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Abstract

Higher-order regularization problem formulations are popular frameworks used in machine learning,
inverse problems and image/signal processing. In this paper, we consider the computational problem of
finding the minimizer of the Sobolev W' semi-norm with a data-fidelity term. We propose a discretiza-
tion procedure and prove convergence rates between our numerical solution and the target function. Our
approach consists of discretizing an appropriate gradient flow problem in space and time. The space dis-
cretization is a nonlocal approximation of the p-Laplacian operator and our rates directly depend on the
localization parameter ¢,, and the time mesh-size 7,,. We precisely characterize the asymptotic behaviour
of &,, and 7, in order to ensure convergence to the considered minimizer. Finally, we apply our results to
the setting of random graph models.
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1 Introduction

In machine learning, inverse problems and image/signal processing, one is often confronted with finding
smooth solutions to regression problems. This leads to the introduction of regularization terms in the prob-
lem formulation (see for example [42]], [9], [35]]). In this paper, we investigate the computation of the solution
to the following regularization problem:
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for some > 0, linear operator A, data function £ € L2(2), Q C R? and p > 1. The first term on the right-
hand side of the latter enforces some regularization upon the functions v while the second term is a data-fidelity
term. For A = Id, this is also called a fully supervised machine learning problem or a denoising problem in
image processing. More precisely, in this paper, we prove convergence rates between our numerical discrete
solution and u.. This type of regularization has been considered for example in [24], [S1]], [34]] and [75]]; for
examples involving nonlocal versions of the WP semi-norm we refer to [3]], [43] and references therein; for
other higher-order regularization problems we refer for example to [67] and references therein.



The aim of this paper can be seen as the converse to a large part of the discrete-to-continuum work in recent
years: indeed, in [61]], [31]], [39], [72] and [73]] for example, one starts with a discrete problem and analyses the
large data limit of the latter — a point of interest in machine learning settings. Similarly to [33]], [44] and [43]],
we start from the continuum and explain how the appropriate discretization should be designed as is usually
the case in numerical analysis. In particular, this means that in the former case, emphasis is partly placed on
having as few constraints as possible on different parameters as the latter are usually inferred from the data at
hand: in our case, as we are choosing all the parameters, this concern is less relevant.

The approach we choose in this paper is to discretize the gradient flow (/) associated to (1) which contains
the p-Laplacian operator A,u = div(|Vu[P~2Vu) (see [49] and references therein). We note two important
consequences from this reformulation of the task at hand: adding a time dependence to our problem will allow
us to leverage the theory of semigroups in Banach spaces (see Section [2.2)) in order to derive rates; the main
problem is to obtain convergence rates between the p-Laplacian operator and its discrete counterpart.

The plan for the discretization follows loosely the strategy in [39] and [[61]]: after choosing an appropriate
kernel K, we start by introducing a nonlocal version of the p-Laplacian operator in the continuum and then dis-
cretize the latter. The former is inspired by [13]], [56], [48]] where finite-difference approximations of Sobolev
norms are discussed in the continuum, while the latter step allows us to use existing results on convergence
results in the nonlocal setting as in [33]], [44], [43].

Passing from the nonlocal setting to the local one requires a kernel that is appropriately scaled. For some
length-scale €,, — 0, it is shown for example in [61]], [[18]] and [2] that, ignoring regularity assumptions,

€n

edl‘“’ /K <|y — m') u(y) — u(z)P~2(u(y) — u(x)) dy — Apu(z).

The finite-difference structure of the above nonlocal approximation is essential for obtaining rates in the con-
tinuum: indeed, as in [18]], for smooth enough functions, we pass from finite-differences to derivatives and the
rates follow from a conceptually basic Taylor expansion.

The discrete-to-continuum step requires more subtle techniques. In fact, one needs a way to compare
functions #,, € RP» and u : Q +— R. We discuss various alternatives in Section In this paper, we choose
to partition our space € into D,, cells and elements of RP» are injected through the operator Z : RP» — L1(Q)
in the continuum through piecewise constant approximations while continuum functions are projected through
the operator P : L'(€2) — RP» onto our cells by averaging on each cell. Using this method, establishing
rates between a continuum function and its injected discrete approximation relies on tools from approximation
theory, depending on the partition chosen and the regularity assumption of the continuum function. This topic
is discussed in greater detail in Section [2.4] The other central tool for the discrete-to-continuum rates, where
the discretization is both in space and time, is the semigroup structure of our solutions to the nonlocal gradient
flows. Indeed, relying on some favourable properties of the nonlocal p-Laplacian, we are able to deduce strong
contraction properties as discussed in Section

Combining the discrete-to-continuum rates in the nonlocal setting to the nonlocal-to-local rates in the
continuum, we obtain in Corollary that for p > 3 and A = Id,
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where ., is the solution to (T), Z,, @2 is the injected discretized solution on a partition indexed by n in space
and N in time, 7, is the maximum step-size of the forward Euler time-discretization (we pick 0 = t° < ¢! <
o < tN = log(e; ") so that N > log(e;,%)/7,), C > 0 is a constant that is independent of n, £ > 0 and
o; > 0 are chosen numerical constants depending on the regularity of the initial condition of the gradient flow
problem (7)) o, the kernel K and the data /.

First, we note that each term in the right-hand side of (2) corresponds to a specific error source, namely
(from left to right) the continuum nonlocal-to-local approximation, the gradient flow convergence, the discrete-
to-continuum approximation of ug, A*¢ and K as well as a general discretization error. Furthermore, as the
choices of o; and « are left to the practitioner, the rates can be enhanced upon implementation.



Second, while we give the precise statement of this result in Section we note that the right-hand side
of (2) tending to 0 involves finding the right interplay between 7, — 0 and &, — 0: this is similar to Courant-
Friedrichs-Lewy (CFL) conditions [25]] and [29]]. In particular, while the classical CFL conditions correspond
to 7, K 5,21 for the heat equation with the forward Euler time-discretization, we will show in Theorem that
our requirement is roughly 7,, < 5721(d+p ). We also find that €pn, admits a lower bound and this is analogous to
results in semi-supervised learning discrete-to-continuum phenomena in [61]], [31]] and [73]].

Third, we note that (2) does not cover the linear case of p = 2. This is due to a technicality and indeed,
our well-posedness results both in the nonlocal case (Theorem [3.6) and the local case (Theorem £.9) only
require p > 2. The p > 2 assumption is particularly helpful since it allows one to have L/ =1 (Q) C LP(Q)
and WHP(Q) C L2(£2). When establishing continuum rates in Theorem however, similarly to what is
presented in [18], we will have to consider a third-order Taylor expansion of the function = > |z|P~2x, hence
requiring p > 3. We nevertheless remark that the choice of p is left to the practitioner and, as explained in
Remark should be made in accordance with the dimension of 2 in order to have a small ratio d/p.

Fourth, we point out that the condition A = Id is not constraining. Indeed, our results in Theorem
allow us to obtain similar rates for more general .A. We refer to the proof of the above-mentioned theorem and
Remark 4,16 for more details.

Lastly, coming back to a more data-centric approach, we apply the above-mentioned results to a random
graph model inspired by graphons. The latter are defined for points in 2 = [0, 1], appear in several applications
and we refer to Section for further details. We obtain results equivalent to the ones displayed above in
Theorem [3.13} the main difference is an additional term accounting for the discrete random-to-deterministic
approximation error.

1.1 Contributions

Our main contributions in the paper which we discuss in greater detail in Section [3]are:

1. A rigourous proof of the well-posedness of the nonlocal continuum gradient flow defined in (3));

2. The establishment of rates of convergence between the discrete gradient flow and u, through a precise
characterization of the discretization parameters in Corollary [3.10}

3. An application to random graph models in Section 4.3}

1.2 Related works

p-Laplacian operator approximations. Approximating the p-Laplacian operator has been explored in [6],
[41], [[71], [5] but always in the context of finite elements. This simplifies some part of the analysis as described
in Remark [3.1] but has the disadvantage of being difficult to apply in higher dimensions. In contrast to these
works references, our paper deals with nonlocal discrete approximations. While this will require some in-
creased regularity considerations (see Remark [3.1), establishing the rate of convergence is conceptually simple
as explained previously.

In the continuum setting, nonlocal-to-local convergence of gradient flows involving the p-Laplacian op-
erator is shown in [2]]. This relies heavily on [13]] and is a consistency result, without rates. Some rates are
established between the nonlocal and local operators in [[18]].

Much of the discrete-to-continuum work in recent years has dealt with similar problems in many ways. The
closest results are to be found in [33]], [44] and [43]] where rates are established for some discrete-to-continuum
problems involving the p-Laplacian in the nonlocal case using the same discretization procedures.

Discrete-to-continuum work. Other energies and operators have also been studied under the discrete-to-
continuum lens, for example the eikonal equation [36], total variation [39], the Ginzburg-Landau functional
[10], [68], [27], [[62]], the Mumford-Shah functional [22]], an application in empirical risk minimization [65]],
various Sobolev semi-norms [61]], [66], [31]], [73] or variants of the Laplacian operator [[19], [16], [S8]], [21]].
Discrete-to-continuum consistency and convergence have been studied under various topologies. The sim-
plest one is pointwise convergence. In particular, the idea is to consider the limit of the discrete energies
applied to a (sufficiently regular) continuum function restricted to the discrete domain. This has been explored
for example in [7]], [23]], [40[], [46], [45], [60], [63]]. A more elaborate approach is to consider the convergence



of the operators directly, namely convergence of their spectral properties (eigenvalues and eigenfunctions); we
refer to [38]], [20], [66], [69], [55], [701, [28] for illustrations of this type of approach. As eigenfunctions are
obviously themselves functions, these papers rely on pointwise convergence or TL?-convergence which was
introduced in [39]]: in the latter, one starts with discrete functions and extends them to the continuum through
the use of optimal transport theory.

The rest of the paper is organized as follows: in Section 2] we introduce the main theoretical tools required
for the proofs; in Section [3| we present our main results; in Section 4| we prove our results. For some technical
results, we will also refer to the supplementary material file whose sections are indexed by roman numbers.

2 Background

2.1 General notation

For Q C R%, we denote by 7 the outward normal vector to the boundary 02 of 2. We denote the identity
operator by Id and the indicator function of a set A by x4. We will write cl(Q2) to denote the closure of
Q. For T > 0, let A\; and \, respectively be the Lebesgue measure on [0, 7] and €2. Elements of a discrete
space will be over-lined, for example @ € RY. The i-th component of @ is denoted by (%);. We will denote
Lebesgue spaces by LP, the space of functions with k-th continuous derivatives by C*, Holder spaces by C*
and Sobolev spaces by W*P, We write || - |L»(4) for the LP-norm over a space A and | - [|L» when we take the
norm over the whole space €2 or ) x {2 depending on the domain of the function. We also write that u,, — u
if u,, converges weakly to wu.

Functions We define Lambert’s W : [0,00) +— [0,00) function [53] as the inverse of the function ze®:
for every y > 0, we have W(y)ew(y) = y. It is clear that W is increasing on [0, 00). From this, it fol-
lows that the function expW : [0,00) + [1,00) defined as expW (y) = "' ¥ is also increasing and solves
expW (y) log(expW(y)) = y for every y > 0.

Asymptotics For two functions f : N — [0,00) and g : N — [0,00), we will write f(n) > g(n) if
lim,, oo % = 0. Therefore, 1 > f means that lim,,_,, f(n) = 0.

2.2 Nonlinear semigroup theory

We now introduce a few elements of nonlinear semigroup theory that will be useful in the rest of the paper.
However, we stress that a thorough and proper treatment of the subject can, for example, be found in [[1], [4]],
261, [115], [8], [[54]] and references therein.

In the following, V' is a Banach space with its topological dual V* and norm || - ||. The notation A :
V — 2V means that A is a set-valued operator on V. The domain and range of A are defined respectively
as dom(A) = {v € V| Av # 0} and ran(A) = {y|y € Av for some v € dom(A)}. The graph of A is
gph(A) = {(v,w) € V x V|w € Av}.

Let us consider the abstract Cauchy problem for an operator A on V:
(P {u’(t) + Au(t) 5 f(t) onte (0,T),

u(0) = ug

for some f : (0,7) — V and up € V. Various concepts of solution have been designed for the problem (5)
and we refer to [1]] for a brief review of abstract Cauchy problems. We will rely on the following notion of
solution as in [1, Definition A.3]. We note that the following type of solutions are called strong solutions in the
nonlinear semigroup literature.

Definition 2.1 (Solution to (CPy,,)). A function w is called a strong solution to (CPy ) if u(t,z) €
C([0,T;; V)N WRL(0,T); V), (0, ) = ug and ' (t) + Au(t) > f(t) M-a.e..



Our aim is to introduce a class of operators that will be of particular interest when solving the abstract

Cauchy problem (CP ).

Definition 2.2 (Accretive operator). We say that an operator A on 'V is accretive if
o —w| < lv—w+ A —b)
forall X > 0 and (v,0), (w,w) € gph(A).

One can see that A is accretive if and only if (Id+\A) ! is a single-valued nonexpansive (i.e., 1-Lipschitz)
map for A > 0. (Id + AA)~! is known as the the resolvent of AA. Observe that dom((Id + A\A)~1) =
ran(Id + A\A).

We recall that an operator A on a Hilbert space H endowed with the inner product (-, -) 7, is monotone if
(v—w,—w)y > 0forall (v,?), (w,w) € gph(A). Accretivity is a generalization of monotonicity in Hilbert
spaces.

Proposition 2.3 (Equivalence of accretivity and monotonicity). An operator A on a Hilbert space H is accre-
tive if and only if it is monotone.

Definition 2.4 (m-accretive operators). We say that an operator A on V' is m-accretive if A is accretive and
ran(Id + AA) =V forall A > 0.

A m-accretive operator A in V' is maximal accretive in the sense that there exists no other accretive operator
whose graph properly contains gph(A). In general, the converse is not true, but it is true in Hilbert spaces due
to the celebrated Minty theorem [/15].

The m-accretivity property of operators is a sufficient condition for the existence of a solution to
(see [|54), Chapter 2, Theorem 10.2]).

Theorem 2.5 (Existence of a solution to (CP ). Let V' be a reflexive Banach space, A a m-accretive
operator, ug € dom(A) and f € WYL(0,T;V), then there exists a unique solution as in Definition to

(CP f.ug)-

In the remainder of this section, we specialize our discussion by considering the Banach spaces LP((2),
where 2 C R?. In order to present these results, we first introduce the following elements. Let L°(Q2) be the
set of measurable functions on € that map to R and define the two sets of functions

H={heC®R)|0< K <1, supp(h’) is compact, 0 & supp(h)}

and
J ={j : R~ [0,+00]|j is convex, lower semi-continuous and satisfies j(0) = 0}.

Then, we can introduce the following relation for two functions v, w € L%(Q):

sgt
v<<w if and only if /

Jjv(x))de < / j(w(x))dx forall j € J.
Q

Q

Definition 2.6 (Completely accretive operators). We say that an operator A on L°(R) is completely accretive

sgt
ifv—w<g<v—w+)\(f)—w)f0rall)\ > 0 and (v,0), (w,w) € gph(A).

We note that completely accretive operators need not be defined on Banach spaces in contrast to accretive
operators. However, if the graph of a completely accretive operator A is contained in LP(€2) x LP(£2), and since
LP(€2) C L%(Q), then A is accretive in LP(£2). We refer to LemmalL.2]in Section [[I| for additional details.

In Section we will consider operators A such that gph(A4) C LY(Q) x L1(Q2) with A\.(Q) < cc. In
this case, another useful characterization of completely accretive operators on L!(£2) uses H (see [1, Corol-
lary A.38])).



Proposition 2.7 (Characterization of completely accretive operators). Let A be an operator with gph(A) C
LY(Q) x LY(Q) and X\ () < oo. Then, A is completely accretive if and only if

/ h(v(z) — w(x))(v(z) —w(x)dx >0
Q

forany h € H and (v,0), (w,w) € gph(A).

One can combine Definition [2.4] and Definition [2.6] to define m-completely accretive operators. We now
present a variant of [1, Theorem A.20] whose proof can be found in Section[I]

Lemma 2.8 (Contraction property for completely accretive operators). Let Q C R? be bounded, p > 1, A be
a completely accretive operator with gph(A) C LP(Q) x LP(Q) and u and v be solutions as in Definition
that respectively solve (CP ¢ ) and (CPy ). Then, forany 1 <r < oo and 0 <t < T, we have:

t
€) [u(t) = v(@)|lLr < [luo — vollLr +/0 1£(s) = g(s)|lLr ds.

In particular, (CP f.,,,) has a unique strong solution.

Our motivation for the use of nonlinear semigroup theory really stems from Lemma Indeed, we will
consider Cauchy problems of the form for our gradient flows. One could be tempted to use direct
results for the existence of gradient flows such as described in [[59, Section 8] for example. However, we would
not obtain the very strong contraction property (3) which will be essential to establish our rates in Section 4}

2.3 Nonlinear problems

In this subsection, we will introduce several results related to nonlinear problems which will be used in Sec-

tion .11

Definition 2.9 (Hemicontinuity). Let A : V' — V™* be an operator. We say that A is hemicontinous if for all
v,w,z € V, the function A — (A(v + Aw), z)y~ is continuous from R to R.

A weak version of [37, Lemma 6.2] is as follows and will be used for the well-posedness result of the
solution to the problem (7)) in the proof of Theorem [4.9]

Lemma 2.10 (Continuity implies hemicontinuity). Let A : V. — V* be an operator. If A is continuous, then
A is hemicontinuous.

The next result deals with the existence of a solution to a nonlinear stationary problem [50, Chapter 2, The-
orem 2.1]. This will be an essential step in the proof of the range condition of our operators in Proposition [3.3]

Theorem 2.11 (Solutions to nonlinear stationary problems). Let V' be a separable reflexive Banach space and
A 'V — V* an operator which is bounded, hemicontinuous and satisfies

(A(v) — A(w),v —w)y= >0 forallv,w € V as well as

A *
Aw), vjv- — 400 when ||v|ly — +o0.
[ollv
Then, for every f € V*, there exists u € V such that
A(u) = f.

For the existence of the local problem, we will use the following result on nonlinear evolution problems
which can be found in [50, Chapter 2, Theorem 1.4 and Remark 1.13].

Theorem 2.12 (Solutions to nonlinear evolution problems). Let H be an Hilbert space and V; reflexive Banach
spaces with V; C H and V; dense in H for 1 <1 < q. Assume that ﬂgzl‘/; is separable and dense in H. For
1 <i<gq let A; : V; = V* be an operator which is bounded, hemicontinuous and, for some 1 < p; < 00
and c; > 0, satisfies:



LA () lve < eillolBi"s
2. (Ai(v) = Ai(w),v — whys > 0 forall v,w € V;;

3. there exists a seminorm [-|; on V; with constants o, A, B; > 0 such that [-]; + Xi|| - ||z > Bill - ||v; on Vi
and (Ay(v),v)v+ > a;[v]}* forallv € V;.

Then, for ug € H and f € Y7 LPi(0,T; V:*) where 1/p; + 1/p} = 1, there exists a unique function u such
that

q
we [(\LP(0,T;Vi), ueLl>®(0,T;H)
=1
that satisfies

o &
n + ;Az(u) =f and u(0)= up.

2.4 Piecewise constant approximations

We start by introducing a space of functions which will be relevant for our discrete-to-continuum approxima-
tions. We refer to [64] for a detailed discussion.

Definition 2.13 (Lipschitz spaces). Let Q be an open bounded subset of R%. For g € L9(Q) with q € [1,400),
we define the (first-order) L1(Q)) modulus of smoothness by

1/q
W(g.h)y = sup (/ rg<x+z>—g<x>|Qdm) .
z,x+2€0

2€R4 |z|<h

For 0 < s < 1, the Lipschitz spaces Lip(s, L4(2)) consist of all functions g € 1L.4(Q2) for which
|9|Lip(s,Lq(Q)) =suph *w(g, h)q < +o0.
h>0

Lipschitz spaces contain functions with, roughly speaking, s "derivatives" in LZ(2). We also note that we
restrict ourselves to 0 < s < 1 since for s > 1, the only functions in Lip(s, L%(2)) are constants by [30]
Chapter 2, Proposition 7.1]. Lipschitz spaces allow for a broad range of functions and namely, Lip(1, L*())
contains functions of bounded variation, for example [[30, Chapter 2, Lemma 9.2].

We will be considering the error rate between a function and its piecewise constant approximation. The
results presented below are part of the broader literature on approximation theory and in particular, spline
approximations (we refer to [30] for a review of such topics). We begin by defining operators that will allow
us to connect discrete and continuum spaces.

Let  C R? be some bounded set and let IT = {r;} E'l be a disjoint partition of 2 with cardinality |II|. We
define the projection operator Ppy : L' (€2) — RI!l and the injection operator Zy; : R — L1(Q) as

||
1
(Puu); = / u(p)dr and (Tni)(z) = Y e (1)
)\m(ﬂ-z) v’ i=1
respectively for u € L'(Q) andi = 1,...,|TI|, @ € R and # € Q. When using the partition {r; x Wj}glzl

of Q) x €2, by an abuse of notation, we have

11|
<an>i,jzm / /ﬂjmm,y)dydx and  (Tno)(@,9) = 3 ogxm ()3, (1)

ij=1

forv € L'(Q x Q), 5 € R and (2, ) € Q x Q.
For a function u, in order to obtain quantitative rates for ||u — ZiPru||r» the choice of IT and the regularity
of u are essential. We now describe one construction of a partition II but refer to [28]] and references therein



for more examples. In order to simplify the discussion, we consider Q = (0, 1)? although some of the results
described below hold in more general cases.

For n € N, define [n] = 1,...,n and let i = (iy,42,...,iq) € [n]? be a multi-index. We partition
into n¢ hypercubes with sides of length n~! and denote this partition by Mynipn = {Qm}ie[n]d. We have the
following approximation lemma whose proof can be found in Section

Lemma 2.14 (Approximation on the uniform partition). Let Q = (0,1)% g € Lip(s,LI(Q)) and assume the
partition I ni » on ). For 0 < s < 1land1 < q < oo, we have

||g - IHut\i,'rLPHuni,ng||Lq S C|g|Lip(S,Lq(Q))n_s7

for some constant C > 0 depending only on d.
Furthermore, if g is in C% for 0 < o < 1 and € > 0, then:

Hg(/g) - IHuni,nPHuni,ng(./g)HLq S Cg_an_a
for some C > 0 dependent on d.

Remark 2.15 (Rates for functions on the product space). We note that the conclusions of Lemma [2.14] also
apply to functions g defined on €2 x 2.

2.5 Random graph models

Whenever we deal with random graph models, we will assume that we have the uniform partition ILni, =
{Qi}i=, of (0,1) and shall therefore write P, = Pr1,,,, ,, and Z,, = It

In some applications, data is represented in the form of an undirected graph. One approach to understanding
the underlying structure is to analyse the convergence properties of the graph as the number of vertices goes
to infinity. We therefore consider graphs through their weight function defined on [0, 1]%: for a graph G
with vertices labelled by [n] and weight matrix {Kn>ij}zj:1 with K,,;; = 0 and K,, j; = K, ;; > 0 for
i # j, for (z,y) € Qn; x Qp;, we define Kp(z,y) = K, ;. The objective is now to analyze the limit
of the step-functions K, as n — oo: this is well-known to be a graphon, i.e. a symmetric kernel function
in L1([0, 1]?) (see [12] and references therein). Given a sequence of graphs from a certain graph model, i.e.
a sequence of graphs for which there is a systematic way to determine the graph weights { K m’j}?,j:l’ we
can establish the convergence of the sequence to the corresponding graphon in an appropriate metric. In the
data-centric approach, one tries to fit graph models to data therewith estimating the underlying graphon (see
for example [11]], [74]): the intuition here is that graph sequences that have related graphons as limiting points
should share similarities.

In this paper, we consider a general sparse random graph model originally introduced and studied by [12].

uni,n *

Definition 2.16 (Random graph models). Forn € N, let p, > 0 and K € R™™ be a symmetric matrix with
non-negative entries. Assume pp,K;; < 1 foralli,j € [n] and K;; = 0 for all i € [n]. Let

Pn
0 else.

(&) _{ L with probability p, K;;

We define the random graph G(n, A,) to be the random graph with vertices [n] and weight matrix A,,.

As a simple example, consider the case where p,, = 1 and the entries of K are I_(Z-j =p € (0,1) for
1 <4,§ < n. Then, vertices i and j are connected with probability p and G (n, A,,) is the Erdés-Rényi graph
model G(n, p).

Note that in previous papers (for example [33| Section 3.2]), the weight matrix only has 0-1 weights but,
when the graphs are used in evolution problems, the quantities are normalized by p; ! which is related to the
average degree of the graph. Altering the definition as we did in Definition[2.T6|leads to more a straight-forward
and clearer problem setting.

In our paper, we will be considering the limit to a local problem and are therefore less concerned with
statements related to the convergence of our random graph models. We refer to [12]] and [33| Proposition 3.1]
for more details on the topic however.



3 Main results

3.1 Assumptions
In this section, we enumerate all the assumptions on the space, operators, kernels and length-scale that we will
be using throughout the paper.

Assumptions 1 (Assumptions on the space).

S.1 The space (2 is a bounded open subset of RY.
S.2 The space €2 has Lipschitz boundary.

We recall that for an operator A, we denote its adjoint by .4*.

Assumptions 2 (Assumptions on the operator A).

0.1 The operator A : L2(Q) — L?(Q) is bounded and linear. We write Cop, = ||.A||op, the operator norm of
A.

0.2 The operator A* A is order-preserving: for all u € L%(2) and almost every = € Q, sign(A* Au(z)) =
sign(u(z)) where sign is the sign function.

0.3 For n € N and a partition II,,, there exists a positive semi-definite linear operator G,, : RI!»l — RIM»|

such that Z,, (G, (u)) = A*A(Z,u).

From [57, Theorem V1.2 and Theorem VI1.3]), if Assumption[O.1]holds, it is easy to see that || A* Av||;2 <
ng |v]|1.2 for all v € L2(Q2). Assumption reflects the fact that we require the discretization G,, of A* A to
commute with the injection operator Z,,. This property is for example satisfied in the following case: if A is
unitary, then A* A = Id so that G,, can be chosen to be the identity as well. Furthermore, in Corollary we
will use similar properties of the differential operators introduced in Section [3.2]

Assumptions 3 (Assumptions on the kernel K).

K.1 The kernel K : [0,00) — [0, c0) is bounded in L>°.
K.2 The kernel K : [0, 00) +— [0, 00) has supp(K) = [0, 1].

The next set of assumptions concerns the regularity of the solutions to our various gradient flows. While we
rigorously introduce the latter in Section [3.2] for the reader’s convenience, we repeat the continuum nonlocal
and local variants, respectively (5)) and (7)), below:

%u(f,:r) + 5ﬁ:f(*u,(f,;zr)) =0 on (0,7) x £,
u(0,2) = ug(x)
and '
%u(t. x) + pApu(t, z) + A" Au(t,z) = A*(xz), on (0,T) x Q
IVu(t,z)|P~2Vu(t,z) - 7 =0, on (0,7) x 00
u(0, ) = up(x).
Assumptions 4 (Assumptions on regularity).

R.1 The function u € C°([0, T]; LP(£2)) solving (§) satisfies u(t) € WP(Q) for0 < t < T.
R2 Forh > 1,s > 3 +d/pand r > 2 + d/p, the function u € LP(0,T; WP(Q)) N L2(0, T;L3(2))

solving (7) satisfies u € L"(0,T; W*P(2)) N L>°(0, T; W"P(Q)).
R.3 For h > 1and s > 3 + d/p, there exists C independent of 7" such that the function

u € LP(0, T; WHP(Q)) N L%(0, T; L*(Q))
solving (7) satisfies
we L0, T;WoP(Q)) and max<{ sup ||[Vulpe, sup ||[VZulp~ p < C
te(0,7) te(0,T)

forall T" > 0.



Remark 3.1 (Higher regularity). In Theorem[4.10] we will assume higher regularity on the solutions of (5) and
(7D, namely Assumptions and Previous attempts at deriving rates in related problems [6], [41]],
[[71], [5] have led to similar assumptions.

In the nonlocal case, we require the solutions to be in the same space as the local solution, namely W1 ().
This is a natural requirement for establishing rates which is fulfilled when approximating local problems by
finite elements as in [41]. This is in contrast with our finite-differences approach for which conservation of
regularity properties of the local problem is not inherent. For a similar problem, regularity of a nonlocal
solution is studied in [3]].

In the local case, we extend the regularity from W' () to some fractional Sobolev space W*? (). This

will allow us to consider a function uw with continuous first, second and third derivatives. In order to align for
example with [41, Section 6] where functions are taken in W2 (), and due to the regularity of Sobolev spaces
we would like to have s = k + J for & = 2,3. As it will turn out, this uncovers a subtle interplay between
regularity and dimension of the underlying space.
Remark 3.2 (Embeddings of W*+%P(Q) into C*(Q)). In view of Remark we are interested in the embed-
ding of WF9(Q) into C*(Q). In fact, W*+9P(Q) embeds into C¥(£2) only when § > d/p: the weaker we
want our regularity assumption on the local solution to be, the higher the regularization parameter p needs to
be.

Assumptions 5 (Assumptions on the length-scale).

L.1 The length scale € = ¢,, is positive and converges to 0, i.e. 0 < g, — 0 as n — oo.

3.2 Setting
3.2.1 Discrete problem

Given a partition IT of Q and a symmetric K € RI"*T we define the discrete nonlocal p-Laplacian operator
for u € R and 1 < i < |TI] as follows:
B 1] -
(Apn@)i = = > Aa(m) Kijl(@); — @ilP 2 ((a); — (@)).
j=1

Let f € Rl and 7y € RI™I. We will consider the fully discrete nonlocal evolution problem

@) {Wwﬁﬁnu’%@(u@:f’ for 1<k<N

u(0) = o

for some p > 0, a positive sequence {Tk},i\;l (with ZIQV:_OI 7% = T') and linear operator G : R — RIMI, We
also define 7 = maxp—1,_. N 7% and will write 7, for 7 when our sequence {Tk}]k\f:—ll will be indexed by n. We
say that @ solves (@) with parameters K, f and .

Later we choose 7% = tk+1 — % for a discretisation 0 = t < t! < ... < t¥ = T of [0, 7] and we
will need the following two quantities. First, we define the time interpolated version of the injected vectors

{a" )

th—t _ t— k! _ _
Whiment (1,7) =~ (T, @ 71) (@) + 55— (Zn, @) (@) for (t,0) € (1,5 x @

and Urimemnt (0, ) = Zp1,, Wo. Second, we define the time injected version of the injected vectors {ﬂk {gV:li

N
UTimelnj(t, ) = Z (Innﬂk) ()X (k1 4#] (2)-

i=1
Most of our results will holds for any partition IT but, keeping in mind that we are ultimately interested
in convergence results, meaning the case where max;<; Az(7;) — 0, we will index our partition with a
parameter n. We denote the latter by II,, = {Tr;Z }';1"1‘ As an example, one can consider 1L, . For ease of

notation we will write Affn = AII;{H”, T, =11, , Pn = P, and similarly for other quantities.
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3.2.2 Nonlocal problem

Given a function a kernel function K : [0, 00) — [0, c0), we define the nonlocal p-Laplacian operator Aff for
a function u € L}(Q) and z € 2 as follows:

Afu(e) == [ K(la =) luty) = u@)l? *u(y) — ule)) dy.
Q

For a kernel K, we define the function K : Q x Q — [0, 00) by K (z,y) = K (|& — y|). For a general function
v :Q x Q'+ [0,00), we naturally have:

Apu(z) = — /Q v(z,y)luly) — u(@) P (u(y) — u(@)) dy.

Furthermore, for f € LQ(Q), p > 2 and ¢ such that p~! +¢~! = 1, we define the following evolution operator
EXTIP(Q) = L9(Q) for p > 0, a function u € LP(Q) and some linear operator A : L?(Q2) — L*():
EX pu) = pAfu+ A" Au — f.

The well-posedness of this evolution operator will be discussed in Theorem 3.6
We will consider the following nonlocal evolution problem:

) {gtu(t, ) + X j(u(t, ) =0 on (0,T) x €,
u(0,2) = up(x).

We say that u solves (5] with parameters K, f and ug. In particular, in order to link the above problem with
(1), we will be interested in (5)) when Eff’f(u) = EE’A*Z(U) for some ¢ € L2(Q).

We are interested in the following solution which is just of Definition [2.1] using the evolution operator
appearing in (3).

Definition 3.3 (Nonlocal problem solution). Assume that Assumptions[S.1} [0.1}[0.2]and K1) hold. For p > 2,
T >0 pu>0 f€lPQ),u € LP(Q), a function u(t,z) is a solution to the nonlocal problem Q) if
u(t,x) € O([0,T;LP(Q)) N W,oH(0,T); LP(Q)), u(0,2) = ug(x) Ag-a.e. on Q and Nj-a.e.:

gtu(t, x)+ ,uAffu(t, z)+ A" Au(t,x) = f(z) Ag-ae.

If we are further given a positive sequence {&,,}°° ;, we will write K., = WK (+/en) where
c(p,d)en

(6) c(p,d) = /Rd K(|z|)|zql? dz.

3.2.3 Local problem
The local p-Laplacian operator is defined as
Apu = —div(|VulP2Vu).
Forp > 2, > 0, ¢ € L2(Q) and ug € LP(£2), we will consider the following local evolution problem:

%u(t,x) + pApu(t, ) + A" Au(t,x) = A*¢(x), on (0,T) x Q
(7) \Vu(t, ) [P2Vu(t,z) - 7 =0, on (0,T) x 9Q
u(0,z) = up(x)
for some linear operator A : L2(2) — L2(€2).

The following definition is inspired by the results of [50, Chapter 2, Theorem 1.4] which we have stated as
Theorem [2.12]
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Definition 3.4 (Local weak solution). Assume that Assumptions [S.1| and [0.1] hold. For p > 2, T > 0,
0 € L2(Q), ug € L2(Q), afunction u(t, z) is a weak solution to (I) ifu € LP(0,T; WHP(2))NL2(0, T; L%(Q)),
u € L0, T;L3(Q)), u(0,-) = up Az-a.e. on Q and if \y-a.e.:

gu:vxzr u(t, z)[P~2Vu(t, z)-VE(z) dz *Au(t, z)((z) dx = U(z)((x)dx
| grutta@ ot [ 1Vut )P it ) Ve dot [ AAulta)ile)do = [ Ata)g(a)d

forall ¢ € WHP(Q).

The derivative %u makes sense thanks to Theorem Indeed, applying the latter to (7), and in view
of assumption we have that %u € LY (0, T; W=1P (Q)) + L2(0,T;L2(R2)). It then follows using the
same arguments as in [50, Chapter 2, Remark 1.2] that the solution u is (up to a modification on a Lebesgue
measure zero set) a continuous function from [0, 7] — L?(2) in such a way that the initial condition in (7)
makes perfectly sense.

3.2.4 Random graphs problem

Given a graph G(n, A,,), g € R and f € R™, we can also consider the following evolution problem:

®) ﬁkT_,fiTI + MAI/}%ﬂk +G@*)=f, for 1<k<N
u(0) = g
for some ;1 > 0, linear operator G : R® — R™, partition 0 = t° < ¢! < ... < tN¥ = T and where

TRl =t — k=1 We say that @ solves (@) with parameters A,,, f and .

3.3 Main results
3.3.1 Well-posedness of the nonlocal continuum gradient flow

In order to prove well-posedness, we loosely follow the strategy in [2]. Our main contribution lies in the
verification of the range condition in Proposition 3.5t we propose an alternative proof for a generalization
of the commonly used [2, Theorem 2.4] based on principles related to I'-convergence (see [14] or [52]). In
particular, showing the range condition boils down to solving a PDE which is unsolvable by direct methods.
We therefore modify the latter by adding a term that will make the operators involved coercive. We then use
a compactness argument to show that the solutions to the PDE approximations converge to a limiting function
which solves the initial PDE by the lim inf-inequality of I'-convergence.

Proposition 3.5 (Complete accretivity and range condition). Assume that Assumptions [S.1} (0.1} [0.2] and [K.1]
hold. Let p > 2 and assume that f € LP(S). Then, the evolution operator £ f ¥ is completely accretive and

satisfies the range condition 1LP(Q2) C ran(Id + \E ff’ ) for A > 0.

The proof of the proposition is given in Section.1.1] From the proposition one easily deduces the existence
of solutions to the nonlocal problem. The proof of the theorem is also given in Section|4.1.1

Theorem 3.6 (Existence and uniqueness of a solution for the nonlocal problem). Assume that Assumptions

(0.2l and K1) hold. Letp > 2, T > 0, ug € LP(Q2) and assume that f € LP(Q). Then, there exists a
unique solution u as in Deﬁm’tion to the evolution problem (3) with the operator £ 5\( ¥ and initial value uy.

Furthermore, if v is a solution as above solving () with the operator £ ff’ g and initial value vo, we have
© [u(t) = v()llr < [luo = vollLr + ¢l — gllLr

for1<r<ocoand0<t<T.
In addition, we also have

(10) [u()llLr < lJuollLr + | fllu-

for1<r<ocoand0 <t <T.
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3.3.2 Rates of convergence

The rates are established by combining two intermediate results. On one hand, we obtain nonlocal-to-local
continuum rates by switching from finite-differences to derivatives which allows one to prove the convergence
of the nonlocal p-Laplacian operator to the local one. On the other hand, the central point of the proofs is to
leverage the fact that the injected discrete gradient flow solution solves a nonlocal continuum gradient flow
with particular parameters. We then rely on the contraction properties (9) and (10) to express the rates of
convergence of discrete-to-continuum solutions in the nonlocal setting in terms of the discretization error of
the initial condition, data and kernel functions.

The next result precisely describes the interplay between our space-localization parameter €, and our time-
discretization parameter 7,, in order to ensure convergence of the discrete solution to the solution of (7).

Theorem 3.7 (Discrete-to-continuum local rates). Assume that assumptions and
hold. Letp > 2, un >0, T > 0, up € LP(Q), ¢ € LQ(Q), Q: be c_ompactly contained in ) and assume that

A* € 1P(QQ). Furthermore, let n € N and define K., = P, K.,,, [ = PpA*(, g = Pruo.

Then, for any partition 0 = t° <t < ... <tV =T, there exists a sequence {uk }_, satisfying @) with
K enr f, 1o and Gy, chosen as above, a solution Ue,, to ) with kernel K., and a solution u to (7).

In addition, assume that Assumptions@and @ hold, p > 3, that we are using the partition 11y, 5, that
Ug,, satisfies Assumption for all T > 0 and that u satisfies Assumption For some 1 < q1 < oo and
1 <@g <ooand0 < a; <1 forl < i <3, assume furthermore that uy € Lip(aq, L9 (2)) NL*°(Q), A* €
Lip(a, L%2(Q)) NL>®(Q) and K € C%*3(Q). Then, if for some k > 0 we set T'(n) = (
assume that

ﬁ) log(e,,%) and

82(d+p)+n

o ™ Togen) @

as well as

ag —1/k
€p > max n_o‘l/”, n_O‘Q/”, [eXpW (nmax(1+(d+p+a3)/n,p71> )} ,
for n large enough, we have:

sup  sup || Z,a" — ult, M2y <C <5n log(e,™)
1<k<SN te(th—1 tk]

(12) +e, % n M 4 nT2 4

log(,") "V 1og<e;f*>2p—3]>

gdtprospa; T
for some C > 0 that might be dependent on ) (and d), ug and A*{ and the latter right-hand side tends to 0 as
n — Q.

The proof of the theorem can be found in Section[d.2.3]

Remark 3.8 (Asymptotics of N). It is a natural requirement that N — oo as T'(n) — oo as in Theorem
This is indeed the case (and also will be for Corollary by the same argument) since by definition
N > T(n) /7, and (T1)) ensures that 7,, — 0 with €, — 0.

Remark 3.9 (Parameters in Theorem [3.7). Despite their appearances, the conditions on €, and 7, in Theorem
are not constraining. Indeed, all parameters involved are chosen by the practitioner prior to the implemen-
tation of the numerical procedure.

The regularity requirements of both the nonlocal solution and the local solution are discussed in greater
detail in Remarks[3.T]and[3.2] The nonlocal regularity assumption is linked to our approximation through finite
differences. Indeed, the expression (3)) does not contain any differential term in the space component leading
our solution to be in LP(£2) as opposed to W' (£2): when using finite elements, the approximations are in the
same space as the solutions to original problem, which in our case is W' by Theorem The local regularity
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assumption is a typical one and actually induces an interesting relationship between the regularity requirement
and the regularization parameter p.

The rates are formulated for n large enough. This is discussed in Remark [4.1T]and is essentially dependent
on the choice of our compactly contained set Q' C Q.

A simple additional step allows one to deduce the convergence of the discrete gradient flow to u,. The
proof is given in Section[d.2.3]

Theorem 3.10 (Rates for us,). Assume the same setting as in Theorem[3.7\and furthermore that A = 1d. Then,
for n large enough, we have

|1 Zntzn — ooz < C(En log(e,,") + i/ *(F(uo) — F(uce))"/?

(13) +e, " nTM +nT2 4+

log(e,") ) log(e,")*?
cdtpros o, T 2dt)
for some C > 0 that might be dependent on () (and d), ug and ¢ and the latter right-hand side tends to 0 as
n — oQ.

Remark 3.11 (Curse of dimensionality). We note the presence of terms of the form &;, 770 with v, > 0in
the right-hand sides of both (T2) and (T3). For fixed n and £, < 1, as d — o0, &, % will tend to infinity.
While we can control this behaviours when d is fixed, for high dimensions the rates deteriorate.

3.3.3 Application to random graphs

Everything discussed until now was determinisitic. In particular, the discretization procedure was based on
partitioning the space into cells in a pre-defined way that would allow us to control the discretization error
as described in Section 2.4, An alternative setting is the one of random graph models present in various
applications.

Obtaining results in the random graph setting is split in two steps: (1) prove rates of convergence between
the discrete random and deterministic gradient flows and then (2) use the deterministic rates of Proposition
[.13]and Theorem .10} The first part is conceptually similar to how the results in the nonlocal case are derived
while adding the necessary probabilistic estimates. The main results are to be found in Theorems [3.12] and
[3.13] The proofs of the latter are given in Section 4.3]

Theorem 3.12 (Discrete random-to-continuum local rates). Assume that Assumptions [0.1} [0.2} [0.3] and [L.1]
hold. Letp > 2, u > 0, T > 0, ug € LP(Q), £ € L%(Q), & be compactly contained in 2 and assume that
A*l € LP(Q). Furthermore, let n € N and define K., = Pnf(gn, f = Po A%l g = Prug. We also suppose
that p,, is a positive sequence with p, — 0 and p, < en™. Let Ay, € R™™ be the weight matrix defined as in
Deﬁnitionwith K=K.,.

Then, for any partition 0 = t° < t' < ... < tN = T, there exists a sequence {ﬂﬁ}]kvzo solving with
parameters A, f and u, a solution u.,, to () with kernel K., and a solution u to (7).

In addition, assume that Assumptions@]and @ hold, p > 3, that we are using the partition 11y, 5, that
Ug,, satisfies Assumption for all T > 0 and that u satisfies Assumption For some 1 < q1 < oo and
1< g <o0and0 < a; < 1forl < i < 3, assume furthermore that ug € Lip(aq,L9(2)) N L>(Q),
A*l € Lip(ag, L%2(Q)) N L>®(Q) and K € C**3(Q). For some r > 0, let T(n) = (
assume that

2 —K
2+3C§p) log(e,,") and
1

62—1—210-1—5

ag —1//1
En > max{n_o‘l/“, n=o2/%, [expW (nmax<1+<1+p+a3)/wfl> )} ’

[eXpW (<" log(n))"/ ““*X<"1<p*1)-"1+<2+~1m/~>)} W}
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and

log(n)eF log(e,;%)2P—1)

n 2 2(p+1) 2 2K
L p, K¢ as well as — —— L0 K e
" " et log(n)1/2n1/2 " "

Then, for n large enough, we have:

sup  sup || Z,aF — ul(t, M2y < C’(sn log(e, ")
1<k<N te(th—1 tk]

log(e,, )P~V log(e,, %)% ~3

1 n
clptas 5721(1+p)

(14) o e
nos

+ 0n

)

for some C > 0 that might be dependent on ), ug and A*{ and with probability larger than

2(1-p)
Clog(ez )2 (14 252)

1
o
02er, Pnpy,

Furthermore, the right-hand side of tends to 0 as n — oo and the probability tends to 1.

Theorem 3.13 (Rates for uo, using the random graph model). Assume the same setting as in Theorem [3.12]
and furthermore that A = 1d. Then, for n large enough, we have:

IZ0ay — uoollz(ry < C<€n log(e,,") + /% (F(uo) — F(uce))'/?

log(e,,")P~1) log(e,,*)?~3

—a1 —ag
n +n + T
1 - n
Eﬂ-{—p—&-ag nos 5i(ler)

+¢,." + 6,

)

for some C > 0 that might be dependent on § (and d), ug and £ and with probability larger than
| _ Clog(e,®)*®—

T+
02er, Pnp,

Furthermore, the latter right-hand side tends to 0 as n — oo and the probability tends to 1.

4 Proofs

4.1 Well-posedness

Well-posedness of all our gradient flows is a central question. For the continuum nonlocal case, we will make
use of nonlinear semigroup theory. The discrete case will follow from the continuum nonlocal case by using
the interplay between the p-Laplacian and injection operators. Lastly, the continuum local case will follow
from classical results.

4.1.1 Nonlocal problem

The following proposition, an extension of [47, Theorem 3.9], will allow us to characterize certain functions
both by an equation they satisfy as well as a variational problem they minimize. The proof follows the above-
mentioned reference but has been included in Section [I1I. 1| for completeness.

Proposition 4.1 (Dirichlet principles). Assume that Assumptions[S.1|[K.I|and[0.1hold. Let p > 2, i > 0 and
f € L3(Q). Givenn € N, X\ > 0 and functions u, ¢ € LP(Q), consider the equations

p—2
(15) M+A(MAfu+A*Au—f)+u—¢:o
and
(16) )\(,uAffquA*Au—f)Jru—gb:()
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as well as their variational counterparts

A7) Buas(u) /| Pd+ 2 / K(Jz - ylu(z) - uly >|pdxdy+k/(,4u>2

2
— )\/qudw+ 3 /Q(u—gb) dx
and

(18) Exas(u //K|x—y| fu(z) — u(y)lP dyda + 2 /(Auf

—)\/qudx—l—2/9(u—¢)2dx.

1. If u € LP(Q) satisfies (I5) A,-a.e., then we have E,, 4 f(u) < Epx a¢(v) forall v € LP(Q).
2. Ifforu € LP(Q) we have Ex 4 f(u) < Ex 4 ¢(v) for allv € LP(R2), then u satisfies (1) \,-a.e..

Remark 4.2 (Dirichlet principles). It is clear from the proof of Proposition [4.1] that the converse of the two
statements of Proposition d.T|can be shown analogously.

In the next step, our aim will be to show that if u,, — u, we have liminf,, oo Ep x4 f(un) > Ex 4 r(u),
where E,, \ 4 ¢ and E 4 s are respectively defined in (I7) and (T8).

Proposition 4.3 (lim inf-inequality for E;, \ 4,f). Assume that Assumptions[S.1| [K.1|and[0.1hold. Let p > 2,
p>0, feL2(Q), A >0and ¢ € LP(Q). Let {u,}5°; C LP(Q) and u € LP () be functions so that u, — u.
Then,

Exap(u) <liminf By 5 4 p(un)

where Ey, \ 4, r and Ey 4 5 are respectively defined in and (I8).

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might be) dependent on
the kernel K, p, A\, i, A and/or €2, that may change from line to line.
We start by recalling for v € LP(Q2):

A
Bunas(®) = o [ ol de+ S [ Ko = ylo@) —v@)Pdedy+ 5 [ (Av)? ~2f0da

QxQ
+2/Q( gf)) dx
= Tl(’l)) + TQ(’U) + Tg('l}) + T4(?)>.

For the T term, by weak lower semi-continuity of norms, we have

1
lim inf 7' (u,,) = lim inf — ||u, ||}, = 0.
n—o00 n—00 Mp

For the 75 term, we first note that 75 is proper and convex. Next, let 0 < r < R. We claim that 75 is
bounded on the ball By (u, R). Indeed, for v € Bry(u, R):

()| < C /Q /Q 21 (jo(y) P + [o(@)|?) dy dz < C(R + Jullws) < C

Combining the above, by [52, Proposition 5.11], we have that 75 is Lipschitz continuous on By (u, r) which
in turn implies that 75 is continuous and convex in LP(€2). By [32, Corollary 2.2], we deduce that 7% is
weakly lower-semicontinuous. Analogously, 73 and Ty are convex and continuous and therefore weakly lower
semi-continuous by [32, Corollary 2.2].

Collecting all the latter results, we obtain:

liminf By, 5 4,5 (un) = To(u) + Ty(u) + Tau) = Ex 4,5 (w). D
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The next properties are easily checked: in particular, monotony and coercivity follow from [2, Lemma 2.3]
and [17, Lemma 3.4 and Lemma 3.6]. For completeness, the proof may be found in Section [III.

Lemma 4.4 (Properties of &, x 4,7). Assume Assumptions [S.1} [K1| and [0.1) hold. Let p > 2, i > 0 and
f € L3(Q). Forn € Nand )\ > 0, we define the operator:

’u‘p72u K *
(19) Enaay(u) = - +u+ AMpAy u+ A" Au — f).

The following properties are satisfied:
1. Forqsuchthatp™ +q ' =1, Ea a5 LP(Q) — LY(Q) and

1 2
el < (145 ) Bl + lulhs + 1152 )

2. Eq A, ¢ is hemicontinuous, monotone and coercive.

We now proceed to show a range condition on our evolution operator which will allow us to deduce the
existence of a solution to the nonlocal problem.

Proof of Proposition In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might
be) dependent on the kernel K and/or €2, that may change from line to line.
We begin by showing complete accretivity of £ ff g Letu,v € LP(Q2), h € H and consider:

/Q (Efﬁf(u) - Eﬁ{f(v)) h(u —v)der = u/ﬂ (Afu - Afv) h(u —v)dx

+ / (A*Au — A" Av) h(u — v) dx
Q
=:T1 + Ts.

For the 7T} term, we obtain:

=3 K(Jz —yD){ lu(z) — u(m)P?(u(z) — uly)) — Jv(z) — o(y) P> (v(z) ~ v(@/)))

[(u(z) — o(z)) — h(u(y) —v(y))] dedy.

Since h and ¢ + |t|P~2t are both increasing then by splitting the latter equation in cases where u(y) — v(y) >
u(z) — v(z) (and conversely) we see that 77 > 0. By Assumptions and we know that 75 > 0 and
therefore, by Proposition [2.7|and Assumption , & ff f is completely accretive.

For the range condition, let ¢ € LP(Q2) C LI(2) where ¢ = p/(p — 1) since p > 2. We first show that
there exists a solution to the equation

’u‘p—Qu K *
——— Fut+ A (pAfu+ A Au— f) = Enas(u) = ¢

where &\ 4,5 is defined in (T9). By Lemma [#.4] the operator &, x 4 s satisfies all the conditions required

to apply Theorem and we deduce that for all n € N, there exists a function w,, € LP(2) such that
Ena A f(un) = ¢, or formulated otherwise: u,, satisfies (13)).

t
Next, we claim that u,, s<g< ¢ + Af. Indeed, let h € H and, using (13), we compute as follows:

/Q(¢+ M) h(uy) dz = /Qunh(un)dx+ A,u/QAffunh(un)d:r
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(20) z/unh(un)dx

Q

where we used the same argument as to show 77 > 0 (using v = 0) to infer fQ Aff unh(u,)dz > 0, the fact
that sign(u,) = sign(h(u,)) and the Assumption for (20). By Lemma [I1.2] and since f € LP(f2), we

therefore obtain w,, S<g<t ¢+ Af € LP(Q) and consequently ||uy,||r» < ||¢ + Af|L» < C. From this, we deduce
that the set {u,, }°°; is uniformly bounded in LP(€2) and hence, there exists u* € LP(2) and a subsequence
{un,, }o°_; such that u,,, — u* in LP(2).

By Proposition for each n, u,, minimizes E,, 5 4 ¢ in L”(2). We will now show that «* minimizes
B 4,5 in LP(Q). Let v € LP(Q). In fact, by Proposition 4.3 we have

Exap(u’) <liminf By x4 p(un,,) <Hminf B,y 47(v) = Ex 4,5(v).

m—o0
Therefore, by Proposition u* satisfies (I6) which concludes the proof of the range condition. O

The straight-forward proof of the next result may be found in Section [[II.

Corollary 4.5 (Special cases of £ f‘f f). Assume that Assumptions and hold. Letp > 2, u > 0

and assume that f € LP(Q)). Then, the operators € ff P & ff o and 500 are m-completely accretive.
Finally, we can deduce the following existence and uniqueness result.

Proof of Theorem[3.6] First, we note that if we find a solution to

1) %u+5£0(u) =f
u(0, ) = uo,

then, u solves (3) with the operator £ ff #- From Corollary we know that £ ff o 18 m-completely accretive.
We can therefore apply Theorem [2.5|to deduce the existence of a unique solution u as in Definition 2.1] We

obtain (9)) by applying Lemma[2.8]
For the last part, we note that v = 0 solves (2I)) with f = 0 and up = 0, so that by inserting v = 0 in (9),
we obtain (10). O

The next result is a stability result for solutions to (5) which can be considered an extension of [33, Theorem
5.1] whose proof can be found in Section |I1I.1

Proposition 4.6 (Stability of solutions to (3). Assume that Assumptions [S.1] [0.1) and[0.2 hold. Let p > 2,
u > 0and T > 1. Furthermore, fori = 1,2, let K; satisfy Assumption uo,; € LP(Q) and f; € LP(Q).
Then, for i = 1,2, there exists a unique solution u; to the nonlocal problem (3) with evolution operator Eii}z
and initial condition g ; and we have the following stability estimates for some C > 0 dependent on €, ug
and f;:

1. if, for either i = 1 or i = 2, we have ug; € L*P~1(Q) and f; € L2P~1(Q) then

[ua(t, ) —ua(t,-)ll2 < CP (Sug [Ka(z =) = Ki(z — )|l + [ f1 — f2HL2> + [luo2 — wo ez
xe

2. if, for either i — 1 or i = 2, we have up; € L°°(Q) and f; € L>(Q2) then

[ua(t, ) = wi(t,)lle < O ([[Ky — Kalle2 + [ /1 = falli2) + lluo2 — woallre-

Remark 4.7 (Generality of f in (3)). In Section we have considered a general function f in (). We
could continue to do so below, but for ease of exposition, from now on, we will only consider f = A*¢ or

f=PoAL.
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4.1.2 Discrete nonlocal problem

As a corollary of Proposition we can prove the well-posedness of the discrete problem (4)) in the case that
is of interest to us. The proof of the next corollary also displays the importance of accretivity of our operator.

Corollary 4.8 (Well-posedness of (@). Assume that Assumptions [0.3|and K 1| hold. Let p > 2,
p>0,T >0 u € LP(Q), £ € L2(Q) and assume that A*( € LP(Y). Furthermore, let n € N and define
K = P,K, f = P, A*(, iy = Ppug. Then, for any partition 0 = t° < t' < - <tV = T, there exists a
sequence {un} o satisfying @) with the above parameters that is well- deﬁned and unique. We also have

(22) | Ttk || < JJuollur + Tl A1
for1l <r < oo.

Proof. We first start by considering the well-posedness of the sequence {uﬁ}gzo defined iteratively by u) =
Iy = L, Pnug and

(23) (Id + 7+ ek

T ) = s+ T (AT Rk A Ak — T, ) =

This can be reformulated as u* = (Id 4 7%~ 181” Y Huk T+ TR f)

By [33, Lemma 2.1], we have that ||Z,, KHLOO < ||K |1 < 00, so we can apply Corollary 4.5]to deduce
that SZ Ao 1s m-completely accretive. In particular, by Proposition (3.5{and [, Section 2], for A > 0, we have
that (Id + Agfgo )1 is single-valued on dom((Id + Agﬁ% )1 = ran(Id + Asﬁno ) = LP() and, for
1<r <o B

1(0d + A5 ) " (91) — (1d + Aa0) (g2)llr < llgr — gallur

for any g; € LP(Q2). We have that (Id + )\Sinof{ )~1(0) = 0 so that, combining with the above,

114+ 255 (@l < llgllur

for any g € LP(Q).

Since by [33, Lemma 2.1], we have that ||Z,,f||.- < ||A*¢||r- and || Z,to|lLr < |luol|Le, We can now
proceed to show that u’ is well-posed by induction. For k = 0, we have that u® = Z,,u9 € LP(2). Now,
assume that for 1 < m < k — 1, u" € LP(Q) is well-defined. Then, uf~! + 77717, f € LP(Q2) and, since
(Id + 7k~ 151” )~ is single-valued on LP(Q), uk is well-defined with

-\ —1 _
lblir = [[(1a+ 7 1e%) @b 4 I
L™
fo— —
<|ug, Vyr
k—1 k—1 r
< ||un HLT T HI L
By induction
k—1
k 7 k r 7
lugllur < lluplir + Y 7™ 1Zaf e = llupllur + *|Zafllr < Jlup e + Tl Zo S|l
m=0

The well-posedness implies that {uf{}{c\fzo is the unique sequence that is defined iteratively by (23)) and such
that u% = T,%p.

Now, assume that there exists {Uﬁ}l]{\;o that solves (@) with f , Uo, Gy, and K as defined above. Then, we
have Z, 10 = Z,Ppuo = u2 and

(24) (1d+ 75V Tl = Tl + 7 ( W(BAKTE) + T (Go(ah))
[Ty

(25) Z p @+ D
=1
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=T,ul t + 7T, f

where we used Assumption [0.3] and [33| Lemma 6.1] for (24) and (@) for (25). By the uniqueness of the
sequence {u¥}I¥_ | we have that uf = Z,uk.
To conclude the proof, we show the existence of {u% }2_,. First, recall from (@) that 4, = uy and

= (14 7 (A, + Ga) @ ).

T

By the same argument as above, we need to show that the operator uA{fn + Gy, is accretive on RIU»! for

(Id + Tk_l(pA{fn + Gp))~! to be well-defined and unique. It is clear that ran(A{fn + G,) C Rl By
Proposition we know that accretivity is equivalent to monotony in RI"| and it therefore only remains to

verify that for 7, w € R/l

(A + Gu)(0) = (A, + Ga) (), 0 — @) = (AL, (0) — pAf, (), — @)
+(Gu(0) ~ Gu(®@), 7 — )
=T+ 15>0.

The proof of 77 > 0 is analogous to what we have shown for the continuum nonlocal Laplacian in the proof of
Proposition 3.5} 75 > 0 is due to Assumption[0.3] O

4.1.3 Local problem

Theorem 4.9 (Well-posededness of (7). Assume that Assumptions[S.I|and[0.1|hold. Letp > 2, p > 0, T > 0,
¢ € L%(Q) and ug € LP(Q). Then, there exists a unique weak solution u(t, ) to the evolution problem (7).

Proof. We begin the proof by verifying some properties of the operator .A*A. By Assumption A* A is
linear and we know that .4*A is bounded, hence continuous and therefore hemicontinuous by Lemma [2.10]
Since A is linear, we can define the seminorm S(v) := ||Av||;2 on L2(Q2). By the boundedness of .4, we then
note that S(-)+ |- |2 and || - || .2 are equivalent. Finally, we have that .4* A is monotone since for u, v € L2(£2):

(A" Au — A" Av,u— o)1 = (A" A~ v),u — )z = A - v)][F2 0.

We deduce that A* A satisfies the assumptions of Theorem with Vi = H = V;* = L3(Q) and p; = 2.
We now define the operator D by

D(u)(v) = /Q \Vu|P~2Vu - Vo dz

for u,v € WP, It is straight-forward (similarly to Lemma [4.4) to check that D : WP s (WLP)* jg
bounded, hemicontinuous and satisfies ||D(u)l|(w1.e)« < Cllull%,, as well as (D(u) — D(v))(u —v) > 0
for all u,v € WP (the last claim follows from [[17, Lemma 3.6]). Furthermore, we define the Sobolev
seminorm [v] = ||Vv||L» and one can show that there exists A > 0 such that [v] + A||v||r2 > ||v]|wi» (see
for example [50, Chapter 2, Section 1.5.1]) for all v € WP, It is also clear that D(v)(v) > [v]P. Hence D
satisfies the assumptions of Theorem[2.12] with V2 = W'P(Q) C L2(Q) C WP(Q)* (where the inclusion is
made possible by the fact that p > 2) and po = p.
After an application of Theorem [2.12] we therefore obtain the existence of a unique function

w € LP(0, T; WHP(Q)) N L2(0, T; L?(Q)) and u € L>°(0, T; L?(Q))

satisfying Definition[3.4](see [50, Chapter 2, Section 1.5.1 or Example 1.7.2] for the treatment of the boundary
term). ]

4.2 Rates

We now turn our attention to establishing rates between our gradient flows defined on [0, 7"]. However, all of
our rates will be expressed explicitly as a function of 7" as our aim will be to take 7" — oo as to approximate
the solution of (IJ). We begin with the continuum-to-continuum case.
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4.2.1 Continuum nonlocal to local rates

The proof of the next result follows the same structure as the proof of Proposition [4.13| in order to apply
Gronwall’s lemma. The terms involving the application of A{f - A, on a regular function give rise to rates
through Taylor expansions as in [18, Theorem A.1]. For completeness, the full proof is included in Section

Theorem 4.10 (Continuum nonlocal-to-local rates). Assume that Assumptions [S.1] [0.1} [0.2] [K.1] and [L.1]
hold. Letp > 2, 4 > 0,T >0, ¢ € LQ(Q), ug € LP(Q), Q' be compactly contained in Q2 and assume that
A*l € LP(Q). Then, for all n, there exists a solution u., to () with kernel K., and f = A*{ and a solution
u to (7).

In addition, assume that Assumptions [S.2] and [K.2| hold, p > 3, that u., satisfies Assumption [R.1|and u
satisfies Assumption Then, for n large enough, we have:

(26) leten (t,7) = ult, )2y < O (=ntC> [C1 + C3))

where C1 = sup,¢(o 1) [IVu(t, )l and Cy = supye(o 7 [[V?ult, -) || Lo

Remark 4.11 (Asymptotic rates in Theorem[d.10). In Theorem[d.10] the rates hold for n large enough, but this
is not constraining in practice. Indeed, the latter condition is derived from Lemma This implies that the
rates are relevant as soon as €, < m/c where m is the minimum distance between the closure of the compactly
contained set and the boundary of 2 and c is chosen so that c1(Q') C B(0, c).

4.2.2 Discrete-to-continuum nonlocal rates

Here we loosely follow [[33, Section 6.2.2]. By using [33, Lemma 6.1], we easily check that the time interpo-
lated version of the injected discrete problem satisfies an evolution problem. The proof can be found in Section
1.2

Lemma 4.12 (Evolution problem for Urimernt). Assume that Assumptions and hold.
Letp > 2, 1> 0,T >0, up € LP(2), £ € L2(Q) and assume that A*¢ € LP(QQ). Furthermore, letn € N

and define K = P, K, f = Po AL, g = Phug. Then, for any partition 0 = t% < t! < ... < tN =T, the
sequence {ﬂﬁ}]kvzo is unique and well-defined by ({@)) with the above parameters. Furthermore, UTimelnt Solves
the following evolution problem:

% UTimelnt +MA%"K(uTimelnj) + A* A(uTimenj) = Znf in (0,T) x Q
UTimelnt (Oa ) = Tyuo.
While our final results in Theorems [3.7] and will be concerned with letting 7" — oo, 7, — 0 and

en, — 0, the next proposition presents more general non-asymptotic results that are valid for any kernel K,
time-discretization 7 and time 7T'.

Proposition 4.13 (Discrete-to-continuum nonlocal rates). Assume that Assumptions[S.1}[0.1} 0.2} [0.3|and K 1|
hold. Letp > 2, ;1 > 0, T > 0, ug € LP(Q), £ € L%(Q) and assume that A*¢ € LP(Q). Furthermore, let
neNand K = P, K, f = Po AL, @y = Ppug. Then, for any partition 0 = t° < t' < . < tN =T, there
exists a sequence {ﬂﬁ}ﬁzo satisfying @) with the above parameters. Furthermore, there exists a solution w
to (§). We also have the following rates for some C' > 0 dependent on ), uy and A*(:

1. ifug € L2=2/0=1)(Q) and A*¢ € L2~2/(=1)(Q):

sup  sup [ Zndk — ugc(t, )| < CellTCR)T (yyznpnuo — gl + | Za P Al — A2
1<k<N te(tk—1,tk]

(27)
+ 1+ TP Y sup [T, P K (|2 — ) = K(Jz = )lLe + 7(1 + || K|re<) (1 +TP71)
€N

+ 7P/ (2p=1) HKH{{S!’*UQ + || K |10 )P/ @D (1 4 TP 1ye/ @p=1) (1 4 pp—1-1/pyp/(2=1)

+ 74D/ @0)) i M2 (1 i Tp—l—l/p) 1/ (14 || K [[e) @D/ (1 4 Tp—l)(p+1)/(2p)> :
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2. ifup € L*®°(Q) and A*l € L>°(Q):

sup  sup  ||Tuik — ugc(t, )||pe < Ce(1HC)T (lrznmo—uonm+Hzn7>nA*e—A*euLz
1<k<N te(tk—1,tk]

28)  +(1+ TP YT, PuK — K|12(0xq)

(0 )+ 7770 [1 R4 777 4 (K14 7772) ] ).

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might be) dependent on
Q, ug or/and A*¢, that may change from line to line.

The existence and well-posedness of {@Z}{CVZO and ux follow from Corollary 4.8[and Theoremrespec—
tively. Also, note that for p > 2, we have 2p — 2/(p — 1) > 2(p — 1) > p. Let a; > 0 for 1 < i < 3 be such
that o; + p(ag + az) = %

We start by noticing that for ¢ € (t*~1, t¥], we have

th—¢ t— k1

[ uTimernt (£, ) [Le < ﬁllfnﬂﬁ_lllm + |ZwtsllLe < C (luollLe + T[A™|Ls) < C(C + TC)

where we used (22) for the second inequality and also:
(29 H uTlmoInJ( )HLP = ”Znﬂﬁ_IHLP < ”UOHLP + THA*EHLP <C+TC

again by (22)). This, together with ||Z,,%o||r,2 < ||uol|Lr by [33} Lemma 2.1], implies that for any 0 < ¢ < T,
we have that UTimeIn;j(t, *), UTimeInt (t, -) € LP(£2) uniformly in ¢.
Define (rimemnt(t, ) = UTimelnt (£, ) — ux (¢, ) and compute as follows:

10
20t

[ ¢Timetne(t, ) [[F2 = —H/Q (AIZ;"R UTimelnj(t, ) — AI{"KUK(@ 95)) (WTimernj(t, ) — uk (t, 7)) dv
— ,U/Q (Af"f‘ UTimeln;j (t, ) — A%"RUK(E H?)) (UTimeInt (t, ) — UTimelnj(t, z)) dz
(30) - u/Q (Ag’LkuK(t, x) — Afqu(t, 3:)) CTimemt (¢, ) dz
— /QA*A(uTimeInj (t,z) — ug (t, ))CTimemt (t, ) dx
+ /Q(Inf(a;) — A*(x))CTimemnt (£, ) dx
=T+ ply +pls +T4 +T5

where we used Lemma4.12] (3) and the fact that Urimernj(t, -); UTimernt (¢, ) € LP(€2) for (30). Arguing as in
Proposition [3.5] or Proposition [4.6] (which relies on [2| Lemma 2.3]), we obtain that 7; < 0. Furthermore, by
Young’s inequality for products,

(31) Ts < C|| Ty Pn A — A3 + 1 || Crimernt (2)[| 32

We continue our estimates by showing some auxiliary results first. For t € (tF~1, ¢]:

T ﬂk 1
| WTimetnt (£, ) — Whimelnj (£, *)|[L2 = [t* - "
T L2
(32) — % — ¢ H ALl + A" AT, T - T f|
(33) <7 [IATE T ak e + AT AT e + |Z0f s

where we used the proof of Corollary [@.8]for (32). Now, by Assumption [0.1]and (29) we have that

||A*~AInafLHL2 = HA*AuTlmeInJ( M2 < uTlmeInJ( M2 <O uTlmeInJ( ) <C(C+TO)
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as well as || Z, f|lr2 < [[A*||12 < C||A*||L» < C by [33, Lemma 2.1]. Furthermore, re-using [33, Lemma
2.1] and Assumption [S.T|we have

(34) ||A;I>HKInﬂfL||L2 = ”A;I;" uTlmeInJ( )HL2 < C”K||L°°H uTlmeInJ( )HLz(p 1)+

Now, in either case, ug € L2P—2/(P~ 1)( ) and A*¢ € L2~2/(=1)(Q) or ug € L>°(Q) and A*¢ € L>°(Q2), we
get from (22)) that || urimern;(, )HLQ(p y SCO+T P=1C as was shown in (29). Injecting the above observation
in (34) and then starting from (33), we obtain that:

(35) I 0Timetut (£, -) = UTimetnj (t, )2 < 7(C +TC + || K| (C + TP~1C)).

For the T} term, by Young’s inequality of products:

1 1, .
|Ty| < §”<Timelnt(t)‘|%2 + §HA A(UTimen (1) — urc (t))]32
4

(36) < B | CTimetne (8)] 2 + % || WTimetni (£) — UTimelnt + UTimelnt —Uk (£)]|72
1 4 ) 2 ) ) ) 2
< B + Cop ”CTlmeInt(t) ||L2 + CH UTimelnj (t) — UTimelnt ||L2
1 _ 2
(37) S <2 + Cép) ”CTimelnt(t)||i2 + [T(C + TC + ”I{HLOo (C + Tp 10))}

where we used Assumption [0.1]for (36) and (33)) for (37).

We will now tackle the 75 and 75 terms. First, assume that ug, A*/¢ € L2r=2/(r=1) (). We want to estimate
To = | A7 UTimemnj(t, ) — Ap M ugc (¢, )|l e

T§ < O||Z, K ||} / / || WTimetnj (%) — UTimelnj (2) [P~ (UTimetnj (%) — UTimemn;j(z))
oo

— e (y) — ur (@) P~ (uk (y) — wrc(x ! dydx
< ClIKz~ /Q/Q | WTimetni () — Whimelnj (%) — ux (y) + ugc (z)|*/?
(38) X (| WTimetnj () — Whimetni ()] + | (y) — uge (2)])2P~D=2/P dyda

1/p
< C||K |7~ [/Q/Q | UTimetnj () — UTimelnj (%) — uk () + u (z)[? dydx]
1/q
59 . [/ / (| W imetn(4) — Whimernj(2)] + [t (y) — g ()[)22 2/ @D dy‘“]
QJQ
1/p
< CIK |2~ [ [ timens (@) - uK<x>|2dw]

1/q
(40) x [ /Q /Q (1 Wimen (9] + | UTimmetng (2)] + Jusc ()] + Jurc () )22/ @D dydx}

-2
@D < CIR ol wrimenns(t, ) = e ()17 | wrimerng (8, )] + s (&) 72,5

42 < UKl utimen(t: ) = w2, ) [727 (C + T20072/rC)

where we used [33, Lemma 4.1, (ii)] with a = 1/p for (38), Holder’s inequality for (39), Assumption [S.1]for

#0) and @1), and@)aswellas@)w1thr—2p 2/(p — 1) for @2).

We now return to T5 and estimate as follows:

’TZ‘ < ||A]I;HK UTimelnj (t7 ) AIn UK( )HL2 || UTimelnt (t ) uTlmeInJ( )HL2

43) < 7|Kl|jte (C+TC+ || K| (C+TP71C)) (C+T(p*1>*1/pc) | WTimetnj (£, ) — wrc (£, )15

< 7Kl (C+TC + | K |10(C+T710)) (€ + T D-1rC) [Hummem(m K(t I
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(44) + (T(C+TC+ || KL= (C + Tp_lC)))l/p]

2/ (2p-1)
< asllétmem(®lEz + 711K e (C+TC + | K (C +T771C)) (€ + 1@ 1rC) |

/(p+1) (p+1)/p
4s) + {T (||KHLOO (c n T(p,l),l/pc)y O+ TO + K e (C + Tplc))]

where we used (33) and @2)) for @3)), (33) again for (#4) and Young’s inequality for products for (@3).
For T3, relying on the fact that for p > 2 we have 2p —2/(p — 1) > 2(p — 1), we proceed as in Proposition

[4.6]to obtain (9):
T3] < C(C+TP70) [Sug IZ. K (J2 =) = K (| — '|)”L2] [ Crimetnt (2) |2
TE
(46) < (C+T1" D) Sup IZo K (J2 ) = K(Jz = -DlF2 + as|Crimen(t) 12
re
using Young’s inequality for products for (6).
Combining (@3), (#6), and (31), we obtain:
d 1
@HCTimelm(t)lliz <2 <Oél + p(an + a3) tot C§p> || CTimetnt ()| F.2
+ [f(C+TC+ |yK||Loo(c +1710))]?
2p/(2p—1)
+ [FlIK ] (C+TC + Kl (€ + T771C)) (0 + 70010 S

p/(p+1)

[ HKHLOO 0+T<p - 1/7’0)) (C+TC+ | K|~ (C + TP1C))

}(zﬂrl)/p
+(C+ T20-1) )51618 ||InK(|x —) = K(|Jz — |)”32 + C||Z, P Al — A*EHiQ
= (2 + 2C§p) HCTimeInt(t)Hiz + T7.

We continue by applying Gronwall’s lemma on the latter to deduce:
4
(47 [¢rimem(®lls < )T (T, Prug = w2 + € 172
We conclude that

sup sup  ||Z, U —ug(t,)|lr2 = sup ||uT1meInJ(t ) —ug(t, )|
1<k<N te(th—1 tk] 0<t<T

< sup || UTimelnt _UK( )HL2 + SUP ” UTimelnj — UTimelnt ”L2
0<t<T o<t<

< e(lJFCép)T (HI Pn’LLO - uo||L2 +C- T1/2)
(48) +7(C+TC+ ||K||L=(C+TP71C))
where we used and (33)) for (@3).

Let us now assume that ug € L>°(£2) and A*¢ € L>°(c0). We will slightly change the estimates for 7 and
Ts.

T? < O|| K3~ /Q | /Q | WDimetng (4) — Whimenj (2) — i (y) + uge ()|

(49) X (| WTimetnj () — UTimemnj (2)| + |uk (y) — uk ())P~* dy|*da
< C| K} (luollLe +T||A*euLw>2<P*2>

(50) / / | uTlmeInJ — UTimelnj (1') — UK (y) +ug ($) |2 ddeC

(51) (C+ T20=2C) | K| || wrimmerni (1) — e ()2

24



where we used [33] Lemma 4.1 (ii)] with « = 1 and [33} Lemma 2.1] for (@9), and for (50) and
Assumption [S.1]for (5T)). We can then return to 75 and estimate as follows:

(52)
| To] < 7| K1 (C +TC + [|K||L=(C +TP71C)) (C + TP DO) | wrimetn(t: ) — urc (t, )12
< 7| K||pe (C+TC + ||K|[1ee (C + TP72C)) (C + TP C) ||| wrimerns (£, -) — ugc (¢, -)||.2
(53)
+7(C+TC + ||K|L=(C + Tp‘lc))]

2
< o Wrimems (£, -) — uk (¢, ) |72 + [THKHLoo (C+TC + ||K]|=(C + TP7IC)) (C + TP=2C)

(54)
2

1/2
! [<HKHL°<>(C+T(p2)C)> 7(C+TC+ |[Kll=(C +T77C))

where we used (33)) and (51)) for (532), (33)) again for (53)) and Young’s inequality for products for (54).
For T3, we proceed as in Proposition[4.6]in order to obtain (TT):

T3] < C(C + TP 'O I K — Kllr2(0x0) | CTimem (£) |12
(55) < (C+ TP VO LK — K200y + @3l Crimem (£)7 2

where we used Young’s inequality for products for (55)). We proceed as above to conclude. O

4.2.3 Discrete-to-continuum local rates

In this section we will derive rates between the fully discrete problem and the continuum problem. In particular,
by combining the results of Proposition {4.13|and Theorem 4.10} one obtains general rates for fixed 7" > 0 and
several classes of ug, A*L.

Of greater interest is the question of the possibility of letting 7' — oo, as the solution of the gradient
flow solved for large 7" converges to the minimizer of the original regularization problem (I). Theorem
answers that question in a positive way: indeed, this can be achieved by correctly choosing the partition,
the functions ug, A*¢ and the kernel K as well as indexing the time 7'(n) in a meaningful way and imposing
conditions between the time and space discretization parameters 7,, and &,,.

Proof of Theorem In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might be)
dependent on €2, ug or/and A*/, that may change from line to line. We also briefly comment on some notation:
U, in is a short-hand for ug,  appearing in when using the kernel K.

We have

(56) 1o Kz lluee < K, [l < P |1 K |

by 33| Lemma 2.1]. The latter is finite by Assumption [K.1]and the existence claims then follow from Propo-
sitiond.13]and Theorem

When combining (28)) and (26), we note that the constant is independent of 7" and therefore, we have that
for large T' > 1 and small ¢,, < e~ 1/k <1:

4
sup pr%ﬁ—Mh%mwﬁ@m%MO%%m—wm
1<k<N te(th—1 tk]

. . T(P-1) - .
+ | Z, P A — A™||2 + WHIﬂPnK(-/En) — K(-/en)ll2(ox0)

Tr—1 | P2  P(p—2)/2
(57) g |+ @ | ) 0T
n n En
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T(P—1) T(2p—3)
T @

(58) < Ce(1+C3)T <na1 o2 4 ) +CTey

edtProsag
(59 = C(+To+T5+Ty+T5)

where we used Assumption [K.I]and Assumption [R.3|for (57), Lemma[2.14] and the fact that for p > 3,

p—1
2p—3>{p/2
3p/2—2

for (58).

We now want all the terms in (39) to tend to 0. By choosing T' = T'(n) = (1 + Cy,)) - log(¢™") for some
x > 0, we now derive sufficient conditions on €, and 7 = 7;, such that 7; — O for 1 <17 < 5.

We have that ¢,, > n-o1/k implies that 77 — 0. Indeed, from the latter, 1 > ¢ “n™* = e(1+C§P)Tn*a1.
Analogously, £, > n~%?/% implies that Ty — 0.

asg 71/:‘{
We have that ¢, > [expW (n max(1+(dtptaz)/rp—1) )} implies that 73 — 0. Indeed, similarly to the
above, the latter is equivalent to

1> [8;/4 log(gr—Ln)] max(14-(d+p+as)/k,p—1) (1 + Cgp)(lfp) n_os

_ 1 4 \(1-p) _
> —rarpra 108(En )T (L4 Cgp) T 0
n

— T3
We have that
o 1 (3—2p) gi(dw)ﬂ _ —(ect)r gi(dﬂ))
1+ C§p log(e,,")(2r=3) T(2p—3)
which implies that 74 — 0.
Lastly, we have that lim,,_,~ &5, log(e;,") = 0 implying that 75 — 0 which concludes the proof. O

Remark 4.14 (Generality of Theorem . The choice of T'(n) in Theorem is arbitrary: by considering
the general rates obtained by combining the results of Proposition [4.13] and Theorem {.10] one could derive
similar results to (I2)) with other 7'(n). Furthermore, by combining (27) with (26), one could extend the results
to more general ug and A*L.

Proof of Theorem[3.10} In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might
be) dependent on €2, ug or/and A*/, that may change from line to line.
We have:

|Znttn = usollra(@y < N1 Zntin = ul(T )2y + (T, ) = uoo|lr
< sup sup (| Zady — u(t)llee gy + (T, ) = uoollr2
1<k<N te(th—1,tk]

=Ty + Ts.

We note that C,, = 1 since A = Id. For the 7 term, we can apply Theorem For the 75 term, we note
from Lemma[[.3]and first order conditions that:

Cllul(T, ) = usolf2 + (VF (us), ul(T' ) = o) = (T, ) = uso|lf2 < F(ulT, ")) = F(uco)-
Furthermore, by standard considerations of gradient flows [[59]] we obtain that
F(u(T, ) = Fluse) < e (Fug) = Fluce)) = en/*(F(uo) = F(uss))

so that combining the latter yields the claim. O

26



Remark 4.15 (Asymptotic rates in Theorems [3.7]and [3.10]). The asymptotic aspect in Theorems [3.7]and [3.10]
are not very restrictive: indeed, one part comes from Theorem .10/ and discussed in Remark [4.11] while the
second part comes from our estimates in Theorem The latter are related to finding the smallest n such that
en < e~ 1/% and T > 1 which for all reasonable choices of €r, should occur for a very small n.

Remark 4.16 (g, when A = Id). In Theorem [3.10, we pick .A = Id for the following two reasons: first,
Cop = 1 so that T}, can be explicitly defined; second, the Assumption [0.3 simplifies greatly as we can just
pick G,, = Id in this case. The latter part also works for any unitary operator A as discussed in Section

4.3 Application to random graph models

Let us now consider the evolution problem (8). We recall that we will now be working on (0, 1) with the
uniform partition so that Assumptions [S.1]and [S.2] will always be satisfied and we have d = 1.

4.3.1 Well-posedness

Corollary 4.17 (Well-posedness of (8)). Assume that Assumptions and hold. Let K :
[0,00) = [0,00), p > 2, u>0,T >0, up € LP(Q), £ € L2(Q) and assume that A*¢ € LP(SY). Furthermore,
let n € N and define K = P, K, K(z,y) = K| ), f = PpA*L, g = Ppug. Then, P-a.e., for any
partition 0 = 10 < t' < ... <tV =T, there exist a sequence {un} w_o satisfying @) with parameters Ao, f
and g that is well-deﬁned and unique. We also have

|Zwtip [l < lluollur + TIA
for1l <r < oo.

Proof. Since ||Z, A, |~ is bounded we proceed exactly as in Corollary by considering (23)) with kernel
Z,A,,. O

4.3.2 Rates

As an intermediate step in establishing the rates between the random discrete and continuum local problems,
we will have to compare random and deterministic discrete solutions which is what we discuss in the next
proposition. The proof of the latter is similar to the proof of Proposition 4.13] but requires a few additional
probabilistic estimates. Furthermore, on the results side, some of terms in the error bounds of Proposition d.18]
only differ from terms in and (28) by having sup,cq | ZnAn (2, )| + || K || instead of || K=" ||pc.
For completeness, the full proof can be found in Section [[I.2]

Proposition 4.18 (Random-to-deterministic rates). Assume that Assumptions|[0.1} (0.2} [0.3| and [K.1| hold. Let
p>2u>0T>0 uy € LP(Q), ¢ € L%Q) and assume that A*( € LP(Q). Furthermore, let n € N and
define K&» = P, K", f = P, A*(, Uiy = Pnuo. We also suppose that py, is a positive sequence with p, — 0
and p, <K en™. Let A, € R™ " be the weight matrix defined as in Definition with K = K°n,

Then, for any partition 0 = t° < t' < ... <tV = T, there exists a sequence {v%}_ satisfying @) with
parameters K, f and ug. In addition, P-a.e., there exists a sequence {ﬂﬁ}{fzo solving (8) with parameters
An, fT and uy.

For any 6 > 0, we have the following rates with probability larger than 1 — MHK% || for

8 02np,
some C' > 0 dependent on S, uy and A*L:

1. ifug € L2P=2/Cr=1(Q) and A*¢ € L2~/ (Q):

<2+3c4 )
)
sup H UTimelnt — VTimelnt HL2 <Ce 0
0<t<T

+ 72/ @D gup | Z,A (a, )||P/ =1 (1 4 pp=1-1/pyp/(2p=1)
€N

- . /(2p—1)
x (14 TP~ 1yp/2p=1) (1 +sup | Zuhn(z, )l + ||K€"|IL°°>
i T=19)
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+ D@D (1 4 P 2 sup || T, A (1
e
- ~ (p+1)/(2p)
X (14 TP1)+1)/Cp) (1 + sup [ TuAn (2, ) 1 + ||K6"HL°O>
e

+r(1+177) <1 +sup [ ZyAn(z, )|l + HKE"!LOO»;
z€Q

2. ifup € L>(Q) and A*L € L>°(Q):

(2+sc )
sup H UTimelnt — VTimelnt HLz < Ce ? (9
0<t<T

T (1 - sup TR (2, s + HK’%«»)
=19

_ 1/2 _
1+ <sup 1Zn A (2, )l (1 + Tp2)> +sup | ZnAn(z, )|l (1+TP72)
z€eQ zEQN

) |

Corollary 4.19 (Discrete random-to-continuum nonlocal rates). Assume that Assumptions [0.1] [0.2} [0.3] and
-hold Letp>2,p1>0T >0, uy € LP(Q), £ € L2(Q) and assume that A*¢ € LP(Q). Furthermore,
let n € N and define K*» = P, K . f = PuA™, g = Ppug. We also suppose that p, is a positive
sequence with p, — 0 and p, < en’? Let Ay, € R™™ be the weight matrix defined as in Deﬁmtlonwith
K = K*n.

Then, for any partition 0 = t° < t' < ... < tN = T, there exists a sequence {ﬂﬁ}]kvzo solving (B)) with
parameters Ny, [ and @, and a solution u.,, to (3) with kernel K.

For any 6 > 0, we have the following rates with probability larger than 1 — %ern || for
some C' > 0 dependent on S, uy and A*£: !

1. ifug € L2P=2/Cr=1(Q) and A*¢ € L2#~2/(2=1)(Q), then:

_ _ - K||1,0
sup  sup [ Zualh — e, 2 < TO(1+TP7Y) <1+supuznAn<x,->ru+” L)
1<ESN te(th—1 tk] e En

e

+ /G0 sup T A, )74 (L o1y G
e

HK||Loo> p/(2p=1)

x (14 TP~ 1yP/p=D) <1 + sup [|Zo A (2, )l + I+p
e

+ 7 PH0/C) (1 4 PPV Y2 gup 17, A (2, )Hl/2
€N

K| r,00 > (p+1)/(2p)

x (1 + TP~ 1)P+1/(2) (1 +sup || T An (2, )l + 5
e En

_ K|t oo
7'(1+Tp71) <1+supHInAn(x,.)HL1 + | 1”:; ))
e En
(60)
+ Ce(1+Ce)T <\|zn7>nu0 — gl + || T PuA l — AL|p2

14 7P 1 K||p _
+ T sup 2Pk (o = 1) — K = /el + 7 (14 51 ) 4 o
n n

+ 7P/ (2p-1) <’ 1[1;3 ) <1+ I I‘JFI; ) (1+Tp—1)p/(2p—1)(1+Tp—1—1/p)p/(2p—1)
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1/2 (p+1)/(2p)
+1)/(2 ||K”L°° —1—-1 1/2 ||K” —1\(p+1)/(2 .
+ 7(p+1)/(2p) ( Rz (1 + TP /p) 14+ ReT (14 TP~ 1)P+D/Cp) |

2. ifug € L*=(0) and A*l € L>=(R), then:

(2+304 )
sup  sup || Z,a@F —ue, |2 < Ce\ Z 0
1<k<N te(th—1 tk]

_ Kl|7 00
+7(1+ Tpfl) (1 + sup | Z A () |10 + | 1”:; )
e En

)

_ 1/2 _
H (Sup 1 Z0 A, )l (1 + Tp‘2>> +sup [ Z A (@, ) 1 (1 + T772)
e €

61)  +Ce(1+C5)T (HInPnuo — |z + | TP Al — A% 2

1+771 - ~
TPk (o) = Ko lizoen)

K|l K| 1/2
o | 1”}; (1+TP2)+<’ 1”}}; (1+Tp2)> ])
ETL En

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might be) dependent on
Q, ugp or/and A*¢, that may change from line to line.

The existence of {@* }V ji—o follows from Proposition 418} Let {vk} be as in Proposition as well.
The existence of ., follows from Theorem[3.7] We note that

Kl[fo
+r(1+‘ 1% >(1+TP1)
En

sup sup ||Inﬂfz — Uey, HL2 = Sup H UTimelnj —Ue, HL2
1<ESN te(th—1,tk] 0<t<T

< sup ” UTimelnj — UTimelnt HL2 + Sup H UTimelnt — VTimelnt HLQ
0<t<T 0<t<

+ sup H VTimelnt — VTimelnj ||L2 + SUP || VTimelnj —Ue,, HLZ
0<t<T 0<

<r (C +CT + (C+TP71C) [sup T A (2, ) ||t + || EC5" HLOOD

(62) + sup H UTimelnt — VTimelnt ”L2 + sup H VTimelnj —Ueg,, HL2
0<t<T 0<t<
where we used (27)) for (62)).
Relying on (56), it is possible to apply Proposition with the kernel K*» and obtain the same bounds
(with the scaling factor &5, " 7). Combining the latter with Proposition we obtain (60) and (61). O

Similarly to the setting in Section [4.2.3] we can combine the results of Corollary #.19] and Theorem 10|
to obtain precise rates for fixed 7' > 0. Recalling the discussion in Remark [4.14] the analogous results to
Theorems [3.7) and [3.10] are Theorems [3.12] and [3.13] Before proceeding to the proof of the latter two results,
we present two probabilistic lemmas that are essential for the establishment of the rates.

First, we start a variant of 33, Lemma 3.1], by explicitly writing out the estimates for the scaled kernels.
In this section, we recall that we will be working on (0, 1) with the uniform partition so that Assumptions
and[S.2] will always be satisfied and we have d = 1. In this setting the operators Z,, and P,, can be defined

(Zow)(z) = Y wixe,, (@) (Zow)(@,y) = Y. wixe,.(@)xe,, )
i€[n] i€[n],j€[n]
(Ppu); = n/ u(z) dx (Pru)ij = n2/ u(z,y)drdy
Qn i Q'n. zXQn J

where Q,,; = (=1, 1),
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Lemma 4.20 (Convergence of the random weight matrix). Assume K satisfies Assumption[K1} p > 1, d = 1,

pn and ey, are positive sequences with €, — 0 and p, — 0 and define IN(E,L (x,y) = > 1?5”“ K (|~’v;y|)’

where c(p, 1) is defined by (). Define K" = PoK., and let A,, € R"*™ be the weight matrix defined as in
Definition with K = K°®. Assume that

log(n)er

< pp, < et

Then, with probability one, for n large enough, we have

(63) | sup | ZoAn (2, ) [Lr = sup ||, Kz, (2, ) || < 7
€ e

Furthermore, with probability one, for n large enough, we have

sup HInAn( M <
€N

é%\ Q

Proof. We can estimate as follows:

P(I sup [ ZnAn(z, )Lt — sup |7, K5 (2, ) |[L1] > 6#’)
€N e

=P max—ZAmJ max — ZK‘E"\>€p

i€n] N icln] n bt
<P m&x|l Z Aij— Ker) | > &P
o i€[n] M ™t ] n
Jj€m]
1 —
SZP |EZ (Anz] Kgn)|>€np
i€[n] j€[n]
1,2 _—2p
n°e
(64) <2 Z exp | — = 3n“en
i€t Yietl (L= pnEKi) + 5 (o + 5)
2 D
cnfen
<2 exp | —
% p( F+ R ,,%H))
ZE[TL] Pn En ~Pn e
—2p 2
SQZexp ___n P,;
icln] 1+ 5+ 2
2
enps
<22exp<— 57217" >
i€[n]
where we used Bernstein’s lemma for (64) after noticing that E[A,, ;; — R’,?n] — 0’ An,zg Kan < p% n algl
A = Ken _
and B{N; ~ K51 = 50— ) < (n) we have

P(! Sup [T, An (2, )L — sup [T K= (2, ) 1| > aﬁ) <2y a7
z€eQ €N

i€[n]
which is summable. By the Borel-Cantelli Lemma, with probability one, for all but finitely many n,

|sup | Zo A (x, )|y — sup | T, K" (2, ) L] < €,
€ e
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For the furthermore part of the lemma we note that we can write
O [ Y SICRY

_ / S (Puk*)isxo. (2)xon, () dy

1.j=1
n C p7 Z|
T Z —— | dwdzxa,;(@)xa,,;(y) dy
zg 1 "ZXQ”] n
nC(p,1 2|
= p+1 Z/ < . > dwdz xq, (7).
1,]= 1 anQnJ n

So,

- C(p,l)/ 2| C(p,l)/
T K (2, |1 < K2 =2\ [ i
i}elgll (z, )|l < el A - ) dz 7 [ (|2]) dz

Combining with the first part of the lemma, this completes the proof.

O

Remark 4.21. Asymptotic rates and Borel-Cantelli arguments. The asymptotic claim in (63)), i.e. the existence
of some N such that for all n > N (63) holds, comes from a Borel-Cantelli argument. All we know is that,
with probability one, N < oco. This can be circumvented with the following trade-off: either one argues with a
Borel-Cantelli Lemma and obtains an P-a.e. statement with an asymptotic part or one does not and is then left

with a claim holding with high probability.

Similarly to what was discussed in Section {.2.3] we want to find conditions under which we will be able
to take the right-hand side of (61)) to 0. To that purpose, we explicit a choice of # = 6,, that is compatible with

the conditions derived in Lemma 4,20

Lemma 4.22 (Rates for 0,,). Letd =1, p > 1, p,, and €, be positive sequences with €, — 0 and p,, — 0. For

some k> 0, let T'(n) = (ﬁ) log(e,"). Assume that
op

1/ masc(A(p—1) At (2dp) /i)Y ]~ 1/
£y > [GXI)W <(n log(n))l/max(‘l(p l),l+(2+1]))/h)):|

log(e;, ")]2(P—1

. log(n) < 6%’“. Moreover, for a positive sequence 0, satisfying

[log(e, )¢~V
en T log(n)1/2n1/2

< 02 < ¥

and assuming

log(n)e2P .
g(n) n <<Pi

2+3C3,

wehavethate( : >9 <<1and%<<1.

NPn€En

(»—1)
Proof. We start by assuming %

2+3C4,

appropriate assumptions and show e<
£,50, < lor 62 < g2~ 7
For the latter, by assumption, we have that p, ! < nl/2 log(n)~ 1227 50 that
T2(p—1) T2(p—1)

<
O2nppen® 02012 log(n)1/?

31

< &2% holds, take €, pn, T = T(n) and p, satisfying the

) 0, < 1 and % < 1. The former is equivalent to



and therefore, the lower bound

2(p—1)
T2(0-1) (zr30r) " llog(eym)2e) 2
= — <
nl/2 T2 1og(n)1/2 nl/2e5 2P 1og(n)1/2 "

is sufficient.
It remains to check under which conditions we have
log( 71@)2(]) 1) 2K
nl/2e, %P log(n)1/2 "

This is equivalent to

( i << n'/?log(n)

’ h +l+2p
which, for n large enough, is implied by

max(2(p—1),2+(142p)/k)
> < n'?log(n)'/?.

In turn this leads to
En > [expW ((n log(n))l/HMXM(/}*1)«'1+(2+/1P)/H)>} 71/1{. O

Proof of Theorem[3.12] In the proof C' > 0 will denote a constant that can be arbitrarily large, (which might
be) dependent on €2, ug or/and A*¢, that may change from line to line.

The existence claims follow from Corollary 4.19]and Theorem 4.9

In view of Theorem 3.7} let 7} be the terms in the combination of (26) and (61) that are not included in the
combination of (26)) and (28).

Since the constant in the combination of (26)) and (61)) is independent of T, we have that for large 7' > 1
and small ¢, < 1:

2+3C4,
op T _ Kl|g,00
Tl < Ce( : ) <9n + TnTp_l <Sup HInAn(xa ')HLI + H 1’-’:];7 )
e En
_ 1/2 _
X (sup HInAn@j? ) ||L1Tp_2> + sup HInAn(-rv ')HLlTp_2 >
e e
2+3C3, 1 _ _
T TP T@=2)/2  Tp-2
< ( 2 )
(65) < Ce <9n + 7 T X 55/2 + =
2+3C4, op—3
T T4r
(66) < Ce( : ) <9n + T"l+2p>
En

=: T2 —|—T3

where we used Lemma .20 for (63) similar reasoning for p > 3 as in Theorem [3.7] for (66).
By assumption, we can apply Lemma@.22]to see that 75 — 0. We have that 73 — 0 is equivalent to

1+2
€n+ Dtk

S L
" log(en )23

which holds by assumption. We conclude the proof by combining (66) and (12)) to obtain (14). The probability
claim follows from Lemma (4.22] O

Remark 4.23 (CFL condition for random-to-deterministic error convergence). Using the notation of Theorem
[3.12] we see from the proof of the latter that the requirement on 7,, that ensures 73 — 0 (note that 7} here is
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the error bound arising from the comparison of the random solution to the deterministic one) is slightly better
than the CFL condition for our complete problem. Indeed, for 77 — 0, we only need

1+2 242
€n+ P+ 5n+ P+

Tn LK —————— as opposed to Tn K

log (e, ")%P—3 log(e,™)2P—3

for the rest of the terms.
Proof of Theorem[3.13] We proceed as in the proof of Theorem [3.10| with Theorem [3.12] O

Remark 4.24 (Asymptotics in Theorems and[3.13). The rates in Theorem[3.13]are formulated for large n.
This is partly non-restrictive in practice as described in Remark 4.15]and in the proof of the theorem itself. The
non-desirable part of this requirement stems from the application of Lemma[4.20]as discussed in Remark 4.21]
We conclude from these results that when considering random graph models, one loses the full traceability of
the asymptotic aspect of the rates as opposed to the results in Theorem |3.10
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