FROM THE RAVINE METHOD TO THE NESTEROV METHOD AND VICE VERSA: A
DYNAMICAL SYSTEM PERSPECTIVE
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Abstract. We revisit the Ravine method of Gelfand and Tsetlin from a dynamical system perspective, study its convergence
properties, and highlight its similarities and differences with the Nesterov accelerated gradient method. The two methods are
closely related. They can be deduced from each other by reversing the order of the extrapolation and gradient operations in
their definitions. They benefit from similar fast convergence of values and convergence of iterates for general convex objective
functions. We will also establish the high resolution ODE of the Ravine and Nesterov methods, and reveal an additional
geometric damping term driven by the Hessian for both methods. This will allow us to prove fast convergence towards zero
of the gradients not only for the Ravine method but also for the Nesterov method for the first time. In the strongly convex
case, we show linear convergence for the Ravine method at an optimal rate. We also highlight connections to other algorithms
resulting from more subtle discretization schemes, and finally describe a Ravine version of the proximal-gradient algorithms for
general structured smooth + non-smooth convex optimization problems.
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1. Introduction. In a real Hilbert space H, we revisit the Ravine method of Gelfand and Tsetlin
[33] from a dynamical system perspective, study its fast convergence properties, and compare it with the
Nesterov accelerated gradient method [43, 44], which we coin here NAG for short. We first consider the case
of smooth convex optimization

(1.1) min {f(z): vz € H},

where f : H# — R is a convex function of class C', whose gradient V£ is Lipschitz continuous, and which
satisfies argming, (f) # 0. We will unveil the close links between the Ravine method and NAG which are
sometimes confused in the literature. Indeed, the two methods stem from different discretizations of similar
continuous dynamics and can be deduced from each other by reversing the order of the extrapolation and
gradient update operations in their definitions. Thus, they benefit from similar fast convergence properties.
On the other hand, the high resolution ODE of the Ravine and Nesterov methods reveal an additional
geometric Hessian-driven damping term. The Hessian damping, which is a special case of strong damping
in PDFE’s, plays an important role in attenuating the oscillations. This paves the way to proving new results
on fast convergence towards zero of the gradients for both methods. To achieve even better attenuation of
the oscillations, we also highlight connections to other algorithms stemming from more subtle discretization
schemes of the high resolution ODE. We finally examine the case of ”smooth + nonsmooth” structured convex
optimization problems, and introduce a first-order inertial proximal gradient algorithm which is based on
the Ravine method.

2. Damped inertial dynamical systems for fast optimization. Damped inertial dynamics have
a natural mechanical and physical interpretation. Asymptotically, they tend to stabilize the system at a
minimizer of the global energy function. As such, they offer an intuitive way to develop fast optimization
methods. Let us briefly describe the main damped inertial dynamics used in optimization, their mechanical
interpretation, and how the Ravine method stands among them. The Ravine method was a precursor of
the accelerated gradient methods. It has long been ignored and, surprisingly enough, is at the forefront of
current research. According to the notes in [55] :

” Ravine method worked well and sparked numerous heuristics for selecting its parameters and improving
its behavior. However, its convergence was never proved. It inspired Polyak’s heavy-ball method, which seems
to have inspired Nesterov’s accelerated gradient method”.
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2.1. Heavy Ball with Friction. The heavy ball with friction method was introduced by Polyak in
1964 [49, 50]. It describes the movement of a material point of positive mass subjected to a driving force
governed by the gradient of the function to be minimized and a viscous friction force. According to the
fundamental equation of mechanics, and having normalized the mass equal to one, it is written as follows

(HBF) #(t) +7i(t) + Vf(a(t) =0,

where v > 0 is a fixed viscous damping parameter. The (HBF) method proves to be a useful tool for exploring
the local minima of a smooth non-convex function [18]. For convex optimization, it is especially interesting in
the strongly convex case, where an appropriate choice of the damping coefficient provides linear convergence
with an optimal rate. Unfortunately, in the case of a general convex function, it only provides a sublinear
rate of convergence of values of order O (1). A decisive step to improve it, and to pass from the rate O (1)
to the faster rate O ( t%), has been accomplished by considering algorithms associated with inertial dynamics
with asymptotically vanishing damping coefficients. This is the motivation behind the dynamic (AVD,,) and
associated algorithm (NAG,) described hereafter.

2.2. Nesterov Accelerated Gradient method. In recent years, an in-depth study was carried out
linking the NAG method to inertial dynamics with vanishing viscosity, see [9, 10, 11, 14, 30, 31, 54]. Given
« a positive parameter, the following second-order ODE

(AVD,) #(t) + %j:(t) LV (z(t) =0,

was introduced in [54]. An appropriate temporal discretized version of this ODE with step size s > 0 gives
the scheme (NAG,,) which reads

(NAG,) v =at (1- ) (e —25-1)
) Thir = = sV ().

The scheme (NAG,,) performs a gradient step at yg, which is an extrapolated point obtained from x
and the previous iterate xj_1.

The method depends in an essential way on the tuning of the extrapolation parameter oy which takes
the form ap = 1 — ¢ in the (NAG,) scheme. So ay tends to one from below in a subtle controlled way. The
historical version of the accelerated gradient method of Nesterov corresponds to a = 3, with the asymptotic
convergence rate f(z(t)) — miny f = O (%) for the continuous dynamic (AVD,), and f(z;) — miny f =
O (=) for the corresponding scheme (NAG,). Taking o > 3 provides convergence of the trajectories and
the improved convergence rate, with small o instead of capital O in the above convergence rates. These
results are obtained by Lyapunov analysis [14, 22, 32], as summarized below.

THEOREM 2.1. Suppose that f : H — R is a convex differentiable function such that V f is L-Lipschitz
continuous, and S = argming (f) # 0. Let 2* € S. Take o > 3, and s €]0,1/L]. Let (x1),cy be a sequence
generated by the (NAG,,) algorithm. Set t), = E=L and define, for each integer k > 1

a—17
. 1 *
Ey o= t(f(wx) —min f) + llans — 2% + ey — 2e)|*
Then, the sequence (Ey),cy s non-increasing, and as k — 400
fw) =i f=0 (), | =03
Tk H%_l[n = 52 y Tk Tk—1|| = k .

In addition, when o > 3,
1 1
f(zg) —minf =0 (k2> s ek —zr—a]| =0 (k) , and wlimz =z* €S,
where w-lim stands for the weak limit.

There has been an active literature devoted to study these questions, from various perspectives, which
have given an in-depth understanding of the (NAG,,) method; see for example [8, 9, 10, 14, 15, 27, 32, 37,
38, 41, 42, 51, 52, 54, 56].



2.3. Ravine method. The Ravine method was introduced by Gelfand and Tsetlin [33] in 1961. It
mimics the flow of water in the mountains which first flows rapidly downhill through small, steep ravines
and then flows along the main river in the valley. It also models the transmission of nerve impulses. It has
been recently brought to the fore by Polyak [48]. According to the above mechanical interpretation, the
Ravine Accelerated Gradient method (coined RAG for short) generates sequences (yx ),y Which satisfy

(RAG,) {wk =yr — sV f(yr)

Yor1 = wi + (1 — kL_H) (wr — wr—1) .

Historically, the Ravine method was introduced with a fixed extrapolation coefficient. Taking the extrap-
olation coefficient equal to (1 — %ﬂ) makes the Ravine method in accordance with (NAG,,) and is crucial

to obtain an accelerated method. A geometric view of (RAG,) is given in Figure 2.1.

Fig. 2.1: A geometrical illustration of (RAG,,).

2.4. From Ravine to Nesterov and vice versa. The Ravine method has been ignored for a long
time, and sometimes confused with (NAG,,) in the literature. Indeed, the two methods can be deduced from
each other by reversing the order of the extrapolation and gradient operations. Even more confusing, they
come within the same equations. Specifically, the variable y;, which enters the definition of (NAG,,) follows
the (RAG,) algorithm. Despite the elementary proof of this result, we state it as a theorem, because of its
importance.

THEOREM 2.2.

(i) Let (xy),cy be a sequence generated by the algorithm (NAG,,). Let (yx),cn be the associated sequence
gen by yp = x5 + (1 - %) (xr — xx—1). Then, (yr)yey follows the algorithm (RAG,).

(ii) Conversely, if (yr),en i5 a sequence generated by (RAG,), then the sequence (xy),cy defined by
Tp+1 = Yk — SV f(yr) obeys the algorithm (NAG,).

Proof. (i) Suppose that the iterates (xy),y follow (NAG,). According to the definition of yy,
a
Ykt1 = Tpy1 + (1 — Pl (Tht1 — zk)

== sV 1)+ (1= 557 (0 = 9500 = o = 59 )

Set wr = yr — sV f(yx) (which is nothing but xj1). We obtain that the sequence (yx),y obeys
(RAG,).



(ii) Conversely, from the definition of y; and wy, in (RAG,,), we have

(67

Yrt1 =Yk — sV f(yx) + (1 - k—H) (yk = sVf(yr) = (yr—1 — Svf(yk—l)))-

Setting xg+1 := yr — sV f(yx) as devised, we deduce that

NN S )
=z — —— | (Tpg1 — k) -
Yk+1 k41 k1l k+1 k

Equivalently
«
Yk = Tk + (1 - E) (I’k — l'k_l) .
Putting together the above relation with the definition of z341, we obtain that (xy), .y follows
(NAG,,).
This completes the proof. 0

REMARK 2.1. The order of the two operations, gradient and extrapolation is reversed in the two algo-
rithms. In (NAG,,) first the extrapolation operation is performed, followed by a gradient step. In the Ravine
method (RAG,,), it is the reverse order. Although different, this is reminiscent of the approach followed in
[25] which makes it possible to switch from forward-backward algorithms to backward-forward algorithms.

Equipped with Theorem 2.2, we now transfer convergence properties known for (NAG,) to (RAG,). In
particular, we will show that (NAG,) and (RAG,,) share the same asymptotic convergence rates.

THEOREM 2.3. Let f : H — R be a C' convex function whose gradient is L-Lipschitz continuous, and
S = argming, (f) # 0. Let (yr)cy be the sequence generated by (RAG,) with a« > 3 and sL < 1. Then, the
following properties hold:

. . 1
(i) f(yx) —miny f = O (l@) as k — 4o00.
(i) If, in addition, o > 3, then
. 1
(a) f(yx) —miny f=o (1{12) as k — +oo.
(b) Let (z1),cy e the associated trajectory generated by (NAG,,), i.e. Tpy1 = yx — sV f(yx). Then
w-limy,, = w-limxy € S.

Proof. (i) According to Theorem 2.2, the sequence (), oy defined by

(2.1) Tr1 = Yr — SV f(Yr)

follows (NAG,). Let us take advantage of the convergence properties of (NAG,), as described in
Theorem 2.1. We thus have

(22) Fon) = ming =0 (55« llon—mial =0 (7).

According to (2.1), we have — (211 — yx) = V f(yx). Using successively the convex subdifferential
inequality, the Cauchy-Schwarz inequality, and the triangle inequality, we obtain

Fle) —min < FGox) —min £+~ (s — o — ue)
< flaw) = min £+ <o = vl — ol
(2.3) < flzx) —min f + é (lzesr = zell + llye — @ll) llye — ]l
Using Theorem 2.2 on the equivalence between (RAG,) and (NAG,), we have

o
Yp = T + (1— E) (T — xp—1) .
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Therefore

(2.4) lye — 2kl < [lor — 2p—1]]-

Combining (2.3) with (2.4) we obtain

(2.5) flyk) — H%nf < flog) — mqinf + % (kg1 — zell + lok — zi—1l) |26 — 2E—1]|-

According to (2.2) we conclude.
(ii) Suppose now that a > 3.
(a) Similar arguments to those of (i), but using that a > 3, yield the o (%) rate.
(b) Since |lyx — x| < |lzx — zk—_1], and |z, — zx—1| = O (%) — 0, we have |jyr — zx| — 0,
i.e. Yy — ) converges strongly to zero. Combining this with the fact that w-limzy, = 2* € 5,
see Theorem 2.1, it follows that the sequence (y),cy converges weakly to the same limit 2*.0

2.5. Inertial dynamics with Hessian driven damping. In the the light of recent work in the study
of the acceleration of first order algorithms through the lens of dynamical systems, we will show that the
high resolution ODE’s of (RAG,) and (NAG,) contain an additional Hessian-driven geometric damping
term. The underlying dynamic, called (DIN-AVD,, g) is the subject of this section.

The Hessian driven damping plays an important role in various domains. As such, it can be introduced
from various perspectives: geometric (also called strong) damping of oscillating systems, which is a central
theme in PDE’s and mechanics, high resolution ODE of the Ravine method (this will be analyzed in sec-
tion 4), and regularization of the Newton method. In addition to the viscous damping already present in
(AVD,,), taking into account the geometric damping which is driven by the Hessian of the function to be
minimized makes it possible to improve the performance of these methods by attenuating their oscillations
(see Figure 2.2). In the rest of this section, we follow the lines of [12], see also [52] for a special case and
motivation. When f is twice continuously differentiable, the dynamic is written as follows

(DIN-AVD, g5)  &(t) + %g'c(t) + BV2 f(x(t)(t) + b(t)V f(x(t) =0,

where b(t) takes into account the temporal scaling effect. The prefix DIN, which stands shortly for Dynamical
Inertial Newton, refers to the interpretation of this dynamic as a regularized continuous Newton method, see
[26, 19, 20]. At first glance, the presence of the Hessian may seem to entail numerical difficulties. Fortunately,
this is not the case as the Hessian intervenes in the form V2 f(z(t))#(t), which is nothing but the derivative
with respect to time of the function t — V f(z(2)).

The temporal discretization of the dynamic (DIN-AVD,, ;) with b(t) = 1+ 8/t, provides the first-order
algorithm proposed in [12]

{yk =ap+ (1—2) (2 — 25m1) — BV (Vf(21) = V(i) — BEV f(a-s)

IGAHD
( ) Try1 = Ye — sV f(yr),

where (IGAHD) stands for Inertial Gradient Algorithm with Hessian driven Damping. By comparison with
(NAG,), (IGAHD) has a correction term which contains the difference of the gradients at two consecutive
steps. While preserving the convergence properties of (NAG,,), (IGAHD) provides fast convergence to zero
of the gradients, and reduces the oscillatory aspects. This is made precise in the following theorem, see
[12, 13].

THEOREM 2.4. Let f : H — R be a C' convex function whose gradient is L-Lipschitz continuous, and
S = argming, (f) # 0. Suppose that o > 3, 0 < 8 < 2/s, sL < 1. Let (xy),cy e a sequence generated by
(IGAHD). Then, the following holds:

1 1
(i) f(zp) —ming f = O (k@)’ and ||z — xp—1|| = O (k) as k — 4o00;
(i) S K2V f(y)||? < +oo and Y, k?||V f(zk)|]* < +o0.

In addition, when o > 3,
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Fig. 2.2: Evolution of the objective (left) and trajectories (right) for (AVD,) (o = 3.1) and (DIN-AVD,, 5)
(e =3.1,8=1) on an ill-conditioned quadratic problem in R2.

(iii) f(zx) — min f = o (;) and ||z, — ey | = o (i) ’.

(iv) w-limzy € S.

A number of other recent papers have contributed to this subject or closely related ones, see [1, 2, 29,
36, 39].

Let us mention another important advantage of (DIN-AVD,, 3;), which confirms its natural connection
with first-order methods. When S > 0, the presence of the Hessian driven damping in the dynamics
(DIN-AVD,, 5,) allows to formulate (DIN-AVD,, 5;) as an equivalent first-order system both in time and in
space, without explicit evaluation of the Hessian. This makes it possible to extend the existence of trajectories
and the convergence results to the non-smooth case f € I'o(H) (the class of proper, lower semicontinuous
and convex functions on #), by simply replacing the gradient of f by the subdifferential df. This approach
was initiated in [6] and [23, 24], and used in the perturbed case in [17]. From a mechanical perspective,
non-smooth f permits to model non-elastic shocks in unilateral mechanics, see [21].

In (DIN-AVD,, 3), the Hessian appears explicitly. A closely related ODE is obtained by considering an
approach where the Hessian driven damping appears in an implicit form. This was initiated in [5], see also
[42] for a related autonomous system in the case of a strongly convex function f. This ODE, coined (ISTHD)
for Inertial System with Implicit Hessian Damping, takes the form

(ISTHD) #(t) + %Jb(t) + V() + B(1)i(t) =0,

where @ > 3 and B(¢t) = v + % v, B8 > 0. The rationale justifying the use of the term “implicit” comes
from the observation that by a Taylor expansion (as t — 400 we have &(t) — 0 which justifies using Taylor
expansion), one has

V() + B2 (t) = VF(x(t) + BV f(a(t)i(t),

hence making the Hessian damping appear indirectly in (ISIHD). As for (DIN-AVD,, g,;), this ODE was
found to have a smoothing effect on the oscillations.

3. The dynamical system perspective of (NAG,). This sections reviews the close ties between
the (NAG,,) algorithm and the associated (AVD,,) system. They will serve as a basis for exploring similar
questions for (RAG,,). In doing so, we highlight general methods and tools that allow moving from continuous
dynamics to algorithms via temporal discretization, and vice versa.

6



3.1. From continuous dynamics to algorithms and vice versa. A general and successful recipe to
pass from continuous gradient dynamics to gradient algorithms is to follow the following two-step procedure:
i) First consider the implicit discretization of the continuous dynamic, and so obtain a proximal al-
gorithm. It is a well known fact that the implicit discretization usually preserves the asymptotic
convergence properties of the continuous dynamic. This fact has been well documented for first-order
evolution dynamics associated with convex optimization problems [47], and explains the importance
of the proximal algorithm. This type of property is also directly linked with the exponential formula
and the Trotter-Lie-Kato formula for the generation of contraction semigroups generated by maxi-
mally monotone operators. However, the proximal operator prox,, := (I+sVf)~t, s> 0, may not

be easy to compute, which justifies the next step.

ii) In the so obtained proximal algorithm, replace the proximal step associated with the operator prox, f
by a gradient step associated with the operator I — sV f. By taking s sufficiently small (typically
less than or equal to the inverse of the Lipschitz constant of the gradient of the function which is to
be minimized), one can expect to preserve the convergence properties.

A major advantage of this procedure is that the proximal and gradient steps have a similar structure
and are therefore likely to be combined in proximal gradient algorithms for structured optimization.

3.2. Passing from (AVD,) to (NAG,) by temporal discretization. Let us illustrate the above
procedure in the case of the (AVD,,) dynamic. Implicit time discretization of (AVD, ), with step size h > 0,
gives

Tyl — 2T +Tho1 | @ T — Ty
h? kh h

After multiplication by s = h2, we obtain

14 Vf(zr41) = 0.

(07

(31) (l’]ﬁ,l — ZL'k) — (l’k — 1’]671) + E(xk — xk,l) + SVf((EkJrl) =0.
Equivalently
«
(32) Tht1 + SVf($k+1) =Tk + (1 — E) (xk — 1‘]@,1>,
which gives
«
(3.3) Thi1 = ProX,y (mk + (1 - E) (z — xk,1)> )

So, we obtain the inertial proximal algorithm

{yk =)+ (1 - %) (xr — 2p—1)

Try1 = Prox,y (yi) -
This algorithm was initiated by Giiler in [34, 35]. Tt is a key ingredient of the FISTA method [28]. Replacing
the proximal step by a gradient step, we obtain the (NAG,,) method.
REMARK 3.1. One may wonder if a full implicit discretization, which also involves the damping term,

leads to the same algorithm. So consider

Th1 — 20k + Tp—1 | O Ty —
h? kh h

T
+ Vf(zg41) = 0.
Similar calculation as above gives the inertial proximal algorithm

Yk =Tk + o (Th — Th-1)
Tkl = PIOX_sy (yk) -
k
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The gradient version of the above algorithm takes the form

Yk = Tk + (T — Tp—1)

k4«
Th+1 = Yk — kffan (Yk) -

The above form of the extrapolation coefficient, namely Hia s often used by practitioners, though they

maintain the step size equal to s rather than k‘fa, which is obviously asymptotically equal to s. This leads to

results similar to those with the extrapolation coefficient 1 —$ which is clearly asymptotically equivalent. This
is well documented in [10], where the case of general damping and extrapolation coefficients is considered.

3.3. Passing from (NAG,) to (AVD,). We use here a standard limiting argument to pass from
(NAG,,) to (AVD,,) (see also [54]). First write (NAG,,) equivalently as

Tpi1 = T + (1 — %) (xp — T—1) — SVf(SCk + (1 - %) (zg — xk_1)>.

Thus, with s = A2, this is also equivalent to

Tpp1 — 2T +Tp1 | Q@ T — Tg1
4 — =0.

For each k € N, set t;, = kh, and we use the ansatz x = X (i) for some smooth curve ¢ — X (t) defined for
t >ty > 0. Performing a Taylor expansion in powers of h, when h is close to zero, of the different quantities
involved in (NAG,), we obtain

(3.5) Try1 = X(tpr1) = X (tr) + hX (t) + %hQX(tk) + O(h?)

(3.6) et = X(te) = X(tx) — hX (1) + %hQX(tk) + oM.

By adding (3.5) and (3.6), we obtain

Tyl — 2T + T ;
a 5 = X(ty) + O(h).

Moreover, (3.6) gives
Tp — Tp—1

h
According to the L-Lipschitz continuity property of V f, the definition of y; and 1 — a/k < 1, we have

= X(t) + O(h).

IVf(ye) = Vf (z) | < Lllye — @l
< Lljzg — z—1].

Therefore
(3.7) Vi (ye) = VI (X () + O(R).
Plugging (3.5), (3.5) and (3.7) into (3.4), we obtain

(3.8) X(t) + %X(tk) +VF (X () + O(h) = 0.

When £ is small, we can neglect the O(h) term which, at the limit, gives that X (-) follows the ODE (AVD,,).
8



3.4. High resolution ODE of (NAG,). The high resolution method is extensively used in fluid
mechanics, where physical phenomena occur at multiple scales, see for example [46] for a comprehensive
presentation of geophysical fluid dynamics. The idea in our context is not to let h — 0, but to take into
account the terms of order h = /s in the asymptotic expansions, and to discard the terms of order h? = s
and higher. Moreover, to make the Hessian appear explicitly (see also the discussion on the system (ISITHD)
above), we will have to refine the Taylor expansion (3.7). By doing so for (NAG,), we now show that a
Hessian-driven damping term appears in the associated continuous inertial ODE. This is a distinctly new
feature and we are not aware of any such a result for (NAG,).

THEOREM 3.1. Assume that f is C2. The high resolution ODE with temporal step size \/s of (NAG,)
gives the inertial dynamic with Hessian driven damping

/s
2t

(3.9) X(t) +VsV2F(X ()X (t) + %X(t) + (1 + ) V(X () =0.

Proof. Recall the equivalent formulations of (NAG, ) in (3.4) with s = h%. For each k € N, set t;, :=
h(k + ¢) for a real parameter ¢ to be adjusted later, and use the ansatz that xp = X (¢x) for some smooth
curve t — X (t) defined for ¢t > ty > 0. Performing a Taylor expansion in powers of h, when h is close to
zero, of the different quantities involved in (NAG, ), we obtain

(3.10) Tpgr = X (o) = X(tg) + hX (t) + %h2X(tk) + +éh3'X(tk) +O(hh)
(3.11) Te = Xt 1) = X(tx) — hX (be) + %hQX(tk) - éhB'X(tk) oMY,

By adding (3.10) and (3.11), we obtain

Thy1 — 2T + T—1
72

= X(tg) + O(h?).

Moreover, (3.11) gives

— ) 1 .
% = X(tn) = ZhX () + O(R).

We also have

Vi) =V (xk + (1 - %) (zk —xk—1)> =Vf (mk +h (1 — E) xk_hxkl)

=i (x40 (1= 3) (%0 - gk + o) )
=V/f (X(tk) +h (1 - E) X(tk) + O(h2)>
= VX (t) +h (1= T ) VA (1) X () + O(2).

Putting this with (3.10) and (3.11) into (3.4), we obtain

312)  X(t)+ — (X(tk) - ;hX(tk)) + VX (0)) +h (1= 2) V2AX (0)X (1) + O(h?) = 0.

kh
Equivalently,
(3.13) (1 - %) X(ty) + %X(tk) + V(X () +h (1 —~ %) V2 F(X (te)) X () + O(h?) = 0.

Dividing by (1 — %) gives

.. % .

X(tg) + m){(tk) + <1 + 20(
2

]{;—3‘)) V(X(ty)) +h <1 _ k—i

a) V2 (X (t)) X (k) + O(h?) = 0.
2

9



Set ¢ = —§ and thus ¢ := h(k — §). We obtain

ah .
X(ty) + %X(tk) + (1 + ;Z) V(X(tr) +h (1 — ;) V2 F(X (tk) X (tr) + O(h?) = 0.

By neglecting the term of order s = h2, and keeping the terms of order h = /s, we obtain the claimed
inertial dynamic with Hessian driven damping. This completes the proof. 0

4. The dynamical system perspective of the Ravine method. Let us examine successively the
low then the high resolution ODE of the Ravine method.

4.1. Low resolution ODE of (RAG,). According to the definition of the Ravine method, we have
@
weer == 557 + (1= 257 ) (= 9 50) = (s =59 0)

= yr + (1 - kil) Yk — yk—1) — sV f(yr) — s (1 - kil) (Vf(yk) - Vf(ym))-

After division by s = h?, we obtain, equivalently

(41) Ykt1 — 2Uk + Yk—1 Pt V() + (1_ a) (VF(ue) — V(1)) = 0.

h? kh+h h E+1

We now follow an argument similar to the one in section 3.3. For each k € N| set ¢, = kh, and assume that
yr = Y (tx) for some smooth curve ¢t — Y (t) defined for t > ¢ty > 0. Performing a Taylor expansion in powers
of h, when h is close to zero, of the different quantities involved in (4.1), we obtain

V() + %Y(tk) F V(Y () + O(h) = 0.

Letting h — 0 gives that Y(-) is a solution trajectory of (AVD,). We therefore obtain the same inertial
dynamics as that associated with (NAG,).

4.2. High resolution ODE of (RAG,). By letting h — 0 in (4.1), the term (1 — %H)(Vf(yk) -
V f(yr—1)) disappears at the limit. Indeed, as we will see, this term is numerically important. To take it into
account, we will perform a high resolution of (4.1). The approach will be similar to that developed in [52],
which will make appear the Hessian-driven damping in the associated continuous inertial equation. This is

made precise in the following theorem.

THEOREM 4.1. Assume that f is C2. The high resolution ODE with temporal step size \/s of (RAG,)
gives the inertial dynamic with Hessian driven damping

. o S

(4.2) Y (t) + %Y(t) +VSVEF(Y ()Y (t) + (1 + 5

) V(Y (t)) = 0.

Proof. Let us start from the equivalent formulation (4.1) of (RAG, ), which we rewrite as follows

Yer1 — 2Uk + Yr—1 o Yk~ Yr—1 E+1—«
V - -
B2 s Sy AU e

(4.3) (Vf(yr) = VFf(ye—1)) = 0.

Let us arrange the above formula, so as to prepare it for its analysis by Taylor expansion. After multiplying

(4.3) by k_’i'ﬂa, we get

E+1 yri1 — 2y + Y1 a Yk — Yk—1 E+1
A4 - _1)=0.
(44) k+l—a h2 tirica e Thrioa WV - Vi) =0

10



Notice then that
Yk — Yk—1 _ Yk+1 — Yk Yk+1 — 2Uk + Yrk—1
h2 - h2 o 12 :

Thus, (4.4) can be formulated equivalently as follows

( k+1 _ « )yk_,_l — 2yr + Yr—1 n « Yk+1 — Yk
k+l—-a k+1-« h? k+1—-« h?
k+1 .

After reduction we obtain, equivalently

Yk+1 — 2Yk + Yk—1 e Ykt+1 — Yk
(4.5) K2 TEri-oh &

+ <1 + k:Jri%a) Vf(yr) + V(ye) = Vf(yr-1) = 0.

Building on (4.5), we are now following a device similar to the one developed in section 3.3, and which uses
Taylor expansions, but now taken at a higher order. For each k € N, set t; := (k 4+ ¢)h, where ¢ is a real
parameter that will be adjusted later. Assume that yi = Y ({x) for some smooth curve ¢t — Y (¢) defined for
t >ty > 0. Performing a Taylor expansion in powers of h, when h is close to zero, of the different quantities
involved in (4.5), we obtain

. 1 . 1 .
(46) Yk+1 = Y(tk+1) = Y(tk) + hY(tk) + EhQY(tk) + éhSY(tk) + O(h4)
. 1 5. 1 4.
(4.7) Yot =Y (ter) = Y(te) = hY (t) + SRV (1) = ch°Y (t) + O(RY).
By adding (4.6) and (4.7) we obtain

Yk+1 — 2Yk + Yr—1
hQ

=Y (t) + O(h?).

Moreover, (4.6) gives

_ ) 1 .
w = Y(t) + AT (1) + O(?).

By Taylor expansion of V f we have
VFyr) = V1) = VY ()Y (1) + O (7).

Plugging all of the above results into (4.5), we obtain

. ) 1 .
Yt W)+ —— 2 (V(ty) + =h¥ (¢ h?2
(Y (1) + O0%) + g — oy (Y (8) + 5hY (t) + O(%)
k+1 .
V) + (RVF(Y (t))Y (t) + O (h?)) = 0.
+1—-«
After multiplication by @, and reduction of the terms involving Y(tk), we obtain
h . (k+1)

k+1—a)
a

L (k+ 1- %) Vtr) + V() + " E Y () + b M9 (v ()Y (1) + OR®) = 0.

(67

Dividing by Z(k + 1 — ¢) yields

Y(tk) + my(tk) + (1 + Mli

+h (1 - k+1§—‘;> V2F(Y (t))Y (te) + O(h?) = 0.



Take ¢ = 1 — § and thus t; := (k +1 — §)h. We obtain

) h h )

V() + ?Y(tk) + (1 + ;‘t) V(Y () + h (1 - ;) V2F(Y (8))Y (t) + O(h2) = 0.
k k k

By neglecting the term of order s = h2, and keeping the terms of order h = /s, we obtain the claimed

inertial dynamic with Hessian driven damping. This completes the proof. 0

A few remarks are in order.

REMARK 4.1. The high resolution ODE’s of (RAG,) and (NAG,) have the same structure but have
also differences. First, they are given in terms of two different variables: x for (NAG,) and y for (RAG,).
Observe also that to get the high resolution ODE (3.9), the Hessian appears after applying an extra Taylor
expansion on the gradient, which is reminiscent of our discussion on the implicit Hessian damping ODE
(ISTHD). On the other hand, the Hessian appears from an explicit discretization in the ODE (4.2) associated
to (RAG,).

REMARK 4.2. Recall that the dynamic with Hessian driven damping (DIN-AVD,, 5;) which supports the
inertial gradient algorithm (IGAHD) developed in [12] is given by

(45) i0) + Fa(0) + V2 a(O)i) + (145 ) V() =0

1t is in accordance with the high resolution ODE’s (3.9) and (4.2) of respectively (NAG,) and (RAG,), and
allows to interpret the Hessian driven damping coefficient 8 of (4.8) as a temporal step size. This also paves
the way to proving fast convergence to zero of the gradients which is the subject of the next section.

5. Fast convergence to zero of the gradients for (RAG,) and (NAG,). Let us come to another
central point of our study, which concerns the fast convergence towards zero of the gradients. Closely
related results were obtained in [12], and [52, 53] in different contexts and discretizations. In [12], the
algorithm considered is (IGAHD), whose underlying dynamic is (DIN-AVD,, 3;), but the discretization is
different. It is inspired by the Nesterov scheme, which contrasts with the Ravine method which is based
on an explicit discretization scheme. In [52], the structure of the algorithm is the same as that of (RAG,,),
but the extrapolation parameter is different, which requires an independent proof. Other discretizations are
also discussed in [53] after a first-order equivalent reformulation of (4.8). The fast convergence rates on
the gradients shown in [52, 53] turn out to be weaker than ours. Observe also that developing the Ravine
method with a general extrapolation parameter, as was done by Attouch and Cabot in [10] for the accelerated
gradient method, is an interesting research venue that we leave to a future work.

5.1. The case of (RAG,). For the convenience of the reader, we give a self-contained proof, which
is based on Lyapunov analysis. We will rely on the following equivalent formulation of the Ravine method
which was obtained in (4.1), and which gives rise to the dynamic interpretation with the damping driven by
the Hessian:

Y1 — 2Uk + Yr—1 ol Yk+1 — Yk o
5.1 1+—— |V v -V ~1)=0.
51) 2 TGrian ok +(+k‘+1—a> Fow) + V1) =V (i)
To make the notations shorter, it is convenient to introduce the discrete velocity v, which is defined for each
k € N by

1
Vg = E(yk—&-l - yk)-

So, the constitutive equation (5.1) can be equivalently written as

a kE+1
(52) Ve — V-1 = —mvk - h(v,f(yk) - Vf(ykfl) - hmvf(yk)
Given z* € argming (f), our Lyapunov analysis is based on the energy sequence (E% ),y defined by
1
(5.3) By = h*(k+2 = a)(k+ 1)(f(ye) = F(@*) + 5]l 2]
(5.4) 2= (00— 1) (yep1 — 2*) + h(k +2 — ) (vk + th(yk)).
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THEOREM 5.1. Let f : H — R be a C* convex function whose gradient is L-Lipschitz continuous. Let
(Ur)pen De the sequence generated by (RAG,), where o > 3 and sL < 1. Then the sequence (Ey), oy defined
by (5.3)-(5.4) is non-increasing for k > 2a — 3, and the following convergence rate is satisfied:

STRV ()2 < +oc.

keN

In addition, when o > 3,

> k(f(yr) = f(2*)) < +oo.

keN

Proof. By definition of Ej, we have
By — By = h*(k +2 = a)(k + 1)(f (yk+1) — f(yr)) + h*(2k + 4 — a)(f (yer1) — f(27))

1 1
(55) + sl = 5l

Let us compute this last expression with the help of the elementary identity

1 1 1
(5.6) “Nzre1ll® = SN2kl = (zre1 — 2k 2641) — 5 llzier — 2l
2 2 2

First observe that the constitutive equation (5.2) gives

o k+1

(k+1—o¢)vk_h k:—&—l—ozvf(yk)'

(5.7) (vk + BV f(yr)) — (k=1 + AV f(ye-1)) = —
Therefore,

(k+1—a)(op + hVF(yk) — (k+1—a) (e + bV f(ye1) = —avy — h(k + D)V ().
Equivalently,
(5.8) (k+1)(vk + hV f (i) — (k+ 1 — @) (ve—1 + hV F(ys_1)) = —h(k + 1 — @)V f(ys)-
Using successively the definition of 2, and (5.8), we obtain

Zey1 — 2k = (@ = 1) (Ykt2 — Yrr1)
+hk+3—a) (vk+1 + th(ka)) —h(k+2-a) (Uk + th(yk))

= h(a— vgs + bk + 3~ ) (ke + AV F(wian)) — bk +2 — ) (v + AV ()

= hlk+2) (vers + BV f(gisn)) = bk +2 = @) (v + AV () ) = h(@ = DV F (i)

= —h*(k+2—a)Vf(yrr1) — h* (@ = 1)V f(yrt1)
= —h*(k+ 1)V f(yrs1).

Plugging this into (5.6), we obtain

1 1 1
Szl = Szl = =040+ D219 (o)

—hQ(k: +1) <Vf(yk+1)a (=1 (Yrt1 — ") + h(k+2 - a) (vk + th(yk)) - hQ(k ’ 1)Vf(yk+1)>
_ %h‘*(k + 12|V f (s |2

—h2(k+1) (Vf(ys)s (@ = Dlgess —a*) +hlk+2 = a) (ox + AV F () )
13



Let us rearrange this last expression so that we have terms involving only V f(yg1). For this, we use (5.7)
that we write as follows

o k+2
vk + AV f(ye)) = Vit + BV f (Y1) + ootk + hem o= Vi ().
Therefore,
(@ = D)y —2%) + hlk +2 = @) (v + bV () )
. o} k+2
= (a0 =) (ypt1 —2") + h(k+2—q) (Ulc+1 HhVFrn) + g v T he Vf(yk+1))

= (a — D)(yps1 — %) + h(k + 2)vgy1 + 22k +4 — @)V f(yrr1)-

Collecting the above results we obtain

Skl = Sl = A4k + 1219 F I
— 12 (k + 1)V (Yrr1)s (@ = D (g1 — 27) + h(k + 2)vpr +h* 2k +4 — )V f(yr41)) -
Combining this inequality with (5.5) we get
Eier — By = W2k 42— 0) (k + 1) (F(ver) — £ () + B2k +4 — 0) (Fin) — (&)
(5.9) g HA G+ 12 )
= B2k + 1) (VF(Wrr1), (@ = 1) (Y1 — %) + bk + 2)veg1 + 72 (2k +4 = )V f(ye41)) -

According to the basic gradient inequality for convex differentiable functions whose gradient is L-Lipschitz
continuous, we have

Fk) 2 ) + (VT () = pien) + 5 19 F ) = V)P,
£ = Flonnn) + (VS es), 7 — o).

Combining the above inequalities with (5.9), we obtain

Epp1— Ep < —h*(k+2—a)(k+1) ( (VIf(Wrs1)s Yk — Yry1) + i”vf(ykﬂ) - Vf(yk)||2)
+h*(2k + 4 — ) (f(yrs1) — f(@*) + B2 (k 4+ 1) (a = D)(f(=*) = f(yrs1))
+%h4(k + D2V (ks |I? = B2k + 1) (V f (grs1), h(k + 2)vpg1 + h*(2k +4 — )V F(yri1)) -

Equivalently,

By = B < 020 +2 = @)k + 1) (V) how) = 519 F i) = V)
12 (o= 3) + 20— 5) (Flynrn) — F(@) = (K + 1) (9 F o),k + D)
— g+ 13k 4T = 20) [V ()P

Let us put together the terms involving the scalar product with V f(yr4+1). We get

Epy1 — By < —h*(k+2—a)(k+ 1)%”Vf(yk+1) = Vfyw)l?

+h2 (k + 1) (Vf (Yrer1), (k + 2 = @)op — (k + 2)ve4)

17 (K= 3) + 20— 5) (Fyisa) — fa)) — 5h* (5 + 1)(3k -+ 7~ 20|V f () I
14



According to (5.8) we have

(5.10) (k+2—a)(vx + AV f(yr)) — (k + 2)(vkt1 + hV f(yrs1)) = h(k +2 — @)V f(yg+1).
Therefore
(5.11) (k+2—a)vr — (k+2)vpt1 = —h(k+2—a)Vf(yr) + h(2k +4 — )V f(yr+1)-

Combining the above results we get

Bier = B+ 12 (Ko = 3) + 20 = 5) (f () — [7))
2
<~ (k2= a)(k+ DV (gesn) = VI )
Rk + 1) (T (1), —h(k +2 = @)V f () + h(2k + 4 @)V f(yes1)) )

g+ )3k 47— 20)[9 Flgr )

Equivalently
(5:12) B — B+ b2 (ko = 3) + 20— 5) (F(yest) — () + RV ), VS (ysr)) <0,
where

R(X,Y) = %(k +2—a)k+1)|Y - X|* + %h“(k + 1)k + 7 —20)|Y|?

- h3(l<;+1)((Y,—h(k+2—a)X+h(2k+4—a)Y>).

To conclude, we just need to prove that the quadratic form R is positive definite. A simple procedure consists

in computing infx R(X,Y). For fixed Y, the minimum of R(-,Y) is achieved at X with X —Y = —h2LY.

Therefore

wo
2

B3k +1) ( (Y, —h(k+2—a)(1 — B2L)Y + h(2k + 4 — a)Y).

1
inf R(X,Y) = —=(k+2—a)(k + DR2Y ) + §h4(k +1)(3k + 7 — 2a) ||V 2

After reduction, we get

Rk +1)
2

inf R(X,Y) = ||Y||2(k(1—Lh2)+Lh2(a—2)+3—2a>.

Returning to (5.12) we obtain

Epsr = By + 1 (k(a = 3) + 20 = 5) (f(yen) — £("))

hi(k+1

+— )\|Vf(yk+1)||2(k(1 LR+ Lh%(a—2) + 3 — 2a) <o0.

So, when a > 3 and Lh? €]0, 1], we obtain that (Ek)pen is a non-negative non-increasing sequence, hence
convergent. By summing the above inequalities over k, we finally obtain

DRIV (yrr)|? < +oo.
k

Also note that when o > 3 we obtain

S k(f () — f(@h) < +oc.
k 0
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REMARK 5.1. It is easy to see that our result entails

o IVl — 0 (-
i 1970l =0 (55).

which recovers the rate found in [52, 53].

5.2. The case of (NAG,). In view of Theorem 5.1 and the equivalence result in Theorem 2.2 between
(NAG,) and (RAG, ), we have the following fast convergence of gradients to zero for (NAG,). Surprisingly,
this result has never been established before in the literature.

THEOREM 5.2. Let f : H — R be a C* convex function whose gradient is L-Lipschitz continuous. Let
(k) ey be the sequence generated by (NAG,,), where a > 3 and sL < 1. Then the following convergence
rate is satisfied:

D RV f(ap)|P < +oc.

keN
In addition, when a > 3,

> k(f(an) — f(2*)) < +oo.

keN

Proof. Let (yx),cy be the sequence generated by (RAG,,). From Theorem 2.2 and Lipschitz continuity
of Vf, we have

IVf @i )l S IV el + Lllzesr — yell = L+ sL) IV £ (i)l

and thus Theorem 5.1 gives

DRIV anr)? < (L4 sL)® DRIV () |? < +oc.
k k

On the other hand, by the descent lemma

sL
Flanen) < 5 = s (1= 5 ) IV £1* < £l
Therefore, Theorem 5.1 yields

ST E(f(@ren) — F@*) <D0 E(f () — f(2*)) < +oo. -
k k

REMARK 5.2. Another more straightforward way to show Theorem 5.2 is to rely on a Lyapunov analysis,
similar to that in the proof of Theorem 5.1. This analysis relies on two tenets. First, we use the energy
function

2.

2
i) = (5=7) (lan) = min /)4 gy "+ = = )

a—1 a—1

Second, we use the following refined version of the descent lemma
Iy = sV W) < J@) + (V). - @) = SIVFWIP - IV @) - Vi)

valid for any (z,y) € H? and s €]0,1/L]. This is not detailed here for the sake of brevity and the interested
reader may refer to the long version [16].

REMARK 5.3. Theorem 5.2 yields the rate

win, 195l =0 (5.

1<i<k
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which matches the complexity bound in [/5, Ttem 2.]. In [45, Item 8.], a better complexity bound is obtained
by applying (NAG,) with « = 3 to a Tikhonov regularization of f with an asymptotically vanishing pa-
rameter. From those complexity bounds, one can straightforwardly show that this parameter has to scale as

2
o ((logk) ) leading to a rate on the gradients

k
IVl = 0 ((ﬂf'“)) .

This is in agreement with our result in Theorem 5.2. On the other hand, one infers from our result that
|V f(z)||?> must decrease at least as fast as O (W), forv > 1.

6. The Ravine accelerated proximal gradient method. Let us now extend the Ravine method
(RAG,) to the case of additively structured ”smooth + non-smooth” convex minimization problems

(6.1) min {6(z) := f(z) +g(2)},

where we make the following assumptions

f:H —RisaC! convex function and Vf is L-Lipschitz continuous;
(H) g:H — RU{+4o00} is proper, convex and lower semicontinuous;
S 1= argming, (0) # 0.

Note that by the above assumptions, 6 : H — R U {400} is a proper, convex and lower semicontinuous
function. A natural extension of (NAG,,) to this setting is
(6.2) Yk =T+ (1 - %) (2 — Tp—1)
Tp+1 = pI‘Ong (yk? - SVf(yk>)

which generalizes FISTA [28]. Let us recall the convergence properties of this algorithm, which are valid
under the assumption sL < 1:

e o = 3: The FISTA method proposed in [28] was stated for an extrapolation parameter ay = b=l

tre41?
where the sequence ¢, satisfies the condition: 7 = tiﬂ — tr+1. Based on the proof of [28, Lemma
4.1], this condition can be relaxed to an inequality, which allows to choose t;, = %, and thus

ar=1—2,ie,a=3in (6.2). Thus the results of [28] still apply and one has

1
O(xy) — mﬁn@ =0 (kQ) as k — +oo.

e a > 3: According to [32] and [22], we have

. 1 1 .
O(xg) — n%_l[nﬁ =0 (162) , ek — zk—1] = o (k) as k — +oo, and w-limzg € S.
e a < 3: According to [7] and [15], we have
. _2a
H(xk)—n%}tnﬁ—(’)(k s )
Before presenting our algorithm, let us introduce the operator T : H — H defined by

(63) T(w) =~ (v — prox,, (v — s95) ).

T s
17



Note that solving (6.1) is equivalent to find a zero of T;. In addition, the operator T reduces to the gradient
operator V f when g = 0. Thus the algorithm (6.2) can be formulated in an equivalent way in the following
form

Yk =ap+ (1-%) (zr — p-1)
i1 =Yk — STs(y)-
As a consequence, all the algebraic developments concerning the Ravine method (RAG,) can be extended
to the structured additive setting, by just replacing the gradient operator V f by Ts. Indeed, one can easily
show that for sL < 1, the two operators share the following properties: monotonicity, co-coercivity and
Lipschitz continuity which play a central role in the Lyapunov analysis.

With the help of this analogy, we are now in position to introduce the Ravine Accelerated Proximal
Gradient algorithm ((RAPG,,) for short):

{wk =y — sTs(y)

Yer1 = wp + (1 - k%l) (wg — wg—1).

(RAPG.,)

Figure 6.1 gives some geometric insight into the scheme (RAPG,,).

S = argmin

/

7

Fig. 6.1: Geometrical illustration of the (RAPG,) algorithm.

By following an argument similar to that of Theorem 4.1, the high resolution ODE of the algorithm
(RAPG,,) gives

ay/'s
2t

(6.4) V() + 2V () + ﬁ% (Tve) + (1 + ) T.(Y (1) =0,

where the term %(T s(Y'(t))) is interpreted as the distributional derivative of the absolutely continuous

function t — T5(Y'(t)). The ODE (6.4) is a Regularized Inertial Newton dynamic which has been recently
studied in [3, 4] and [19, 20]. The existence and uniqueness of a strong solution to the Cauchy problem
associated with (6.4) has been proved in [3, Theorem 2.1]. It is based on the equivalent reformulation of
(6.4) as a first-order system.

Let us establish some fast convergence properties of (RAPG,) which can be deduced from the well
established results concerning (6.2).

18



THEOREM 6.1. Suppose that (H) holds, o > 3, and sL €]0,1]. Let (yx) ey and (wi), ey be the sequences
generated by (RAPG,). Then the following properties are satisfied:

. 1

(6.5) 0(wg) — rr%nﬂ =0 (k;Q) as k — +o0;
1
(6.6) ITs(y)|| = O <k3> as k — +oo.
When o > 3,
. 1 1

(6.7) O(w) —mind =of .5 ), Tyl =0 ) ask = +oo,,
(6.8) and w-limy, = w-limwy € S.

Proof. By using the link between (RAPG,,) and (6.2) we have wy = 241, where (21),cy are the iterates
generated by (6.2). According to the convergence properties of the generalized FISTA method [28], we have

. . 1
O(wy) — n%ne =0(xp_1) — H%HG =0 <k‘2> .

On the other hand, we have

1
1T (i)l = < lww =y
1
< 5 (lwr = wi—a ]l + llye — wi—1]])
1
< 5 (lwk = wi—a || + [lwg-1 = wr—|))
1 1
= = (Jlwnsr = aull + o — 2 ll) = O()-
S k
For a > 3, we know from [14, 22] that 6(z)) — miny = o (%) and ||z, — zx_1]| = 0 (3). We thus argue as
above to obtain the claimed o ({%) rate on 6(wy) — miny, and the o () rate on ||T%(yx)|. In addition, we
have from (6.6) and Ty(yx) = —%(2k41 — yk), that ||yx — x| = 0, i.e. yx — % converges strongly to zero.
Since the sequence (), oy converges weakly when a > 3, see [14, 22], it follows that the sequence (y),cy
converges weakly to the same limit as (x),cy- 0

REMARK 6.1. It is tempting to try to transfer the convergence rate of 8(wy) — miny 6 established in
Theorem 6.1 to O(yg) — ming 6, in the spirit of what was done in Theorem 2.3. Such a rate cannot be
established for general g € T'o(H). The underlying (simple) reason is that while the sequence (wg),cy belongs
to dom(0) = dom(g), this is not the case for the extrapolated sequence (yx),cy, and hence 0(yx) may be 4-oc.
This asymmetry between these two sequences is also valid for the sequences (xy),cn and (Yx)pey of (6.2).
Keeping this in mind, one situation where the rate on 0(wy) can be transferred to 0(yx) is when g = vy,
where V' is a closed linear (or affine) subspace of H. Indeed, starting (RAPG,) with yo,wo € V, one has
Wi, Yr €V for all k > 0. Moreover, by convexity we have

O(yr) < O(wi) — (Vf(yx) + prowie — Yk), P € Ny (yp) = V.
By the update of wy, in (RAPG,, ), we know that

—w
Vi(ye) = yka —qr for some qi € Ny(wy) = Vi,

Plugging the latter in the first equation, we get

1 1 1
O(yr) < 0(wg) + ;”yk —wg|? - 3 (P — qr> W — Yr) = O(wy) + g”yk — wy?,

where the last inequality is because y, —wy € V and pp — qn € V. Arguing as in the proof of Theorem 6.1,
the term ||yx — wi||> = O(k=2) (and o(k=2) for a > 3), and the claim follows.
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7. The strongly convex case. In this section, we briefly discuss the exponential convergence rate
properties of the Ravine method in the strongly convex case. Recall that f : H — R is said to be p-strongly
convex for some p > 0 if f—£||-||? is convex. In this case, a proper tuning of the viscous damping coefficient
in the dynamic (HBF) of Polyak provides exponential convergence rate with optimal rate, as recalled below.

THEOREM 7.1. Suppose that f : H — R is a C* and p-strongly convex function for some pu > 0. Let
x(-) : [to, +oo[— H be a solution trajectory of (HBF) with v = 2\/p, i.e.
(7.1) #(t) + 2 /(1) + VF(a(t) = 0,
with initial condition (x(to),z(to)), to > 0. Then, for all t >ty

flx(t)) — mmf < Cle—VE(t—to)

where C = f(x(ty)) — ming f + p ||z (to) — Jf*HQ + [|#(to) II>.

See [12, Theorem 7] for a proof with a general dynamical system that covers (7.1) as a special case.

According to the procedure described in section 3.1, we consider three different discretizations of (7.1)
inspired by the inertial proximal algorithm, then the Nesterov method, and finally the Ravine method. Let
h > 0 be the temporal step size.

Inertial proximal algorithm. Implicit time discretization of (7.1) gives

T —2xp + X T — Tp_
bt h; b 1+\/;77’““h MLl Vi (ager) = 0.

After multiplication by s = h?, we obtain

(7.2) (L4 hy/p) @k — k) + sV f(@eg1) = (1 = hy/p)(2r — 2r-1),

which gives

1 /7
(7.3) Tht1 = PIOX__s g ( + —Y T .Z'k - xkl)) ,

So, we obtain the inertial proximal algorithm

(7.4) Yk =T+ 1+g( — Tk-1)
' Tg+1 = Prox 1Jdmf(y)-

Nesterov method. Replacing the proximal step by a gradient step in (7.4), we obtain

Yo =t 1+%( — Tp—1)
Tp+1 =Yk — 1+\/ﬁvf( k)

To meet the classical formulation of Nesterov’s method in the strongly convex case, take s = % where L is
the Lipschitz constant of V f, and replace the gradient step 5 T \/ﬁ by s (which is a reasonable approximation

when s is small). Then, the algorithm is written as follows

(7.5) Yo =K+ B(@k — Tp-1)
Trpr =Yk — 1V (ur),
with 8 := f+§ Then, as a classical result (see [48] for example),
(7.6) flazx) — H%nf = OB, and ||z — z1_1]|* = O(B) as k — +oc.
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Ravine method. Interverting the role of the variables xj and y; in (7.5) we obtain the Ravine method

' Yrt1 = wi + Blwp — wi—1).

Following an argument similar to the one developed in the proof of Theorem 2.3, we get the following result.

THEOREM 7.2. Let f : H — R be a C* convex function which is u-strongly conver, and whose gradient is
L-Lipschitz continuous. Let (yr),cy be the sequence generated by (7.7). Then, the following property holds:

Flye) = min f = O(8") as k — +oo,

where ;= \/\/%-7-%

8. Comparison with related algorithms.

8.1. Comparison between (NAG,) and (RAG,). The following table gives a bird’s eye view of the
relationships between these two accelerated gradient algorithms.

Comparison of (NAG,) with (RAG.)
Algorithm (NAGa) (RAG.)
Dual structure Extrapolation, then Gradient step Gradient step, then Extrapolation
Low resolution ODE (AVDy) (AVD,)
High resolution ODE Hessian driven damping (variable z) || Hessian driven damping (variable y)
Fast convergence of the gradients Yes Yes
Convergence rate, a > 3 f(xzk) —miny f=o (i) flyr) —ming f =0 (i)
k2 k2
Convergence of iterates, a > 3 Yes Yes

8.2. Comparison of the corresponding proximal-gradient algorithms. Concerning the addi-
tively structured ”smooth + non-smooth” convex minimization problem (6.1), a parallel comparison can
be made between the proximal gradient methods associated respectively with the Nesterov method and the

1
Ravine method. For o > 3, the o (l€2> convergence rate of values is valid at xj, for the FISTA-like method

(6.2), and wy, for the Ravine Accelerated Proximal Gradient algorithm (RAPG,,). According to wi = k41,
this means that the variable that provides fast convergence rate of the values is xj. This is in accordance with
Remark 6.1. Apart from this fact the two methods share very similar properties: we have || Ts(y)|| = O (%)

k
and || Ts(z)|| = O (1), and w-limyj, = w-limwy, € S.

8.3. Comparison with (IGAHD). Recall that the algorithm (IGAHD), introduced by the authors in
[12], is based on the dynamic (4.8), a special case of (DIN-AVD,, 5,;), with damping parameters o > 3 and
B > 0. This dynamic is essentially the same as the high resolution ODE (4.2) associated to (RAG,,) (the
same holds for the ODE resp. (3.9) of (RAG,)). The two dynamics can be deduced from each other by a
linear temporal reparameterization, which preserves their convergence properties. However, an important
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message to keep in mind here is that the algorithms (RAG,) and (IGAHD) markedly differ in the type of
temporal discretization used to obtain them. The algorithm (RAG,) is obtained by explicit discretization
of (4.2), namely

Yk+1 — 2Yk + Yr—1 a Yk+1 — Yk a 7 _
(5.) et I () V) + ) - V() =0,

On the other hand (IGAHD) is obtained by the time discretization of (4.8)

1 o
;(Ik—',-l — 2z + Tp—1) + —(zk — k1) +

2 (9 (@) = (o)) +

p

Vs ky/s
with yg is an extrapolated point inspired by Nesterov’s scheme. The convergence properties of (IGAHD),
recalled in Theorem 2.4 are similar to those (RAG,) and (NAG,) (see Theorem 2.1, Theorem 2.3, Theo-
rem 5.1 and Theorem 5.2). In a nutshell, from a theoretical point of view, these methods behave similarly.
Nevertheless, it was shown in [12] that, numerically, (IGAHD) exhibits much less oscillations than (NAG,)
(and thus (RAG,)). We conjecture that this is a consequence of the more subtle discretization underlying
(IGAHD). So far, this lacks clear theoretical justification and we believe that it is a nice research program
to undertake in the future.

Vf(xr—1)+ Vf(yr) =0,

9. Conclusion, Perspectives. This work was intended to unveil the relationship between the Nesterov
accelerated method and the Ravine method, which has been ignored for a long time and sometimes confused
with the Nesterov method. We have shed light on these connections through the perspective of dynamical
systems. We believe that this work paves the way to many important questions that remain to be answered.
Among them, we mention the following ones:

e Design better structure-preserving discretization schemes/algorithms for inertial systems, and un-
derstand their fundamental limits/performance.

e For additively structured ”smooth + nonsmooth” convex minimization problems, develop a Lya-
punov analysis showing the fast convergence to zero of the operators (which correspond to the
gradients for the Ravine accelerated gradient method).

e Develop a Ravine accelerated method for linearly constrained optimization problems, which is based
on the augmented Lagrangian approach, and the ADMM algorithm.

e Study the introduction of perturbation, errors into the Ravine method, so as to prepare the stochastic
versions of this algorithm.

e Generalization and tuning of the extrapolation parameter.

e The case of monotone inclusions.
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