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Abstract In a real Hilbert space domain setting, we study the convergence properties of the
stochastic Ravine accelerated gradient method for convex differentiable optimization. We con-
sider the general form of this algorithm where the extrapolation coefficients can vary with each
iteration, and where the evaluation of the gradient is subject to random errors. This general
treatment models a breadth of practical algorithms and numerical implementations. We show
that, under a proper tuning of the extrapolation parameters, and when the error variance associ-
ated with the gradient evaluations or the step-size sequences vanish sufficiently fast, the Ravine
method provides fast convergence of the values both in expectation and almost surely. We also
improve the convergence rates from O(-) to o(-) in almost sure sense. Moreover, we show almost
sure summability property of the gradients, which implies the fast convergence of the gradients
towards zero. This property reflects the fact that the high-resolution ODE of the Ravine method
includes a Hessian-driven damping term. When the space is also separable, our analysis allows
to establish almost sure weak convergence of the sequence of iterates provided by the algorithm.
We finally specialize the analysis to consider different parameter choices, including vanishing
and constant (heavy ball method with friction) damping parameter, and present a comprehen-
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sive landscape of the tradeoffs in speed and accuracy associated with these parameter choices
and statistical properties on the sequence of errors in the gradient computations. We provide
a thorough discussion of the similarities and differences with the Nesterov accelerated gradient
which satisfies similar asymptotic convergence rates.

Keywords Ravine method - Nesterov accelerated gradient method - general extrapolation
coefficient - stochastic errors - Hessian driven damping - convergence rates - Lyapunov analysis
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1 Introduction

Given a real Hilbert space H, our work is concerned with fast numerical resolution of the convex
minimization problem

min{f(x): = € H}, (P)

where we make the following standing assumptions:

{f : H — R is differentiable, V f is L — Lipschitz continuous, S = argminy, f # 0. )

(8k)gen 1s a positive sequence with si L €]0, 1].

To solve (P)), we consider the Ravine Accelerated Gradient algorithm ((RAG.,) for short),
which generates iterates (yx,ws ), oy satisfying

wr = Yx — 5k V f(Yx),
(RAG,,)

Ykt1 = Wi + Yk (W — Wg—1) -
Let us indicate the role of the different parameters involved in the above algorithm:

a) The positive parameter sequence (si),cy is the step-size sequence applied to the gradient
based update.

b) The non-negative inertial/extrapolation/momentum parameters (y),cy are linked to the
inertial character of the algorithm. They can be viewed as control parameters for optimization
purposes.

¢) In order to inform about the practical performance of algorithms realizing this method in
common applications, we will analyze the convergence properties when the gradient terms
are calculated with stochastic errors. Formally, we consider V f(yx) + ex instead of V f(yx) in
(RAG,,) where, conditioned on yy, ey is a zero-mean stochastic noise term.

One of the motivations for this additive perturbation model comes from stochastic optimiza-
tion, where the gradient may be evaluated only approximately, either because of physical, numer-
ical or computational reasons. The prototype example we think of is the stochastic optimization
problem of the form

f(a) = / F(2, €)dpu(€) = Ben, F(z,6), F: H x 5 5 R, (1)
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where (Z, F, j1) is a probability space, F(z,-) is u-integrable for any x € H, and F(-,£) € C*(H)
for any £. Problem is very popular in many application domains that include machine learning
and signal processing. Computing V f(x) (or even f(x)) is either impossible, when F' can only
be sampled in an online streaming manner, or computationally very expensive, when it is the
empirical risk across a very large number of data samples. The popular alternative is to draw m
independent samples of &, say (&;)1<i<m, and compute the empirical average estimate

— 1 &
\Y =— VF i) 2
o) = 5 L VF @) @
The stochastic error at iteration & of an algorithm based on the first-order information V f(xy)
is then ex = Vf(zr) — Vf(zk). Denote Fj, the sub-o-algebra generated by o (2, ;-1 : i < k).
Observe that conditioned on F, and by drawing independently my samples of £ at iteration k,
one has

Blee| Al =0 and E [Jlexl® | 7] = - (Bell Vw1 | 7 - [V4@)l?)

IN

1
— e[| VF (zk, ) | Fi-
mg
Thus if the gradient is bounded almost surely, then
E{llexl® | 7] = 0(1/ma).

The boundedness assumption on the gradient is quite common in the literature, and it holds for
some popular functions such as the logistic loss, or if the sequence of iterates is assumed a priori
to be almost surely bounded. Therefore to make this variance decay fast enough with &, which
will be made precise in our analysis, one has to take my as increasing with k£ at a fast enough
rate. We will show in particular that this decay rate will depend on the choice of the sequences sy,
and 7, and presents a trade-off between stability to stochastic perturbation and fast convergence
of (RAG,,); see the detailed description of our contributions in Section and the thorough
discussion after Theorem [3.11

1.1 Previous Work
1.1.1 Exact Inertial Dynamics and Algorithms

Damped inertial dynamics have a natural mechanical and physical interpretation. Asymptot-
ically, they tend to stabilize the system at a minimizer of the global energy function, that is
mitigate oscillations of overshoot. As such, they offer an intuitive way to develop fast and effi-
cient optimization methods. B. Polyak [36L[37] initiated the use of inertial dynamics to accelerate
the gradient method in optimization based on a second order in time inertial dynamical system
with a fixed viscous damping coefficient; the so-called Heavy Ball with Friction (HBF) method.
(HBF) provided momentum to the dynamics that accelerated the convergence for strongly con-
vex objectives. A discretization of HBF, that we refer to as HBF algorithm, leads to the iterative
scheme [30]

Tpy1 = Tk + Pi (w0 — xp—1) — sk V f(xg). (HBF3,)
With an appropriate and iteration-independent choice of s, and S > 0 in the strongly convex

case, that depends on the objective conditioning, (HBF g, |) inherits the optimal linear convergence
properties of the continuous dynamics.
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The Ravine method (RAG,,) was introduced by Gelfand and Tsetlin [I7] in 1961 in the case
of a fixed positive extrapolation coefficient v = v > 0. This method mimics the flow of water
in the mountains which first flows rapidly downhill through small, steep ravines and then flows
along the main river in the valley, hence its name. A geometric view of the Ravine Accelerated
Gradient method is shown in Figure

— sV f(yr—1)

s

S =, argmin f

Fig. 1 Ravine Accelerated Gradient method.

The Ravine method was a precursor of the accelerated gradient methods. It has long been
ignored but has recently appeared at the forefront of current research in numerical optimization,
see for example [938,[42]. It comes naturally into the picture when considering optimized first-
order methods for smooth convex minimization, see [14123135].

When v, = 1 — ¢, which, for a > 3, the Ravine method is closely related with the
Nesterov accelerated gradient (NAG for short) method (see (NAG,,|) [33.82]), with which it has
often been confused. In fact, the Ravine and Nesterov acceleration methods are both based on
the operations of extrapolation and gradient descent, but in a reverse order. Furthermore, up
to a slight change in the extrapolation coefficients, the two algorithms are associated with the
same equations, each of them describing the evolution of different variables, explaining how the
two methods have been casually confused for each other in some of the literature. Their precise
correspondence will be clearly elucidated in Section

Notably, recent research concerning the understanding of accelerated first-order optimization
methods, seen as temporal discretized dynamic systems, has made it possible to clarify the
correspondence between these two methods; see the recent work by some of the authors in [9}[T].
In particular, these works have shown that while both algorithms share the same low-resolution
ODE (i.e. of order 0 in the step-size), their super-resolution ODEs (i.e. of order 2 in the step-size)
are fundamentally distinct. This was also confirmed by numerical experiments.

1.1.2 Inexact and Stochastic Inertial Dynamics

Due to the importance of the subject in optimization and control, several papers have been
devoted to the study of perturbations in dissipative inertial systems and in the corresponding
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accelerated first-order algorithms that can be modeled as these systems’ dynamics’ discretiza-
tions. This topic was first considered in the case of a fixed viscous damping and deterministic
perturbations in [821]. Then it was studied as far as implications for the accelerated gradient
method of Nesterov, from the standpoint of the corresponding inertial dynamics with vanishing
viscous damping; see [421[51[7[121[40L45]. These results were extended to stochastic continuous
time inertial dynamics in [31L30].

1.1.8 Stochastic Inertial Algorithms

Stochastic gradient descent methods with inertia/momentum are at the core of optimization
subroutines in many data science applications such as machine learning and data processing.
Rigorously speaking, these methods have provable acceleration over gradient descent only for
convex objectives with exact gradients, or when the objective is in the form of a large finite
sum of deterministic functions and the algorithm incorporates variance reduction techniques. In
fact, with standard choices of step-size and inertia parameters, numerical experiments show that
inertial algorithms may lose their superiority in convergence rate over simple gradient descent in
the noisy setting, or can even diverge [15]. See also [22], who proved that for quadratic problems,
there are situations in which it is impossible for any stochastic first-order oracle method to
improve upon stochastic gradient descent (SGD). Yet, numerical studies have also shown that
carefully tuned constant step-size and inertia momentum parameters can lead to improvements
over stochastic gradient descent (SGD) in deep learning [44]. Overall, there has been a growing
interest for obtaining convergence guarantees for stochastic extrapolation/momentum methods
by considering narrowly particular parameter choices; see e.g., [25L[181271201122][2]46|13][34116]
29124126]/471[28]. This list is not exhaustive but is representative of most works related to ours.

Rates in expectation on the objective Many works provided guarantees of sublinear conver-
gence rates in expectation on the objective for stochastic momentum/inertial methods. Most of
these works assume (conditional) unbiasedness of the gradient and boundedness of its variance.

[251[18] developed an adaptation of to stochastic (composite) convex optimization
problems and obtained an optimal O(1/vk) rate for appropriate choice of the step-size and
the extrapolation/momentum parameter; see also [26]. By relying on a Lyapunov function that
dates back to the work of Attouch and co-authors, [24] obtain the convergence rate O(1/v/k) for
(SNAG,,|) with non-vanishing noise and a step-size sj decreasing sufficiently fast together with a
specific choice of a1 tied to the step-size. An accelerated rate O(1/k) was also obtained for the
strongly convex case under appropriate choices for the parameters. [20] analyze with
relative noise on the gradient, i.e. the noise variance is proportional to the squared magnitude
of the actual gradient. For o, = 1%37 i.e. the standard Nesterov scheme, they prove convergence
at the same accelerated rate O(1/k?) as in the deterministic case, but only if the constant of
proportionality in the noise is strictly less that 1.

[46] provided an analysis of the stochastic versions of (that we coin SHBF) and
(SNAG,,)) with constant momentum /inertial parameters and asymptotically vanishing step-size
s = 1/Vk, under some boundedness assumptions of the gradient or its stochastic estimate. In
the convex setting, they proved O(1/v'k) ergodic (and not pointwise) convergence rates. See also
[34] for similar results. [16] obtained a number of sublinear convergence guarantees for SHBF,
including a O(1/k€) convergence rate, for any ¢ < 1, in the strongly convex case when applying
the decaying step-size O(1/k°) and an appropriately chosen inertial/memory parameter sequence.

In the strongly convex case, several works have studied convergence rates in expectation of
stochastic inertial methods. [19] obtained an optimal O(1/k) convergence rate under a bound-
edness assumption of the iterates. [2] showed a linear convergence rate of (SNAG,,|) to a noise



6 Hedy Attouch, Jalal Fadili and Vyacheslav Kungurtsev

dominated regionﬂ at the same accelerated rate as in the deterministic setting, provided that
sk and ay are constant and appropriately chosen according to the objective condition number.
[13] show that with a specific choice of constant parameters, the distribution of the iterates of
(SNAG,,|) converges at an accelerated linear rate to a ball centered at a unique invariant dis-
tribution in the 1-Wasserstein metric, as long as the noise variance is small enough. They also
prove linear convergence of the objective in expectation to a noise dominated region. For the
specialized setting of a quadratic objective function, it has been shown that the SHBF iterates
converge linearly at an accelerated rate, but only in expectation [29].

Almost sure guarantees While convergence guarantees in expectation are extensive, as re-
viewed above, the literature is much scarcer when it comes to almost sure guarantees, in partic-
ular for extrapolation/momentum methods when minimizing . This covers both convergence
rates and more importantly, convergence of the sequence of iterates. The rare exceptions typically
assume a finite sum objective and apply variance reduction, which as mentioned are beyond the
scope of our work. For convergence theory that establishes guarantees in an almost sure sense,
the Robbins-Siegmund lemma [39] (see Lemma[A.1]) turns out to be instrumental.

The almost sure convergence of SHBF to a local minimizer for sufficiently smooth coercive
non-convex functions, verifying a Morse-Sard condition, was proven in [I6] using the center stable
manifold theorem, provided that the noise verifies an appropriate decrease and uniform ellipticity
conditions so that SHBF is not trapped into spurious critical points.

By relying on an iterate averaging/memory viewpoint of SHBF, [41] showed that the function
values converge almost surely at a rate close to o(1/ \/E) for an appropriate choice of parameters
and under a slightly modified assumption of a bounded variance on the stochastic gradient
evaluations. They have also claimed that the iterates of SHBF ”converges to a minimizer”EI
almost surely. The derivation of almost sure convergence rates for SHBF heavily relied on the
Lyapunov analysis of [I1]. The work of [28] complemented the results of [4I] by providing an
almost sure convergence rate analysis for SHBF and for strongly convex objectives,
non-convex ones as well as general convex ones. They considered vanishing step-sizes and constant
extrapolation/momentum parameters in ]0, 1[. For the convex case, as in our work, they provided
an almost sure rate O(1/k'/37¢) for s, scaling as 1/k%/3+¢, ¢ €]0,1/3[. They have also claimed
almost sure convergence of the iterates of these algorithms.

1.2 Contributions

In this work, we propose and analyse both the stochastic Nesterov and Ravine methods (resp.
(SNAG,,]) and (SRAG,,,,))) with general extrapolation coefficient oy, for solving optimization
problems of the form in an infinite-dimensional real separable Hilbert space setting. In
addition to the fact that this has not been done in the literature before—and in fact not for
the Nesterov method as well, we are motivated by understanding the role of extrapolation on
the convergence and stability properties of inertial systems. As we will explain in more detail
later, considering a general framework without narrow assumptions on «j provides a broad
picture of the convergence properties of this class of algorithms and reveals the precise role of
ay for balancing the trade-off between stability and fast convergence. Our contributions are the
following:

I See Remark and for a definition.

2 We take their terminology here, which is, strictly speaking, not rigorous. Indeed, as the iterates correspond
to a random process, their limits are random variables and one should rather say that the sequence of iterates
converges almost surely to a random variable taking values in the set of minimizers. From now on, we will use
the latter.
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e Comprehensive convergence analysis for the Stochastic Ravine method with gen-
eral extrapolation parameters: we provide a unified analysis of the convergence properties
of the Ravine method subject to noise in the gradient computation over a large range of values
for the extrapolation sequence parameter.

e Complexity estimates in expectation and almost sure sense: we will establish fast
convergence rates in expectation and in the almost sure sense, both in big-O and little-o, for
the objective values, the gradient and the velocity.

e Almost sure weak convergence guarantees for the iterate sequence: we will prove
that the sequence of iterates provided by the Ravine method converges weakly almost surely
to a random variable valued in the set of minimizers.

e The precise impact of the extrapolation sequence on the convergence properties:
our results will highlight the trade-off between the choice of ay, that of the step-sizes s, and
the decrease of the error variance and their influence on the convergence of the values and
gradients. In particular, some choices of the extrapolation parameter (and step-size sequence)
will entail less stringent summability conditions on the error variance for convergence, but will
result in slower a convergence rate, and vice-versa. We will see that a specific parametrization
of the extrapolation parameters provides fast convergence properties of the Ravine algorithm
resembling those of the Nesterov method. Moreover, our results show the flexibility of the
method, the results being unchanged taking for example oy = Hia instead of oy, =1 — 3, as
two of the many variations of the method.

1.3 Relation to Prior Work

Compared to all previous literature reviewed in Section [1.1.3| in the convex case, where each
work essentially focuses on a specific algorithm with a certain choice of step-size and momentum
parameters, our work is the first to deliver a unified analysis for both the stochastic Ravine and
Nesterov algorithms with general parameters. Moreover, we are not aware of any work that tackles
this problem in the infinite dimensional Hilbertian setting. Our proof relies a general Lyapunov
analysis inspired by the one in [5] in the deterministic case. However, our extension from the
deterministic to stochastic errors is quite involved and requires a novel careful analysis and several
additional arguments, especially when it comes to establishing almost sure guarantees. Beyond a
new Lyapunov analysis for properly isolating the moments of the martingale difference noise, we
rely on the Robbins-Siegmund lemma (Lemma [A.1]) and its key consequence in Lemma for
establishing the little-o guarantees of To the best our knowledge, the latter is new
and can be of independent interest. The proof of almost sure weak convergence of the iterates
also necessitates a non-trivial density argument before applying Opial’s lemma that relies on the
separability of the Hilbert space.

Our convergence rates on the objective in expectation cover all those obtained in [25L[18]27[2]
46 341[T6241[26] as special cases for appropriate choice of the step-size and the inertial parameters.
Our analysis does not require any boundedness assumption on the gradient or the noise, unlike
for instance [46,34].

Our convergence rate results are provided both in expectation and almost surely. While
the former is standard in the literature, the latter is much less common, and the analysis less
straightforward, as argued above. Notably, the almost sure weak convergence of the iterates is
often overlooked by the overwhelming majority of existing works. In this respect, the only and
closest work to ours is that of [41] and [28]. The algorithms analyzed in [41] and [28] are SHBF
for the former, and SHBF and stochastic Nesterov’s method with constant momentum for the
latter. Here we analyze the stochastic Ravine and Nesterov’s methods for general parameters.
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Our setting allows for a broader class of flexible and physically meaningful (in terms of the cor-
responding ODE dynamics) choice of the parameters, as well as conditions on the noise variance,
including constant variance. Although both works apply a Lyapunov analysis, ours is different
and appears, in our view, to be more transparently informative. For the convergence rates, both
in expectation and almost sure sense, we recover the same big-O and little-o rates on the objective
as [41], and better than that of [28] (who did not provide little-o guarantees for the convex case),
when we specify particular regimes for the parameters s, and ay. We have several additional and
new results, including almost sure summability guarantees on the objective value, the velocity
and the gradient. In our work (resp. [41l[28]), almost sure (weak) convergence of the iterates of
our algorithms (resp. theirs) to an argmin,, f-valued random variable is proved. However, we
would like to point out that while the claim on almost sure convergence of the iterates in these
two papers is true, a close inspection of their proofs shows that the arguments are unfortunately
flawed. More precisely, these authors show that for any z* € argming, f, limg_,o ||z) — 2*|| exists
almost surely. However, the set of events of probability 1 on which this convergence event holds
depends on x*. Thus, one cannot invoke Opial’s Lemma directly, as they did, as the order of first
order logical quantifiers present is inconsistent with their argument. To circumvent this difficulty,
one has to use a non-trivial density argument (see the proof of Theorem [3.1{(i)). Note that this
is the only claim for which we need H to be separable in infinite dimension.

1.4 A Model Result

Taking a1 = 1 — ¢ in (SRAG,, ,,|) yields fast convergence the values and of the gradients
towards zero at the same fast rate as in the deterministic case, provided that the noise decreases

sufficiently fast. Specifically, let the sequence (yx ),y generated by the stochastic Ravine method
with constant step-size

wi =Yk — s(Vf(yr) +ex),
Yea1 = wr + (1= %) (wp — wi—1),

where s €]0,1/L], (ex),cy is a zero-mean stochastic noise. Let 3, be the sub-o-algebra generated

by yo and (w;)i<k_1. I a > 3, Efey, | Fir] = 0 and 3,5 kE [llexll? | ]:k]l/z < 400 almost surely,
then according to Corollary the following convergence properties hold:

: 1 2 2
flyg) — n%nf =o0 (k2> and zk:k IVf(ye)||* < +o0 almost surely.

In addition, if H is also separable, then the sequence (yi), oy converges weakly almost surely
to a random variable valued in argmin,, f. Clearly, we recover the optimal convergence and
summability rates known for the deterministic case [II] as soon as the noise variance vanishes
fast enough. Our results in Section [d] will be established for a much larger lass of the extrapolation
sequence beyond 1 — a/k. In particular, these results will emphasize the trade-off between the
decrease of the error variance and fast convergence of the values and gradients; see the discussion
after each Corollary in Section [f] as well as Remark Remark [3.2] and Remark

1.5 Contents

In Section [2, we start by making the link between the Ravine and the Nesterov method. This is
instrumental because it makes it possible to transfer some known results of the Nesterov method.
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Section [3|is devoted to the study of the convergence properties of the stochastic Ravine method,
with as an important result the fast convergence in mean of the gradients towards zero. Section []
contains illustration and discussion of our results for various special choices of the extrapolation
sequence 7. Finally we provide some conclusions.

2 From Nesterov to Ravine and Vice Versa

Let us first recall some basic facts concerning the NAG method. The latter with general extrap-
olation coefficients (a),cy, as studied in [5], reads

{yk:$k+ak($k_$k1)7 (NAG., )
Qg

Thy1 = Yk — SEV.f(Yk)-

Its central role in optimization is due to the fact that a wise choice of the coefficients (au),cy
provides an optimal convergence rate of the values (in the worst case).

Specifically, taking ap = 1 — ¢ gives a scheme which, for o > 3, generates iterates (x1),cy
satisfying

1
f(xk)—rgritnf—0<]€2> as k — +oo, (3)
and the fast convergence towards zero of the gradients (see [9])

> V£ (n)|? < 4o

k

In additiom when o > 3,
Tk min f o 52 as — 400, Ek (K min f “+00,

and there is weak convergence of the iterates (xy),cy to optimal solutions, see [7,[3,4}11.43].

The reason we used the subscript «y, (resp. ay) for the extrapolation coefficient in
(resp. ) was precisely to underline the difference and avoid confusion between the Ravine
and Nesterov algorithms. A remarkable fact is that the variable y; which enters the definition
of follows the algorithm, with 7, = ayy1. This generalizes the observation
already made in [9] for the specific choice oy, = 1 — ¢. Although this is an elementary result, we
give a detailed account of it in the following theorem, due to its importance.

Theorem 2.1 (i) Let (x1),cy be the sequence generated by the Nesterov algorithm (NAG,, ).
Then the associated sequence (yYr),cy also follows the equations of the Ravine algorithm

(RAG,) with v, = a1

(ii) Conversely, if (yr) ey 5 the sequence associated to the Ravine method (RAG,)), then the
sequence (Ty) oy defined by xp1 = yx—51V f(yr) follows the Nesterov algorithm (NAGa,))
with ag = Ygp—1-

Proof (i) Suppose that (xy);cy follows (NAG,)). According to the definition of yy

Ykt1 = Tht1 + Qg1 (Thp1 — Tk)
=yr — 5KV (Yr) + ar1 (yk —skVf(ye) — (Ye—1 — Sk—lvf(yk—l)))
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Set wy, = yr — s,V f(yx) (which is nothing but xx;1). We obtain that (yx),y follows
(RAG) i.e.

a1’
wr =Yk — V. (Yr),
(RAG)

A1
Y1 = W + pq1 (W — wp—1) -

(i) Conversely, suppose that (yx),cy follows the Ravine method (RAG.,]). According to the
definition of yi4+1 and wy, we have

Yrt1 = Yk — sk V f(yr) + (yk —skVf(ye) — (Yp—1 — sk_Nf(yk_ﬁ)).
By definition of 11 = yr — sV f(yx), we deduce that

Ykt1 = Thoy1 + Vi (Thg1 — k) -

Equivalently
Yk = T + Vo1 (T — Tp—1) -

Putting together the above relations and the definition of xy1, we obtain that (zx),cy
follows (NAG),, , i.e.

Yk = Tk + Ye—1(Tk — Tp—1),

Try1 = Yk — V. (Yr)-

(NAG),, | {

This completes the proof. a

Though the two methods are intimately linked as we have just seen, it is only recent advances
in the dynamical system interpretation of the two methods that revealed their close relationship
and also their differences. This is explained in the next section, where we consider the case of the
Ravine method with general extrapolation coefficients, hence generalizing the work of [9] beyond
the case ap, =1 — a/k.

3 Convergence Properties of the Stochastic Ravine Method

In this section, we analyze the convergence properties of both the Ravine and Nesterov methods
with stochastic errors in the evaluation of the gradients. We first start by proving the results for
the Nesterov method before transferring them to the Ravine method thanks to Theorem We
will examine the fast convergence of the values and the convergence of iterates, and then we will
show the fast convergence of the gradients towards zero. This section considers the algorithmic
and stochastic version of the results obtained by the authors for the corresponding continuous
dynamical systems with deterministic errors [10].

3.1 Values Convergence Rates and Convergence of the Iterates

We consider a stochastic version of (SNAG,,| which reads for k > 1

Y = T + og (T — Tp—1)
(SNAG,,,)

Trr1 = Yk — se(Vf(yx) +ex),
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where 55, €]0,1/L] is a sequence of step-sizes, (ex),y is a sequence of H-valued random variables.
(ISNAG,,,)) is initialized with z¢ = 1, where z¢ a H-valued, squared integrable random variable.

Taking the objective function f = 0 and e; = 0 in (SNAG,,| already reveals insights for
SNAG,

choosing the best parameters. In this case, the algorithm ( ) becomes z11 —x —ag(xp—
xg—1) = 0. This implies that for every k > 1,

k—1 4

T =1a1 + ZHaj (x1 — 20).

i=1j=1
Therefore, (), cy converges if and only if Z;Of H;Zl o < +oo. We are naturally led to intro-
duce the sequence (t),cy defined by

+oo 1
tr 2:1+ZHOLJ'. (5)

i=k j=k

The above formula may seem complicated at a first glance. In fact, the inverse transform, which
makes it possible to pass from ¢ to aj has the following, simpler form

tr —1
thy1

(6)

ap =

Formula @ will ease the path of the analysis and we shall make regular use of it in the sequel.

From now on, we denote by ({2, F,P) a probability space. We assume that H is a real sepa-
rable Hilbert space endowed with its Borel o-algebra, B (H). We denote a filtration on (£2, F,P)
by # 1= (Fi)zen Where Fy is a sub-o-algebra satisfying, for each k € N, 7, C Fry1 C F. Fur-
thermore, given a set of random variables {ay,...,ar} we denote by o (ao, ..., ax) the o-algebra
generated by ag, ..., a. Finally, a statement (P) is said to hold (P-a.s.) if

P({w € 2: (P) holds}) = 1.

Using the above notation, we denote the canonical filtration associated to the iterates of algorithm
(SNAG,,|) as # with, for all k£ € N|

Fi =0 (zi,e;-1 :1 < k),

such that all iterates up to xy are completely determined by Fy.
For the remainder of the paper, all equalities and inequalities involving random quantities
should be understood as holding (P-a.s.) even if it is not explicitly written.

Definition 3.1 Given a filtration .%, we denote by £ (%) the set of sequences of [0, +oo[-valued
random variables (ay),cy such that, for each k& € N, ay, is Fj-measurable. Then, for p €]0, +o0],
we also define the following set of p-summable random variables,

F(F) = {(ak)keN €L (F): ) df < +o0 (]P’—a.s.)} .
keN
The set of non-negative p-summable (deterministic) sequences is denoted ¢% .

The following theorem summarizes our main results.
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Theorem 3.1 Assume that holds and the sequence (o), cy satisfies

+oo 1

vk > 1, Z H o < 400, (Ko)
i=k j=k

Vk>1, ti. —th <tig (K1)

Consider the algorithm (SNAG,,|) where s3, €]0,1/L] is a non-increasing sequence and (ey,),cy
18 a sequence of stochastic errors such that

Elex | Fi] =0 (P-a.s.) and  (sptpow)zey € O1(F), (Ks)

where o3 =K {Hek”2 | .7-';@] Then,
(i) we have the following rate of convergence in almost sure and mean sense:

f(zx) —min f = O <1> (P-a.s.),

Skti

and

s13E [f (wo) — min ] + 3E [dist(w0, 5)°] + 451, 22K [ s
E [f(zi) — min f] < i .
Skt
(i) Assume in addition that, for m € [0, 1],
tiyr —t <mtyp for every k > 1, (K{)
then

Z Sktp+1(f(zk) —min f) < 400 and Ztk lxk — 9L‘;€,1||2 < +oo (P-a.s.).
keN keN

t
If moreover ) o "3+ = +oo, then
k

flzg) —minf =o (8:7,‘2> and ||z —zp_1|| =0 <tlk> (P-a.s.).

k
(iii) If ay, € [0,1] for every k > 1, infy, s, > 0, (K, ) holds and (K3) is strengthened to
Eler | Fi] =0 (P-a.s.) and (sptpor)pey € O (F), (K

then the sequence (Tx),cy converges weakly (P-a.s.) to an argming, f-valued random vari-
able.

The little-o statements of claim can be modified to get the same rate as in the determin-
istic case in [5, Theorem 3.4] but only at the price of a stronger summability assumption on the
noise variance.

Before delving into the proof, a few remarks are in order. Overall, the discussion in these
remarks will clearly illustrate the trade-off between the choice of ay (hence tx), that of the step-
sizes sy, and the decrease of the error variance and their role on the convergence rates of the
values and gradients; see also Section [d
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Remark 3.1 (Vanishing noise variance) From claim ({if), we have, for sy constant and bounded
away from 0, convergence at the rate O(1/t2) (resp. O(log(k)/t2)) in the objective in expectation
if (tkow)pey € (3(F) (vesp. t2E [07] = O(1/k)). For tx = (k —1)/(av — 1), a > 3, which corre-
sponds to the standard Ravine or Nesterov algorithms (see Section , one gets the accelerated
rate O(1/k?) (in fact even o(1/k?) (P-a.s.)), which is known to be optimal in the deterministic
case. This is of course faster than the rate O(1/k) one would get for SGD, but under the weaker

assumption of (\/Ecrk)k N € (7).
€

If the above summability assumption is weakened to (o%),cy € (3 (F) (resp. E[of] =
O(1/k)) such that oy is allowed to vanish at a slower rate, then the step-size must anneal at the
rate s ~ 1/t to compensate for this. The price to pay is then that the rate on the objective
value in expectation goes from O(1/t2) to O(1/tx) (resp. from O(log(k)/t2) to O(log(k)/tk)),
and from o(1/t2) to o(1/tx) in the almost sure sense.

Remark 3.2 (Non-vanishing noise variance, vanishing step-size) Now consider non-vanishing
noise with bounded variance (i.e. liminfy oy > 0 (P-a.s.) and sup,, E[o?] = B < oc). Consider the
choice of tj, ~ k", where r €]1/2,1] (see Section [{.1] and Section [£.2). Then setting the step-size
to be s, = ¢/k?, with ¢ €]0,1/L] and & €]1,2r], results in the convergence rates

O (1/k°71) § €L, r+1/2],
E[f(zx) — min f] = < O (log(k)/k""/%) 6 =r+1/2,
O (1/k*=9) § €lr+1/2,2r[.

The choice 7 = 1 corresponds to the parameters in the standard Ravine or Nesterov algorithms
(see Section [4.1)), in which case one gets the convergence rates

O (1/k°~1) § €]1,3/2],
E[f(ex) — min f] = § O (log(k)/VE) 8 =3/2,
O (1/k*7°) § €]3/2,2].

The best rate approaches O(1/vk), obtained for § = 3/2. In fact, from our results, the rate even
approaches o(1/v/k) in the almost sure sense, similarly to the results in [41] and better than the
near O(1/k'/3) rate proved in [2§].

On the other hand, for r = 1, if s, only decreases as 1/t = O(1/k), then we have

B () ~minf] =0 (1 + ). 7

This means that limsup,_, . E[f(xx) —min f] < B, i.e. E[f(x})] converges to a noisy region
of size B around the minimal value (a.k.a. noise dominated region). However, one cannot say
anything about the convergence of the iterates in this case.

Note that we cannot afford taking r € [0,1/2], as otherwise, the bounds above both in big-O
and little would be vacuous (in fact diverge). This means that for such parameter choice with
non-vanishing noise variance, our convergence rates are not valid. However, one can still get
convergence guarantees if the noise vanishes fast enough; see the discussion after Corollary [4.2]
and Corollary
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Remark 3.8 (Ergodic convergence rate) Taking the full expectation in and using Jensen’s
inequality, we have under (K)), the following ergodic convergence rate in expectation

S1BE [f(z0) — min f] + 3E [dist(wo, 5)%] + 4122 [||es]]
E[f(Zx) — min f] < 5 ;
(1—m)> i sitita

where 7, = Zle Siti+1$i/(2f:1 s;ti+1). For constant noise variance, taking s, = c/(\/gtk+1),
¢ €]0,1/L], we get a rate O(log(k)/vk). This generalizes the result in [46] beyond constant
momentum parameter and without any boundedness assumption on the gradient. Taking ¢t = 1,
i.e. ar = 0, we recover the SGD algorithm for which get the known ergodic rate obtained with
step-size sequence ¢/v/k. Note that this ergodic rate was improved to o(1/+v/k) in the almost sure
sense in [41].

Proof Our proof is based on a (stochastic) Lyapunov analysis with appropriately chosen energy
functionals.
Denote fi(z) := f(x) + (e, ) and recall S = argmin,, f. Define the sequence

1.,
Vi = sptr(f(zg) — f(x*)) + §dlst(zk, S)? and zp, = xp_1 +tg (T — Th_1) -

Since f is convex and L-smooth, so is fj. Let us apply in Lemma on fj successively at
y =y and x = g, then at y = y, and z = 2* € S. We get

Je@iin) < Fulwn) + (Vhelye), oo — o) = 5 1V Felw) I ®)
Fi(@ren) < Fule) + (Vo) s — ) = SNVl (9)

Multiplying by ti+1 — 1 (which is non-negative by definition), then adding the @, we derive
that
b1 fe(@rr1) < (tepr — 1) fr(ar) + fo(@®) +(Vfe(yr), (terr — 1) (e — 21) +yp — 27)

— S ten [V Aa)l*. (10)

It is immediate to see, using @ and the definitions of y; and z, that

(tht1 — Dy — k) + Yo = Tk + tor1 (Yp — zk) = Tp—1 + (L 4+ tppr1ou) (T — Th—1)
=Tp_1 +te(Te — Tp—1) = 2.

Inserting this into and rearranging, we get

* Sk
tor1 (fi(@hs1) = fil@™)) < (s = D(frln) = fiu(@®)) + (Vfilyr), 2n = 27) = St IV i Cym) I -
(11)
Straightforward computation, using again @ and the definition of y; and z, yields the expres-
sion,
2kl — 2k = =Skt Ve (yr)- (12)
Thus

lzker = 21 = Nz = 2*1* = 2snt1 (Vfulyn)s 20 — &%) + sita IV frlyn) |
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Dividing this by 2 and adding to , after multiplying the latter by sitr41, cancels all terms
containing V f(yx) and we arrive at

1 1
sktir (fr(whi) — fr(a™)) + 5 2 = 2|1 < sitir (tren — D) (fu(an) — fu(@®)) + 5 2 = ol
(13)
Let us take z* as the closest point to zj in S. Thus is equivalent to
1 .. 1.
skth 1 (fr(@rgn) — fr(@™)) + o dist (21, 8)? < sptipr(thyr — 1)(falan) — fa(e™)) + 5 dist(z, S)?.
(14)

Let us now isolate the error terms. Inequality is then equivalent to

. 1. . 1.,
skt (F(wran) = min f) + Sdist(2x11, 9)* < st (tepr — 1) (f(wn) — min f) + Sdist (2, 5)°
— 81 (s g1 (Trg1 — %) = tipa (ber — 1) (e — 27%)) . (15)

‘We have
thir (Thyr — %) =t (brr — D)z — 2%) = teya (2p41 — 27).

In turn, using also that s is non-increasing, (|15)) becomes

Skt (f(Thr1) — min f) + %diSt(szrl, S)? + skt — thyr + te1)(f(zx) —min f) <
B3 (F (o) — min f) + Sdlist(zh, S)2 — st (eps 2h1 — ).
In view of the definition of Vj, this is equivalent to
Vitr < Vi + sk (6 — trn — 1) (f(2r) — min f) + sptppr (en, 2001 — 27) (16)
Taking the expectation conditionally on Fj in , we obtain
E Vi1 | Fi] < Vi se(thgr — terr — 1) (f(2x) —min f) = st B [(ex, ze01 — %) | Fi] . (17)
We have

E (e, zk1 — %) | Tl = El(en; zk1 — 26) | Fil + (Elex | Fi], 21 — 27)
= —sitp1E [(en, VIfi(yr)) | Fil = —suturaE [(ex, VI (yr) + ex) | Fi
= —sptp 1 E {||€1c||2 | ]:k} = —Sktpt107,
where we used in the second equality, and conditional unbiasedness (first part of (Ks)) in

both the second and last inequalities, together with the fact that y, zx and z* are deterministic
conditionally on Fj. Plugging this into yields

E[Vig1 | Fil < Vie+ se(tpiy — tipr — t3)(f(zx) — min f) + spth, 0%
< Vi + sk(tisg — tepr — 1) (f(zx) — min f) + 4s3t307, (18)

where we used that assumption (K| implies tj1 < 2tx; see [0, Remark 3.3]. Using again (/]),
the second term in the rhs of (18]) is non-positive and can then be dropped. Now, thanks to the

second part of (Ks|), we are in position to apply Lemma to to see that Vi converges
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(P-a.s.), and consequently it is bounded (P-a.s.). Thus, there exists a [0, +oo[-valued random
variable & such that sup,cy Vi < & < 400 (P-a.s.). Therefore, for all k > 1,

spta(f(op) —min f) < Vp <€ < 400 (P-as.).

Moreover, taking the total expectation in and iterating gives

k
SB[ (2x) — min f] < E[V] S EVi]+4 ) 22 [Jles)] <
i=1

s1t1R [f(zo) — min f] + E [dist(zo, 5)*] + 4252t2E [|ei||2} < +o0,

where we used in the last inequality that zo = x; by assumption, and that the rhs is finite thanks
to Fubini-Tonelli’s Theorem together with (K5). This proves the first claim in the theorem.

Using lj in , we get
E Vi1 | Fr] < Vi — (1 — m)tep1(f(xr) —min f) + 48%7%0,26. (19)
We can again invoke Lemma to get that
Z Sktkt1(f(zk) — min f) < +oo (P-a.s.). (20)
k>1
Let 1
Wi »= s(f(z) —min f) + 3 [T [
Combining [5, Proposition 2.1] with the fact that sy is non-increasing, we have that

2

l—«
Wig1 < Wj, — bz — 2k ||” = sk (en, Tha1 — k) -

Taking the expectation conditionally on Fj, we obtain

2

—
kg, — zp1||” — skE [(er, Trer — zi) | Fil - (21)

2

1
EWita | Fi] < Wi —
We have
E [{ers are1 = ax) | Fol = Elfew, i1 — ) | Ful = =siE[{ens V() | Fil = =i [llewl® | Fe]

where we used the algorithm update of x4 in the second inequality, and conditional unbiased-
ness (first part of (K3)) in the second and last inequalities together with xy, yx being conditionally
deterministic on Fj. Inserting this into yields

1—a?
E Wiy | Fi] < Wy — 5 kg, — zp1 | + stoi. (22)
Multiplying by ¢, and rearranging entails

1—a?
g =z |+ sPE 0F

2
— = ti+1(1 —a})
2
. 123
< t2Wy, + msptyy (f(x) — min f) — 5 |ap — xp_1||” + 452202, (23)

E [t%+1Wk+1 | fk} < ti+1Wk - ti+1

. i
= 3 W, + s (t3 4 — t7)(f(xx) — min f) + - lox — zpo1]|? + spth 07
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In the equality, we used the expression of Wj. In the second inequality we used (K;]) and that
ty = 1+ trpr10q and (K;)) which gives

tiﬂ —t — ti+1(1 —op)=(tr — 1) =t = =2t + 1 < —ty,

since t;, > 1. We have already proved above (see ([20)) that (sptr+1(f(zx) —min f)), oy € €4
Combining this with the second part of allows us to invoke agaln Lemma ﬁ A. 1| on 1
deduce that

Ztk ka — l‘k_1||2 < 400 (]P’—a.s.) . (24)
k>1

Moreover, Lemma also implies that t3 W}, converges (P-a.s.). On the other hand, we have

k+1

trpr Wi = sptigr (f () —min )+ [z, — 2p—1||> < sptegr (f(op) —min )+t log — 251 ],

and thus and imply that

ZtkHWk < 400 (P-as.).
k>1

In turn

t
Ztk+1Wk = Z l?_ltkwk < +00 (P—a.s.) s
k>1 k>1 Ok

which entails that liminfy_ ;0 Wy = 0 (P-a.s.). This together with (P-a.s.) convergence of
t2W), shown just above gives that
1
Wk =0 <2> .
th

Returning to the definition of W}, proves the assertions.

(iil) The crux of the proof consists in applying Opial’s Lemma on a set of events of probability
one. Observe that implies . Thus Lemma applied to ensures also that tiWk
converges (P-a.s.). In particular, this implies that tj |2 — xx—1]| is bounded (P-a.s.). From the
proof of claim (i), we also know that (P-a.s.), Vi converges, hence (z),cy is bounded. In view
of the definition of zj, we obtain that (z}),y is bounded (P-a.s.). Moreover, since ¢, > 1 and
s = infy s, > 0, we get from (ii) that (P-a.s.)

5y (flar) —min f) <Y stera(f(wr) —min f) < +oo,

k>1 k>1

and thus limy_, 4o f(zr) = min f (P-a.s.).

Let £2 be the set of events on which the last statement holds and 2 on which boundedness
of (2),cy holds. Both sets are of probability one. For any w € 2080, let (71; (w))j>1 be any
converging subsequence, and Z(w) its weak cluster point.

f(@(w)) = lim fla, @) = lim f(a,w)) = min /.

which means that Z(w) € S. This implies that (IP-a.s.) each weak cluster point of (), belongs
to S = argmin,, f. In other words, the second condition of Opial’s lemma holds (P-a.s.).
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Let 2* € S and define hy = % [y, — 2*||>. We now show that limy_, o hy exists (P-a.s.).
For this, we use a standard argument that can be found e.g. in [I1l5]. By [B, Proposition 2.3],
we have

Ozk(]. —+ Oék)
2

|z — xk:le2 — sk (f(Tr1) —min f) — sg (ex, Tpr1 — %)

hit1 — hg — ag(he — hi—1) |k — zp1l|® — su(fr(zris) — frlz)

IN

IN

< law — zroa | = sk (er, Thys —*).

In the second inequality we used that ay € [0, 1], and the last one minimality of z*. Almost
sure boundedness of xj implies that there exists a [0, +o0o[-valued random variable 7 such that
Supgen ||2r — 2*|| <7 < 400 (P-a.s.). Thus

hies1 — hi — o (b — hi—1) < |l — 21 |* + s [lex]) - (25)

Multiplying by tr+1, taking the positive part and the conditional expectation, we end up
having

E [tes1 (bt — hi)s | Fil < torraw (b — hi—1) 4 + tir lon — zao1 || + nsetiraE lexl] | Fil
1/2
< (6 = V(e = himt)4 + b e = wa | + 205 [Jlewl® | 7]
= ti(h — hi1) g — (hie — hi—1) 4 + trp |lze — 26| + 2nsutro.

where we used that tp = 1 4 tr104, that tx11 < 2, and Jensen’s inequality. As the last two
terms in the rhs are summable (P-a.s.), we get using Lemmathat ((hie = he=1)+) ey € CL(F)
(P-a.s.). In turn, since hj is non-negative, we get by a classical argument that limg_, o, by exists.

Note that the set of events of probability 1 on which limg_, 4 hi exists depends on z*. To
make this uniform on S we use a separability argument.

Indeed, we have just shown that there exists a set of events §2,+ (that depends on z*) such
that P(£2,-) = 1 and for all w € 2+, (||zx(w) — 2*[|),cy converges. We now show that there
exists a set of events independent of z*, whose probability is one and such that the above still
holds on this set. Since # is separable, there exists a countable set U C S, such that cl(U) = S.
Let 2 = {2,,. Since U is countable, a union bound shows

IP’(fZ)zl—IE”(U Qg) >1-) P(g) =1

uelU uelU

uclU

For arbitrary z* € S, there exists a sequence (u;)jen C U such that u; converges strongly to z*.
Thus for every j € N there exists 7; : £2,; — R such that

kli}I-&r-loo |2k (W) —uj|l = 75(w), VYw e £2y;. (26)
Now, let w € £2. Since 2 C 2, for any j > 1, and using the triangle inequality and , we
obtain that

7j(w) = [lu; — 2*|| < liminf [lzg(w) — 2*(| < limsup [Jzg(w) — 27| < 75(w) + [lu; — 2.
k—+oo k——+o0

Passing to j — +00, we deduce

lim sup 7;(w) < liminf ||z (w) — 2*|| < limsup ||z (w) — 2| < liminf 7;(w),
j—4o0 k—+o00 k—+o00 J—+oo
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whence we deduce that lim;_, o 7j(w) exists for all w € 2. In turn, (P-a.s.), limy_, 4 oo ||z — 27|
exists and is equal to lim;_, o 7; for any z* € S.

We are now in position to apply Opial’s Lemma at any w € 2NNN1, since P(Qﬂf)ﬂf)) =1,
to conclude. m]

Let us now return to the Ravine algorithm. A simple adaptation of the proof of Theorem [2.]]
applied to (SNAG,,|) (just replace f by f + (ek,-), and follow similar algebraic manipulations)
gives that the associated sequence (yx), <y defined by

Y = T + og (T — Tp—1),

follows the stochastic Ravine accelerated gradient algorithm with v, = ak41, i.e. forall £ > 1

wy, = yr — sk(Vf(yr) + ex), (SRAG )
Q41

Yrt+1 = W + g1 (Wi — Wi—1) .

(SRAG,, . ,) is initialized with yo and w_1 = yo, where yo is a H-valued, squared integrable
random variable. According to this relationship between the Nesterov and the Ravine method
highlighted in Theorem the results of Theorem can now be transposed to .
For this, we denote the canonical filtration associated to (SRAG,, ., ) as # = (Fi),cy with,
Vk >N, Fi, = o(yo, (Wi)i<k—1)-

Theorem 3.2 Assume the conditions presented in (H). Let (yx), oy be the sequence generated by

SRAG.,,,,|) where s €]0,1/L] is a non-increasing sequence, (ax) ey C [0, 1] satisfies (Ko) and

K| with Y, o t’gl = 400, and (ex),cy 5 a sequence of stochastic errors satisfying (K]
k

Then, the sequence (yr),cy Satisfies

Z Sktka1(f(yr) —min f) < 400 and  f(yr) — mjinf =0 (Sklt;?c) as k — +oo  (P-a.s.).
keN

Moreover, if infy s, > 0, then the sequence (yx),cy converges weakly (P-a.s.) to an argming f-
valued random variable.

Proof According to Theorem the sequence (1), oy defined by

Trr1 = Yk — sk(Vf(yr) + ex) (27)
is equivalent to Algorithm (SNAG,, ). It then follows from Theorem that

F(zx) —min f = o <1752> and |z — 251 = 0 <1> (P-as.) . (28)

Skty, tr

In addition, in view of condition , we can apply Lemma with ¢, = (sktkak)keN to infer
that
“+o0
> sitk llexll < +oo  (P-as.), (29)
k=1

and thus
1

sillexll = o (m) (P-a.s.) . (30)
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Rearrange the terms in to obtain the expression Vf(yx) = _i(l’kJ’,] — yi) — eg. Using,
successively, the convexity of f, the Cauchy-Schwartz inequality, and the triangle inequality, we
obtain

. . 1
f(yr) —min f < f(og) —min f + — (Tpr1 — Yk + Sker, Tk — Yr)
H H Sk
. 1
< flog) — H%nf + . (leks1 = yell + skllexl) [lox — yrll

. 1
< flow) = nain £+ = (lowen = 2ell 4 e = vell + sellexl) llos = yell-— (31)

Using again the link between (SRAG,, ) and (SNAG,,|), we have
Yk = Tk + o (T — Tp—1) -

Therefore, since «y, € [0, 1],
lyk — ze|l < llzk — zp-1]]- (32)

Combining , , and we obtain

. , 1
flyw) — min f < flxr) — min f + . (leks1 — il + |k — 2p—1ll + skllexl]) l|on — zr—1l

o (;]C) (P-as.),

where we used that tx11 < 2t in the last equality. In addition, using Young’s inequality, that
(k) ey is bounded (P-a.s.), and the summability claims of Theorem [3.1|fii), we get that
(P-a.s.),

S sutha (F) — min f) < 3 staa () — min )+ 30 g g —

keN keN keN

+3Y ok — zrall® + 40> tskller]| < +oo,
keN keN

where 7 is the [0, +oo[-valued random variable such that supycy ||zx| < 7 < 400 (P-a.s.).

Now, from and (32), we also have [y, — ax|| = o (i) (P-a.s.). Consequently, yr — xk
converges strongly (IP-a.s.) to zero. Since the sequence (x), oy converges weakly, it follows that
the sequence (yx), oy converges weakly (IP-a.s.) to the same limit as (x),cy, and we know from
Theorem that the latter indeed converges weakly (P-a.s.) to an argmin,, f-valued random
variable. O

3.2 Fast Convergence of the Gradients

In this section, the previous results on the stochastic Ravine method (SRAG,, ,,|) are completed
in also showing the fast convergence towards zero of the gradients. This will necessitate a specific
and intricate Lyapunov analysisﬂ

3 Observe that embarking from —@ and using the refined estimate in (46) is not sufficient to get the result.
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Recall fi,(z) := f(z) + (e, ) from the proof of Theorem [3.1] The formula in Lemma
hereafter will play a key role in our Lyapunov analysis, and will serve as the constitutive formu-
lation of the algorithm. It corresponds to the Hamiltonian formulation of the algorithm involving
the discrete velocities which are defined by, for each k € N

1

Vg = E(yk — Yk—1), (33)

where we recall that h = /s.
Lemma 3.1 Let (y),cy be generated by . Then, for all k € N
ter1 (v + AV froo1(yk—1)) — (b — 1) (V=1 + AV fro—a(Yr—2)) = —h(tr — 1)V fic1(yr—-1). (34)
Proof According to the algorithm recursion, we have
Yk = Yr—1 — h*V fr_1(yr—1) + o (yk—l — h?V fr1(Yre—1) — (yk—z - hQka—z(yk—z)))
= Yk-1+ ak(Ye-1 — Yr—2) — h° (ka—1(yk—1) + o, (vfk—l(yk—l) - ka—z(yk—2))) .
Equivalently,

0= (yr — Yr—1) — (Yr—1 — yr—2) + W’V fr1(yh—1) + B2 (V fro1(yh—1) — Vfr—2(yr—2))
= ak(yr — yk-1) = ar(ye—1 — yo—2) + (1 = ar) (e — Yo—1) + h*V i1 (ye—1)
+ h2a(V frm1(Ye—1) — V fr2(yr—2)).

Let us make v appear by multiplying this equality by ﬁ; We then get

l—Oék

h
0=wvp —vp—1 + v + ;kvfk—l(yk—l) + h(V fi1(Yk—1) — Ve—2(yr—2))

—

1 h
= (& + AV fro—1(yr—1)) — (Vk—1 + AV fi_2(yr—2)) + vk, + afkvfkq(ykq)
After multiplication by 13‘—2}@, we arrive at

o

a
0= - _kak (v + WV fre_1(yr—1)) — : —kak (Vk—1 + IV fr_a(yx—2)) + vk + T V fe—1(yr—1)
a
= (1 + 7 k ) (v + AV fr—1(yx—1)) — (V=1 + IV fe—2(yr—2)) — AV fr—1(yr—1)
— L 1-— (692
L —— V fie-1(Yr-1)-
‘We thus obtain
ha
o (vg + RV fr—1(yr—1)) — T (vg—1 + AV fr_a(yr—2)) = — T Zk V fe—1(yr—1).
Equivalently
(vp + AV fro—1(yp—1)) — ax(ve—1 + AV fr—2(yr—2)) = —harV fr—1(yr—1). (35)

In view of @, the last equality is also equivalent to . This completes the proof of the Lemma.
O
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Recall the canonical filtration associated to (SRAGq,.,|) as .F = (Fi) ey with, VE > N,
Fre = 0 (Yo, (0i)i<k-1)-

Theorem 3.3 Let us assume the conditions defined in (H). Let (yx),cn e the sequence generated

by (SRAG,, ) where s, = s €]0,1/L], (ar)en C [0,1] satisfy (Kof) and . Assume that
(ex)pen 18 @ sequence of stochastic errors subject to conditions (K. Then the sequence of
gradients (V f(yx))en converges to zero with

S B alVi)® < +oo  (P-as.).
keN

Proof Our Lyapunov analysis is based on the sequence (Ey),y defined as
. 1.
By i= B2 (g1 — Vg1 (f(yr—1) — min f) + o dist(zx, S)?,
2k =Yk + h(tger — 1) (Uk + thk—l(ﬂk—l)) .
Let z* be the closest point to z; in S. By definition of Ej, we have
Eg1 — By < B2 (tker — Diwra (F (yr) = fye-1))
) 1 N 1 N
2 ((trr2 = Dtz = (s = Drn) (Fe) = min f) + 3121 — 2| = 51z — ") (36)
Let us compute this last expression with the help of the elementary identity
*||2

1 1 . L1
Flener =27 = Sz — @ 12 = (2ht1 — 28, 2641 — 27) — 2k = 2% (37)

Recall the constitutive equation given by that we write as follows

tep2(Vkt1 + AV fe(yr)) — (e — 1) (vk + AV frm1(yk—1)) = —h(tes1 — DV fr(ye).  (38)
Using successively the definition of z; and , we obtain
St = 2 = Wit = ) + hltiss = D) (v + hV(w)) = bt = 1) (v + AV fer (i)
= hvgyr — h<vk+1 + thk(yk)) — 1 (ter1 — DV fu(yr) = =Rt V fr(yn)-
This together with the definition of z; yields
Zh1 = 2k — Wt Vi (ye) = v + h(tegr — 1) ('Uk + thk—l(iUk—l)) — W21 Vi (yk)-

Plugging this into , we deduce that
1 * |12 1 * (|2 1 4,2 2
Sllziss =2 = Sllen — 2P = =516 |9 i)
—h*tg 4 <ka(yk)7yk — 2" + h(tps1 — 1)(% + thk—l(yk—l)) - hztk+1vfk(yk)>

S IV e 17— Wt (V Felon) v — o 4+ hltis =) (o + AV fiaoe)) ).

Let us arrange the above expression so as to group the products of V fi(yx). For this, we use

again, written as,
(trtr — D)k + VYV fem1(Yr-1)) = ter2(Oes1 + 7V feyr)) + h(tesr — 1V fi(yr)- (39)
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Therefore,
Y — &+ h(try1 — 1)(% + thkq(ykq))
=i — " + htpy2 (Vi1 + AV fu(yr)) + B (terr — 1)V fr(yx)
=y — 2" + Btppovigr + W2 (trr2 + thpr — DV fr(ye)-
Collecting the above results we obtain
1 * (|12 1 * |12 1 4,2 2
Sllekar = 217 = Sllak = 2 = SH4EE 4 IV fun)]

— Bt (V fi(Yr), yi — @ 4 htpgovpsr + B2 (e + tesr — DV fi(yr) ) -
Inserting this in we get

Epg1 — Er < B (tgga — Dt (F (i) — f(ye—1))
+ hz((tk+2 — Dthg2 — (thg1 — 1)tk+1)(f(yk) —min f) + %h4ti+l||vfk(yk)”2
— B tey1 (V fi(yr), yk — @ + htegovirr + W2 (tege + terr — DV () - (40)

In view of the basic gradient inequality for convex differentiable functions whose gradient is
L-Lipschitz continuous, we have

Flnm) = F0) + (V7). s — ) + 597 s) — )|

. . 1
min f > f(ye) + (V). 2" = v) + 57 V@)
Combining the above inequalities with , and using V fir(yx) = Vf(yx) + ek, we get

Epy1 — By < —=h*(tie1 — Dt ( (Vf(yr)s ye—1 — yr) + %”Vf(yk) - Vf(yk:71>||2)
+ h2<(tk+2 = Dtpgo — (thtr — l)tk-i-l)(f(yk) —min f) — A*tgq1 (f(yx) — min f)

1
+ §h4ti+1||vfk(yk)||2 — hPtpyq <ka(yk), Ptgyovist + B2 (teao + ther — 1)ka(yk)>
— h2tk+1 <yk — SIJ*, €k> . (4].)

Next rearrange the last inequality by grouping terms on the right hand side with common ex-
pressions. To begin with, rewrite the second and third summand as follows:

B2 ({2 = Ditira = (trgn = Dt ) (F(9) = min £) = Wb (f (i) = min f) =

—h? (ti+1 —thg+ tk+2) (f(yx) — min f).

For the following expression grouping two of the summands above, we use the definition of vy
for the first equality, and the constitutive equation for the third,

— B (tr1 — Do (VI (Wr) s Yr—1 — Yi) — B2t (V fi(Ur), Atrrovigt)
= B3 (tes1 — Dtwr (VF (), k) — hB3tepitera (V e(Yr)s vit1)
= hPtig1 (Vf (), (te1 — 1ok — trgovrs1) — BPtiatign (U1, €x)

= h3tp ( (VI(yr), —h(tks1 — D)V from1(yp—1) + A(trs1 + thgo — 1)ka(yk)>) — W3tk atire (Vktt, ex)

= Wt ((VFR), — (s = DVF@eor) + (e + bz = DV () )
= WP tiprtige (et ew) + W (born + trae = 1D (VF(ur), er) = Btera(tier — 1) (VF (ye), en-1)-
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In addition
1 1
P eIV fe(wi) 1P =Rt (Bt = DIV fie ) 1 = =5 i1 tiga i =2) 1V ey 1>
Collecting the last three estimates and applying the inequalities to , we obtain

Egs1 — By + h? (tiﬂ — s+ tk+2) (f(yx) — min f)

2

< _%(tk+1 — ].)tk+1||vf(yk‘) - vf(yk*1)||2

it ((VF) (b = DV F o) + (e +tre = DVF() )
- %h4tk+l(2tk+2 + ter1 — 2)[|Vf(yr) + exl)?

— Bty (en, Yo — %) — WP tpiatoys (Vist, ex)
+ ht 1 (ber + teaz — D) (V (), en) — B (tesr — D)V (yr), ex—1) -

After developing the expression ||V f(yx) + ex||?, we arrive at

Epy1— B+ 1? (tﬁﬂ AR tk+2) (f(yx) — min f)

2
< ot = Dt |V ) — V)P
+ Wt ( (Vf(e), =(trer = DV (Yr1) + (Ersr + trr2 — 1)Vf(yk)>)

- %h4tk+1(2tk+2 +lpg1 — 2)(||Vf(yk:)||2 + [lerll® + 2 (V f(yx), €k>)

— h2tkt1 (e Y — %) — B3 tpp1tira (Uit ex)
+ W't1 (tesr + trge — 1) (VF(ur), en) — Wi (b — 1) (Vf (yk), ex—1) -

Taking the expectation conditionally on Fj; and using conditional unbiasedness in , we get
that (P-a.s.)

E[Epy1 | Fi] — Ex + h? (tiﬂ —tio + tk+2) (f(yx) — min f)

2
< — o7 (trer = Dt [V () - Vi (yr-1)l”

+ Pt ( (VIiyr), =(trrr = DV F(yr—1) + (tey1 + thio — 1)Vf(yk)>)
1 1
- §h4tk+1(2tk+2 +tr1 = 2)IV () lI® — §h4tk+1(2tk+2 + tpt1 — 2)0;
1/2
+ B tisats o [Joea | F] o,

where we used Cauchy-Schwartz inequality in the last term. Now we rely on Theorem and
in particular on and to infer that (P-a.s.),

vkl 1|| | < 1|| I+ 1H I+ 1|| [
v = - — — —x —llx —x — ||l —
k+1 h Ye+1 — Ykl = h Yk+1 k+1 h k+1 k h kE— Yk

— || — X + =T — Tr— =o|—|4+o0o|—)=0—].
=h k+1 k h k k—1 oot tk oot
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In the last equality we used again that (K ) implies ;1 < 2t). Therefore, there exists a non-

1/2
negative random variable ) with esssupn < +oo such that E [||vk+1||2 | Fi < n/tg+1, and in
turn

E [Burr | Fil = B+ 02 (10— 5 + tisa ) () — min f)
h2
< —ﬁ(tkﬂ — Dtes1 IV F(yr) = Vf (yr—1)|?

+ Bt 4 ( (Vf(yr), —h(tr+1 — DV F(Yr—1) + h(thr1 + trtz — 1)Vf(yk)>)
1
— §h4tk+1(2tk+2 +thy1 — 2)\|Vf(yk)||2 + 477h3tk0'k,

where we used again that t;4o < 4t; and we discarded the term involving a,% since t;, > 1 and
thus 2t;49 + tk+1 — 2 > 1. Equivalently,

E[Bri | Fil = B+ h2 (80— B+ sz ) (F(un) —min £) € —R(VF(ye1), T (g) + 4o,
(42)
where R is the quadratic form

h? 1
ROX,Y) = o (tis = Dt [V = XIP 4+ 5512tz + s — 2V

2L
— W3tps1 (Y, =h(tgsr — DX + h(tigr + tege — DY) . (43)

To conclude, we just need to prove that R is nonnegative. A standard procedure consists in
computing a lower-bound minx R(X,Y’) for fixed Y. By taking the derivative of R with respect
to X, we obtain that the minimum is achieved at X with X — Y = —h?LY. Therefore,

. h2L 1
H}gnR(X, Y)= T(tk-i-l — Dtg RV + §h4tk+1(2tk+2 +tr — 2)| Y]

— Bt ((Y, =h(tpp1 — 1)(1 = R2L)Y + h(tpg1 4tz — 1Y) .
After reduction, we get
Rt
2

According to assumption (K;)), the coefficient of f(yx) — min f in is positive. We therefore
discard this term in the rest of the proof. Combining with , we obtain

n}}nR(X, Y) = ((tes1 — 1)(2 = K2L) = 1) [[Y[%. (44)

Pty
2
Since h? €]0,1/L] and t > 1, this can also be bounded as

E[Egy1 | Fr] — Br < — ((trg1 — 1)(2 = h2L) = 1) IV £ (yw)[I* + 4nh’tioy.

h2th 1 9 9 4nh
E[Bkri | Frl < Bx — — 7 ((tks1 = 1)(2 = h2L) = 1) IV f(yw)lI” + 7 thOk
Pty (terr — 2) 2, Anh
< B, — -
< Ek 5T IVF (yi)ll” + —~twon
h2t2 h2t 4nh
= By — — LIV F ()P + =V £l + = teon
h2t? ) 4nh
< Ey— 2?1 IV £ (i) lI” + 2h% k41 (f (yx) — min f) + %tkak,
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where we used co-coercivity of V f in the last inequality. The summability assumption in
together with the summability result in Theorem allow then to invoke Lemma[A ] to get the
claim. Observe that this also gives that Ej converges (P-a.s.) to a non-negative valued random
variable. a

Remark 3.4 Since t; > 1, a direct consequence of the gradient summability shown in Theorem|[3.3
is that the gradient sequence (V f(yr)),cn tends to zero (P-a.s.) at least as quickly as at the
rate o(1/ty). Observe also that this analysis gives another proof for the fast convergence of the
function values (just carry on the proof starting from without discarding the term involving
the function values).

Note that the above proof has been notably simplified by using the conclusions already
obtained in Theorem and in particular to properly bound the terms involving vg4+1 (which
are not in Fy). Extending this proof to the case where the step-size sj is varying appears to be
straightforward, but comes at the price of tedious and longer computations. We avoid this for
the sake of brevity.

4 Discussion of Particular Parameter Choices

Let consider the theoretical guarantees obtained under the condition that there exists ¢ € [0,1]
such that, for every k > 1
1 1

lfak_H 170&]C

<ec. (45)

This implies some important properties of ¢;. One significant observation is a trade-off between
stability to errors and fast convergence of . Some choices of ay will be less stringent
on the required summability of the error variance for convergence, but will result in slower
convergence rate and vice-versa.

In presenting the details, let us start with the following results that were obtained in [4]
Proposition 3.3, 3.4]. The first one presents some general conditions on (ay) and ¢ that ensure

the satisfaction of (K and (K1) (resp. (K ). The second one provides an explicit expression
of t; as a function of ay.

Proposition 4.1 Let c € [0,1] and let (ar),cy be a sequence satisfying ay € [0, 1] together with
inequality for every k > 1. Then condition (Ky|) is satisfied. Moreover, we have for every
k>1,

1
S T e

If ¢ < 1/3 (resp. ¢ < 1/3), then condition (Ki)) (resp. (K, ) is fulfilled.

Proposition 4.2 Let (ar),cy be a sequence such that ap € [0,1[ for every k > 1. Given c €
[0,1], assume that

. 1 1
lim — =c.
k—4oo 1 — Q41 1-— (677
Then, we have
t L k— +
~N———— as 0.
T IS0 = ag)

Let us now consider several possible iterative regimes defining .
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4.lCase1:ak:17%,a>1

This corresponds to the choice made in the (deterministic) Nesterov and Ravine methods studied
in [9]. In this case, for every k > 1,

1 1 k4l k1
l—app1 l1—a  «a a o

Therefore, condition is satisfied with ¢ = 1. If o > 3 (resp. a > 3), we have ¢ €]0,1/3] (resp.
¢ €]0,1/3[). According to Proposition we have for every k > 1,

l-c)(l—ax) a-1

. 1 a k k
M a a-1

Indeed, one can easily show that the equality tx41 = % is satisfied. Moreover,

ton /B = ko - D/(k =122 (a - D)/(h-1) = Y t’;: — too.
keN

Thus, specializing Theorem [3.2] and Theorem we obtain the following statement.

Corollary 4.1 Assume that holds. Let (yr),cy be the sequence generated by (SRAG,, )

with oy, = 1 — ¢ where a > 3, and sy €]0,1/L] is a non-increasing sequence. Assume that
Elex | Fi] =0 (P-a.s.) and (ksgok),ey € O (F).
Then, the following holds (P-a.s.):

(1) fyx) —ming f = o (%k) and |lyy — gk ]| = o (L) ;
(“) Z kSk(f(yk) - H%_llnf) < 400 and Z kHyk — yk_1||2 < 400 ;

keN keN
(i) If moreover infy s, > 0, then >, k2 [|[Vf(yr)lI* < +oo and (yr)pen converges weakly
(P-a.s.) to an argminy, f-valued random variable.

Another possible choice would be aj = ]H_La in which case we obtain exactly the same
results as in Corollary [£.1] This corresponds to the popular choice of the Nesterov extrapolation
parameter. For with this choice of ay, we recover and complete some results obtained
in the literature as discussed in Section Remark [3.1] and Remark

Recalling the example of risk minimization as and the discussion thereafter, the summa-

bility assumption of Corollary reads ), \j% < +00, where my, is the number of samples

in the stochastic gradient estimate . Thus, choosing my = O(k4+5), with § > 0, one can apply
a constant step-size sy = s €]0,1/L], and get, in the almost sure sense, guarantees of the fast
convergence rate o(1/k?) on the objective and squared gradient as well as weak convergence of

yr to a random variable in the set of minimizers. The rate of the objective decrease becomes
o(1/k) if my = O(k**%) and s;, = 1/(Lk), and o(1/Vk) if my, = O(k'+%) and s, = 1/(Lk?/?).
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4.2 Case 2: oy = 17%, a>0,re0,1]

In this case, we have

1 T 1
1—agq l—a «

1 k" r
E4+1) — 2k ="(1+1/k =1 ~—k""1 >0 k )
(k+1) o a((+/) )a —0 ask — +o0

For each ¢ > 0, the condition 1/(1 — ag41) — 1/(1 — o) < c is satisfied for k large enough. On
k’!’
the other hand, we deduce from Proposition that t, ~ — as k — +oo. This implies that

«
and Theorem under this specification yields
the following result.

Corollary 4.2 Assume that holds. Let (yr),cy be the sequence generated by (SRAG,, )

with oy = 1 — % where o > 0 and r €]0,1], and si €]0,1/L] is a non-increasing sequence.

k"
Assume that

k
1
Zti ~—— kM as k — +00. Theorem
P a(l+r)

Elex | Fi] =0 (P-a.s) and (k" spop)en € 0L (F).
Then, the following holds (P-a.s.):

(i) f(ye) = winge £ =0 5k ) and llge =y = 0 (35) 5

.. kT _ . d kT _ B 2 A
(ii) % si(f(ye) —min f) < +oo an g;\{ Iyr = ye—a ™ < +o0 ;
(iii) If moreover infy s > 0, then Y, . K[V f(yr)||* < +oo and (yk),ey converges weakly
(P-a.s.) to an argming, f-valued random variable.

We are not aware of any result considering this case in the literature. See also the discussion
in Remark [3.2) for the case of non-vanishing noise variance. On the other hand, the above result
shows that this choice of ay, allows for a less stringent summability condition on the stochastic
errors than the case of Section but this comes at the price of a slower convergence rate. For
instance, for t}}ce risk minimization example in , the summability assumption of Corollary

o

reads ), cn JTT < +400. This entails the almost sure convergence rate o(1/k*") on the objective

and squared gradient with constant step-size provided that mj = O(k*+%) with § such that
r 4+ 6/2 > 1. The algorithm also exhibits almost sure weak convergence of y, to a random
variable in the set of minimizers.

4.3 Case 3: «y, Constant

This corresponds to the choice made in the Polyak’s HBF method [361[37], though the algorithms
are different (the gradient is not evaluated at the same point). Since ay = a € [0, 1] for every
k > 1, condition is clearly satisfied with ¢ = 0. In turn, t;, = 1/(1—«) for all £ > 1. Applying
Theorem [3.2 and Theorem [3.3] we get the following.

Corollary 4.3 Assume that holds. Let (yr),cy be the sequence generated by (SRAG,, )

with o, = a € [0, 1], and s, €]0,1/L] is an non-increasing sequence. Assume that
Eler | Fi] =0 (P-a.s.) and (spoy)pey € L4 (F).

Then, the following holds (P-a.s.):
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‘ — mi d 2 ]
(z) kJEZNSk(f(yk) Ir%_llnf) < 400 an %”yk m 1” < 400 ;
(it) If moreover infy, s > 0, then 3 ey IV £(yx)||?> < +o0 and (Uk)pen converges weakly (P-a.s.)

to an argmin,, f-valued random variable.

Recall from Remark that for constant noise variance and constant oy, the (pointwise) big-
O and little-o rates are vacuous. The reason is that the step-size will have to decrease fast enough
to be summable, but this will hamper the convergence rates that scale as 1/sj. Note that one
can nevertheless get an ergodic convergence rate O(log(k)/vk) on the objective in expectation
as discussed in Remark hence recovering the result in [46].

For the risk minimization example in 77 the summability assumption of Corollary
reads as ), oy \/% < 4o00. Consider the case of vanishing noise variance, i.e. the sample size
my, increases with k. If s = s €]0,1/L] and my = O(k?%), § > 1, then almost surely, one has
f(yg) —mingy f — 0 and y;, converges weakly to a random variable in the set of minimizers. If my
is allowed to increase at a slower rate, say my = O(k'*€), € > 0, then s; must decrease as 1/(Lv/k)
to ensure the error summability. But this would entail only that liminfy_, o f(yx) — ming f — 0
almost surely. It is not clear what one could say about the convergence of the gradient and the
iterates themselves in this situation.

A Auxiliary Lemmas

We here collect some important results that play a crucial role in the convergence analysis of (SNAG, ).

Lemma A.1 (Convergence of non-negative almost supermartingales [39]) Given a filtration Z =
(Ri)pen and the sequences of real-valued random variables (ry) oy € €4 (%), (ak) ey € £+ (£), and (2) ey €
Ei_ (Z) satisfying, for each k € N

E[req1 | Re] = mi £ —ag + 2z (P-a.s.).
It holds that (ar),cy € é}r (#) and (ri) ey converges (P-a.s.) to a random variable valued in [0, +o00].

The following lemma is a consequence of Lemma see also the discussion in [39] Section 3].

Lemma A.2 Given a filtration # = (Ry )¢y, let the sequence of random variables (ex) ey € €4 (%) such that
2 1/2 1
(CIEAR:) )keN € (L (#). Then

Z e < +oo  (P-a.s.).
keN

2
Proof Let C, = e, — E[ey | Ri—1] and r = (z;;l ci) . We obviously have E [¢j41 | Ri] = 0. Thus

k 2
<Z Ci) + ZQ‘E [Chr1 | Ri] + E[Chyy | Ri]
i=1 im1

e +E [y | Ri] =7+ Var [ehyy | Ri] <o +E[efq | Ri)-

E[ret1 | R

It is easy to see that ((E [Ei | Rk_l])1/2>keN S K}F (#) implies (IE [ai | Rk—l})keN S Z}r (%), and we can apply

Lemmato get that limg_, | o 7 exists and is finite (P-a.s.). Using Jensen’s inequality, we have

k

k k k
03 ei=>"G+ > Elei [ Rical </ + 3 (B[F [ Rica]) 2.
=1 =1 i=1

i=1

Passing to the limit using that ((E [ez | Rk_l])1/2>k N € Z}F (Z) proves the claim. 0
€
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Lemma A.3 (Extended descent lemma) Let g : H — R be a convex function whose gradient is L-Lipschitz
continuous. Let s €]0,1/L]. Then for all (z,y) € H?, we have

9y = sV9(v)) < 9(2) + (Vo(v), y — =) = - [Va@)” = ] [Va(2) - Va()*. (46)

See e.g. [6l Lemma 1]

B The Ravine Method from a Dynamic Perspective

In this section, we consider the high resolution ODE of the Ravine method, and show that it exhibits damping
governed by the Hessian. This will explain the fast convergence towards zero of the gradients satisfied by the
Ravine method.

B.1 Dynamic Tuning of the Extrapolation Coefficients

Let us first explain how to tune the extrapolation coefficients in the Ravine method, in order to obtain a dynamic
interpretation of the algorithm. Critical to the understanding is the link between the Ravine method and the
Nesterov method, as explained in Section and the dynamic interpretation of the Nesterov method, due to Su,
Boyd and Candes [43]. Consider the inertial gradient system

2(t) +v0)E) + Vf(z(t) =0, ((1GS).,))

which involves a general viscous damping coefficient v(-). The implicit time discretization of , with time
step-size h > 0, xp, = z(7y), and 7, = khﬂ gives

Tyl — 2T +Tp_1
h2

Lhwk—l + Vi(zps1) = 0.

+ v (kh)

Let s := h?. After multiplication by s, we obtain

(Trt1 — @k) — (@ — Tp—1) + hy(kh)(z) — 2p—1) + sV f(Tpy1) = 0. (47)
Equivalently
Tpt1 + sV (@pt1) =z + (1 = hy(kh)) (zp — 2k-1), (48)
which gives
Tpt1 = proxgy (zg + (1 — hy(kh)) (zk — 25-1)) - (49)

We obtain the inertial proximal algorithm

{yk =z + (1 — hy(kh)) (zp — zx—1),

Th41 = Prox,y (Vi) -

Following the general procedure described in [9], which consists in replacing the proximal step by a gradient

step, we obtain with ap = 1 — hy(kh). Taking v(¢t) = <, we obtain with o, = 1 — ¢,
which provides fast convergence results. Observe that Algorithm makes sense for any arbitrarily given
sequence of positive numbers (ay) en- But for this algorithm to be directly connected by temporal discretization
to the continuous dynamic , it is necessary to take aj, = 1 —hy(kh). Note that the case y(t) = % is special,

since due to the homogeneity property of v(-), in this case ay, does not depend on h.

Let us now use the relations established in Section [2] between the Nesterov and the Ravine methods. Since

(%) ey satisfies (NAGq, ) with ap = 1 —h~y(kh), we have that the associated sequence (y )y follows (RAG-, )
with Ye = Q41 = 1— h’y((k + l)h)

4 We take the 75, notation instead of the usual t, because t; will be used with a different meaning, and it is
used extensively in the paper.
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B.2 High Resolution ODE of the Ravine Method

Let us now proceed with the high resolution ODE of the Ravine method . The idea is not to let A — 0,
but to take into account the terms of order h = /s in the asymptotic expansion, and to neglect the term of order
h? = 5. The high resolution method is extensively used in fluid mechanics, where physical phenomena occur at
multiple scales. Indeed, by following an approach similar to that developed by Shi, Du, Jordan, and Su in [42],
and Attouch and Fadili in [9], we are going to show that the Hessian-driven damping appears in the associated
continuous inertial equation. Let us make this precise in the following result.

Theorem B.1 The high resolution ODE with temporal step size h = \/s of the Ravine method (RAG~,|) with
Yk = hy((k + 1)h) gives the inertial dynamic with Hessian driven damping

)+ ) (142290 ) 0 + Va0 + (1+ 2590 V(o) =0, (50)

Proof Set v, =1 — hy((k+ 1)h). By definition of the Ravine method
vk = vk — sV (k) + 9 (e = VL) = (-1 — 5V (1)) )-
Equivalently
Wkt = yx) — (ke — Ye—1) + (L =)k — Ye—1) + sV F(yx) + 57k (Vf(yk) - vf(?;’k—l)) =0.

After dividing by s = h?, we obtain

Yk+1 — 2Yk + Yk—1
h2

—Yr—1

(1= ) B 4 V) (V) — V1) = 0. (51)

Notice then that
Yk —Yk—1 _ Yk+1 — Yk Yk+1 — 2Yk T Yr—1
RZ T A2 h2 ’
So, (51)) can be formulated equivalently as follows

Yk+1 — 2Yk + Yk— Yk+1 — Yk
'Yk% +(1- %)HT + VI r) +7(VF(yk) = Vi (yr-1)) = 0. (52)
After dividing by 7, we get
Yk+1 — 2Yk + Yk— =Y Yey1—yp | 1
0 -+ LY G f () + (V) — V(1)) = 0. (53)
R hvi h Vi

Building on , we use Taylor expansions taken at a higher order (here, order four) than for the low resolution
ODE. For each k € N, set 7, = (k + ¢)h, where ¢ is a real parameter that will be adjusted further. Assume that
yr = Y (13) for some smooth curve 7 +— Y (7) defined for 7 > ¢o > 0. Performing a Taylor expansion in powers of
h, when h is close to zero, of the different quantities involved in , we obtain

Ver1 = Y(rosr) = Y(m) + hY (74) + %#Y(Tk) + éiﬁ?’(m) + oY), (54)
Yp—1 = Y (Tp_1) = Y (%) — hY (13) + %h2}7(7k) - éhW(m) +O(h%). (55)

By adding and we obtain

“ 2k Yot o
Yr+1 :Qk: Yk—1 _ Y(Tk) + O(h2)
Moreover, (54]) gives

_ . 1 .
w =Y (7k) + S hY (7%) + O(h?).

By Taylor expansion of V f we have

Vi(yk) — VI (yr—1) = hV2F(Y ()Y (1) + O (h?).
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Plugging all of the above results into , we obtain

V() + O(h2)] + 1};7% V(m) + 2hV () + O(h2)
Vi 2

V() + BV () () + 0 (1)) = 0.

Multiplying by %, we obtain in an equivalent way

e
1=

¥ (74) + ¥ (74) + Sh¥ () +

2
VY (1)) + 22572 (Y (1)) (75) + O(h®) = 0.
~ Yk =

After reduction of the terms involving Y (), we obtain

2
MAEI) § () 4 V() + — T (1)) + T2 (Y ()Y () + O(®) = 0.
2(1 =) 1= 1-
Multiplication by i((ll:_:i’;g then yields
V(1) + 20 (1) + T VA () + TV )V () + O = 0. 60

According to yx =1 — hy((k + 1)h), and 7, = (k + 1)h, we obtain

V(- _ ) (o -4 - 1=y () oo ANV (r 2y _ 0.
Y (i) + - %'y(m)y( ) + - %W(Tk)vf(Y( k))+h17 %w(m)v FY ()Y (16) + O(h*) =0

By neglecting the term of order s = h?, and keeping the terms of order h = /s, we obtain the inertial dynamic
with Hessian driven damping

70+ (14 590) VO + V520 )7 0 + (14 50)) V10 0) o

This completes the proof. [}

Remark B.1 The high resolution ODE of the Ravine method exhibits Hessian driven damping. In addition, it

incorporates a gradient correcting term weighted with a coefficient of (1 + ?7(1&)) This is in accordance with [9]
and [42]. Surprisingly, there is also a correction which appears in the viscosity term, the coefficient (1 + é'y(t))

in front of the velocity. Indeed as we already observed, the Nesterov case is very specific. When v(t) = <, we have

T
s=1—hy((k+1)h)=1-— 737 Returning to (56), we have

2(1 — s) @

h(1+s) hk+1-%)

Taking 7 = h(k +1 — §) gives () as the viscosity coefficient of the limit equation.
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