behaviour of |z(t)| for large ¢ as follows:

o If 32X2 > 4b)\, we have
lz(t)| = © (t‘%“’i'e—u*{ H=o (e—%bf—(%—ln\)logm) '

o If B2)2 < 4b), whence £ € iR} and k € iR, we have

lz(t)] = O (t—%e—ﬁ%t) .
o If 32A2 = 4b), we have
lz(t)] = © (rL‘[l e—%t) ,
Case 3(t) = 3, b(t) = ct?~1,8 > 0,c¢ > 0: The ODE reads now

B(t) + (% + tﬂ/\) i(t) + et e (t) = 0.

1 1
Let us make the change of variable ¢ := 78+1. Let y(r) := = (TW) By the standard
derivation chain rule, it is straightforward to show that y obeys the ODE

. a+p A ) cA
NN+ — 0+t — T)+ ————y(7) =0.
i)+ (o + 15 ) 90+ g™
It is clear that this is a special case of (30). Since § and A > 0, set
A a+pB—c a+ g 1
£: y K= — y O = - a5
148 118 20+8) 2
It follows from the first case above that
_ AT a+ g a+p
t) = ¢oH1/2 1+B[ M( —k+1/2, /2, ) U( —k+1/2, /2, )]
z(t) =¢ e c1 oc—Kk+1/ T8 &) +eUlo—k+1/ 155 '

Asymptotic estimates can also be derived similarly to above. We omit the details for the sake
of brevity.
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