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Abstract. In this paper, we analyze the global and local behavior of gradient-like flows under stochastic
errors towards the aim of solving convex optimization problems with noisy gradient input. We first study
the unconstrained differentiable convex case, using a stochastic differential equation where the drift term is
minus the gradient of the objective function and the diffusion term is either bounded or square-integrable. In
this context, under Lipschitz continuity of the gradient, our first main result shows almost sure convergence
of the objective and the trajectory process towards a minimizer of the objective function. We also provide
a comprehensive complexity analysis by establishing several new pointwise and ergodic convergence rates in
expectation for the convex, strongly convex, and (local) Lojasiewicz case. The latter involves a challenging
local analysis which requires non-trivial arguments from measure theory. Then, we extend our study to
the constrained case and more generally to nonsmooth problems. We show that several of our results have
natural extensions obtained by replacing the gradient of the objective function by a cocoercive monotone
operator. This makes it possible to obtain similar convergence results for optimization problems with an
additively ”smooth + non-smooth” convex structure. Finally, we consider another extension of our results
to non-smooth optimization which is based on the Moreau envelope.
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1 Introduction

1.1 Problem statement

We aim to solve convex minimization problems by means of stochastic differential equations whose
drift term is driven by the gradient of the objective function. This allows for noisy (inaccurate)
gradient input to be taken into account. Consider the minimization problem

min f(z), (P)

where the objective f satisfies the following standing assumptions:

{ f is convex and continuously differentiable with L-Lipschitz continuous gradient; (Ho)
0

S < argmin(f) # 0.
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We will also later deal with the constrained case, and more generally with additively structured
”smooth 4+ nonsmooth” convex optimization.

Let us first recall some basic facts about the deterministic case. To solve (P), a fundamental
dynamic to consider is the gradient flow of f, i.e. the gradient descent dynamic with initial condition
xo € R

{ f((é; - ;:f(x(t)), t>0 (@F)

It is well known since the founding papers of Brezis, Baillon, Bruck in the 1970s that, if the
solution set argmin f of (P) is non-empty, then each solution trajectory of (GF) converges, and its
limit belongs to argmin f. In fact, this result is true in a more general setting, simply assuming
that the objective function f is convex, lower semicontinuous (Isc) and proper (in which case we
must consider the differential inclusion obtained by replacing in (GF) the gradient of f by the
sub-differential Of).

In many cases, the gradient input is subject to noise, for example, if the gradient cannot be
evaluated directly, or due to some other exogenous factor. In such scenario, one can model the
associated errors using a stochastic integral with respect to the measure defined by a continuous
It6 martingale. This entails the following stochastic differential equation as a stochastic counterpart
of (GF):

{ dX(t) = =V (X (t))dt + o (t, X ())dW (t), t>0 (SDE)

X(0) = Xo,

defined over a complete filtered probability space (Q, F, {F; }+>0,P), where the diffusion (volatility)
term o : R, x RY — R¥X™ is matrix-valued measurable function, W is a Fi-adapted m-dimensional
Brownian motion, and the initial data X is an Fy-measurable R%valued random variable.

Our goal is to study the dynamic of (SDE) and its long time behavior in order to solve (P). To
identify the assumptions necessary to hope for such a behavior to occur, remember that when the
diffusion term o is a positive real constant, it is well-known that X (¢) in this case is a continuous-
time diffusion process known as Langevin diffusion, and has a unique invariant probability measure
T, with density o e~2f(@)/o” [10]. In fact, (SDE) can be interpreted as the pathwise solution to the
Fokker-Planck equation (see [28]). It is also very well known that the measure 7, gets concentrated
around argmin f as o tends to 07 with lim,_,o+ 7, (argmin f) = 1; see e.g. [14].

Motivated by this last observation, our paper will then mostly focus on the case where o(-, z)
vanishes sufficiently fast as ¢ — +oo uniformly in x, and some guarantees will also be provided for
uniformly bounded o. Therefore, throughout the paper, the entries o;; are assumed to satisfy:

SUP¢>0,zcR? |Uik(t7 l‘)’ < 400, (H)
ok (t, 2") — ou(t, 2)| < lolla" — ],
for some Iy > 0 and for all t > 0,z,2’ € R? The Lipschitz continuity assumption is mild and
required to ensure the well-posedness of (SDE).

1.2 Contributions

We study the properties of the process X(¢) and f(X(t)) for the stochastic differential equation
(SDE) from an optimization perspective, under the assumptions (H) and (H). When the diffusion



term is uniformly bounded, we show convergence of E[f(X(¢)) —min f] to a noise-dominated region
both for the convex and strongly convex case. When the diffusion term is square-integrable, we
show in Theorem 3.1 that X (¢) converges almost surely to a solution of (P), which is a new result
to the best of our knowledge. Moreover, in Theorem 3.3 and Proposition 3.4, we provide new
ergodic and pointwise convergence rates of the objective in expectation, again for both the convex
and strongly convex case.

Then we turn to a local analysis relying on the Lojasiewicz inequality and its strong ties with
error bounds. Since this property is most often satisfied only locally, we deepen the discussion on
the long time localization of the process. This is fundamental, because in the recent literature on
local convergence properties of stochastic gradient descent, strong assumptions are imposed, such as
X(t) or f(X(t)) is locally bounded almost surely. Such assumptions are unfortunately unrealistic
due to the presence of the Brownian Motion. We manage to circumvent this problem by using
arguments from measure theory, in particular Egorov’s theorem. In turn, under the Lojasiewicz
inequality assumption with exponent g > 1/2, this allows us to show local convergence rates of the
objective and the trajectory itself in expectation over a set of events whose probability is arbitrarily
close to 1 (see Theorem 4.5).

Table 1 summarizes the local and global convergence rates obtained for E[f(X (¢)) — min f]. In
this table, § > 0 is a parameter which is intended to be taken arbitrarily close to 0 but different
from it, o, > 0 and o (-) are defined as

l|lo(t, :E)||% < Uf, Vit > 0,Vr € ]Rd7 and Ooo(t) def suﬂgi llo(t, z)| F, (1)
xE

and 04 (+) is a non-increasing function. L4(S) is the class of functions satisfying the Lojasiewicz
inequality with exponent ¢ € [0, 1] at each point of S (see Definition 4.1)".

Property of f Gradient Flow | SDE (sup;~(0(t) <0.) | SDE (04 € L?(R,))
Convex t=1 t=t + o2 t=1
u-Strongly Convex e 2mt e 2t 4 o2 max{e 2" o2 (1)}
Convex N L72(8) (coef. p) e Ht X max{e "t o2 ()} + V0
T 1
Convex N L1(S), ¢ € (3,1) t 201 b 4 t 21 24/

Table 1: Summary of local and global convergence rates obtained for E[f(X (¢)) — min f].

Although it is natural to think that we can take the limit when & goes to 01, the time from
which these convergence rates are valid depends on § and increases (potentially to +00) as § ap-
proaches 0. Assuming only the boundedness of the diffusion and the Lojasiewicz inequality, we
could not find better results (cells marked with X) than those presented in the convex case. Since
the Lojasiewicz inequality is local, a natural approach would be to localize the process in the long
term with high probability. However, it is not clear how to achieve this.

1Semialgebraic functions, and more generally, functions based on the class of analytic functions is a typical family
of functions that verify the Lojasiewicz inequality at each point [38, 39].

2This is not yet proven, our conjecture is that it is true when oo = O((t + 1)_ﬁ) (see the detailed discussion
in Conjecture 4.11).



In Section 5, we turn to extending some of the preceding results to the structured convex mini-
mization problem

min f(x) + g(z), (Pe)

z€R4
where f : RY — R satisfies (Hy), g : R? — RU{+00} is proper, Isc and convex and argmin(f+4g) # 0.
This obviously covers the case of constrained minimization of f over a non-empty closed convex
set. We take two different routes leading to different SDEs.

The first approach consists in reformulating (P.) as finding for zeros of the operator M, : R? —
Rd
1
M#(x) = ; (.le - pI‘OXng(JZ - /J,Vf(l'))) )

where p > 0 and prox,, is the proximal mapping of pg. It is well-known that the operator M,
is cocoercive [4], hence monotone and Lipschitz continuous, and M, = V f when g vanishes. The
idea is then to replace the operator V f in (SDE) by M, leading to an SDE which will have many
of the convergence properties obtained in the smooth convex case. This approach is in accordance
with the deterministic theory for monotone cocoercive operators (see [11, 1, 4]).

The second approach regularizes the nonsmooth component g of the objective function using its
Moreau envelope

. 1 )
go(w) = min, g(2) + ol = 2[|".

This leads to studying the dynamic (SDE) with the function f+ gy, which has a continuous Lipschitz
gradient. This approximation method leads to an SDE with non-autonomous drift term. Note,
however, that the noise in this case can be considered on the evaluation of V f(x), while it is on
M, (x) in the first approach.

1.3 Relation to prior work

The gradient system (GF), which is valid on a general real Hilbert space H, is a dissipative dynam-
ical system, whose study dates back to Cauchy [15]. It plays a fundamental role in optimization: it
transforms the problem of minimizing f into the study of the asymptotic behavior of the trajecto-
ries of (GF). This example was the precursor to the rich connection between continuous dissipative
dynamical systems and optimization. Its Euler forward discretization (with stepsize v; > 0) is the
celebrated gradient descent scheme

Tp1 = T — %V f(2k). (GD)

Under (Hp), and for (vx)ken CJ0,2/L[, then we have both the convergence of the values f(xy) —
min f = O(1/k) (in fact even o(1/k)), and the weak convergence of iterates (zj)ren to a point in
argmin f. Moreover, if the Lojasiewicz inequality (24) (see [40]) is satisfied, then we can ensure
the strong convergence of (zx)ken to a point in argmin f and faster convergence rates than those
ensured by the simple convexity hypothesis (see [12, 18]).

Now, let us focus on the finite-dimensional case (H = R?). Although the Gradient Descent is a
classical algorithm to solve the convex minimization problem, with the need to handle large-scale
problems (such as in various areas of data science and machine learning), there has become necessary
to find ways to get around the high computational cost per iteration that these problems entail.
The Robbins-Monro stochastic approximation algorithm [52] is at the heart of Stochastic Gradient



Descent (SGD), which, roughly speaking, consists in cheaply and randomly approximating the
gradient at the price of obtaining a random noise in the solutions. Given an initial point 2y € R¢,
v >0, (SGD) updates the iterates according to

Trr1 = 2 — YV f(2r) + &), (SGD)

where £, denotes the (random) noise term on the gradient at the k-th iteration.

The SDE continuous-time approach is motivated by its relations to (SGD), where the latter
can be viewed as a Euler forward time discretization, and the noise & ~ N(0,0x1;) (hence not
necessarily bounded). In fact, several recent works (see e.g.[36, 46, 29, 55, 37, 56, 21]) have linked
algorithm (SGD) with dynamic (SDE), showing the context under which (SDE) can be seen as an
approximation (under a specific error) of (SGD) and vice-versa. The continuous-time perspective
offers a deep insight and unveils the key properties of the dynamic, without being tied to a specific
discretization. This in turn enlightens the behavior of the sequence generated by some specific
algorithm such as (SGD). One may also wonder whether (SDE) is a better continuous-time model
for (SGD) than (GF). The answer is affirmative as has been shown recently in [21, Proposition 2.1].
There, the trajectory of the sequence (zy)gen of (SGD), with & ~ N(0,0x1;), was proved to be
accurately approximated by (SDE) with o(t, X (t)) = \/70(t). The approximation error is of order
O(~) which is much better than that of (GF) which is only O(,/7).

The Euler forward discretization (with stepsize v > 0) of (SDE) when d = m and ¢ = /21 is
the following algorithm

Xiy1 = X — YV (Xp) + /27, (LMC)

where & ~ N(0, I;) (multivariate standard normal distribution). This algorithm, which is known
as Langevin Monte Carlo (see [49]), is a standard sampling scheme, whose purpose is to generate
samples from an approximation of a target distribution, in our case, proportional to e /(). Under
appropriate assumptions on f, when -y is small and k is large such that k+ is large, the distribution
of X} converges in different topologies or is close in various metrics to the target distribution with
density < e 7(#). Asymptotic and non-asymptotic (with convergence rates) results of this kind
have been studied in a number of papers under various conditions; see [20, 19, 24, 25, 16, 30]
and references therein. By rescaling the problem, relation between sampling (i.e. (LMC)) and
optimization (i.e. (SGD)) has been also investigated for the strongly convex case in e.g. [20].

Concerning (SDE), one can easily infer from [9, Proposition 7.4] that assuming sup,.cga |0 (¢, z)||F =
o(1/+/log(t)), and conditioning on the event that X (), we have almost surely that the set of limits
of convergent sequences X (tx), tx — —+00 is contained in argmin f. Using results on asymptotic
pseudo-trajectories from [9], the work of [43, 51, 5] analyzed the behavior of the Stochastic Mirror
Descent dynamics:

dY () = —VF(X(£))dt + o (t, X (£))dW (¢),
X(t) = QY (1)),

where X € R? is a closed convex feasible region, f is convex with Lipschitz continuous gradient
on X, Q : R - X is the mirror map induced by some strongly convex entropy, and 7 > 0 is a
sensitivity parameter. In [43, Theorem 4.1], it is shown that if X is also assumed bounded, that
sup,epd |lo(t, 2)||F = o(1/+/log(t)), and Q satisfies some continuity assumptions®, then the process

(SMD)

3Compactness of X and the condition on o(-,-) are clearly reminiscent of [9, Proposition 7.4], though the latter is
not discussed in [43].



X (t) (SMD) converges to a point in argmin f almost surely. Similar assumptions can be found in
[5] to obtain almost sure convergence on the objective. Let us observe that all these results do
not apply to our setting. Indeed, if X = R? (unconstrained problem), Q(z) = z and 1 = 1, we
recover (SDE). Our work does not assume any boundedness whatsoever to establish our results.
This comes however at somewhat stronger assumptions on o(-,-).

While finalizing this work, we became aware of the recent work of [22], which analyzes the
behavior of (SDE) for f € C?(R?) not necessarily convex and which satisfies sup,cga ||o(-, 2)||F €
L?(R4). Conditioning on the event that limsup,_, , . | X (¢)|| < +o0, they showed that V f(X (t)) —
0 almost surely, almost sure convergence of f(X(t)), and if the objective f is semialgebraic (and
more generally tame), they also showed almost sure convergence of X (t) towards a critical point
of f. They also made attempt to get local convergence rates under the Lojasiewicz inequality that
are less transparent than ours. Our analysis on the other hand leverages convexity of f to establish
stronger results.

1.4 Organization of the paper

Section 2 introduces notations and reviews some necessary material from convex and stochastic
analysis. Section 3 states our main convergence results in the case of a convex differentiable ob-
jective function whose gradient is Lipschitz continuous. We first show the almost sure convergence
of the process towards the set of minimizers, then we establish convergence rates for the values.
Section 4 introduces further geometric properties of the objective functions, namely Lojasiewicz
property and related error bound, which allows to obtain improved (local) convergence rates. This
covers in particular the (locally) strongly convex case. In section 5, we extend some results to the
nonsmooth case by considering the additively structured ”smooth 4+ nonsmooth” convex minimiza-
tion. We develop new stochastic differential equations that naturally lend themselves to splitting
techniques. Technical lemmas and theorems that are needed throughout the paper are collected in
the appendix.

2 Notation and preliminaries

We will use the following shorthand notations: given d,n € N, [n] < {1,...,n}, R is the set of
real matrices of size d x n, and I is the identity matrix of dimension d. For M € R¥>*" MT ¢ R»*4
is its transpose matrix and ||M||r is its Frobenius norm. For M, M’ € R™? M < M’ if and only
if u” (M’ — M)u > 0 for every u € R%. The notation A : R = R? means that A is a set-valued
operator from R? to R?. Consider f : R — R, the sublevel of f at height € R is denoted
[f<r]E{zeR?: f(z) <r}. For1 < p < +oo, LP([a,b]) is the space of measurable functions
g : R — R such that fab lg(t)[Pdt < 400, with the usual adaptation when p = +oco. Functions
obeying f0+oo lg(t)[Pdt < 4oc belong to LP(Ry). On the probability space (Q,F,P), LP(Q;R?)
denotes the (Bochner) space of R%valued random variables whose p-th moment (with respect to
the measure PP) is finite. Other notations will be explained when they first appear.

2.1 On convex analysis

Let us recall some important definitions and results from convex analysis in the finite-dimensional
case; for a comprehensive coverage, we refer the reader to [53].



We denote by T'g(R?) the class of proper Isc and convex functions on R? taking values in RU{+o0}.
For 1 > 0, FH(Rd) C To(R?) is the class of p-strongly convex functions, roughly speaking, this means
that there exists a quadratic lower bound on the growth of these functions. We denote by C*(R9)
the class of s-times continuously differentiable functions on R¢. For L > 0, C}J’I(Rd) c CY(RY) is
the set of functions on R? whose gradient is L-Lipschitz continuous.

The following Descent Lemma which is satisfied by this class of functions plays a central role in
optimization.

Lemma 2.1. Let f € Ci’l(Rd), then

F) < F(@) + (VT )y — )+ olly 2l Ve,y € R

Corollary 2.2. Let f € C}J’I(Rd) such that argmin f # (), then
IVf(@)|* < 2L(f(z) - min f), Vae R

Proof. Proof. Use Lemma 2.1 for an arbitrary € R? and y = z — %Vf(x). Then bound

f (ac - in(x)) > min f.
O

The subdifferential of a function f € T'o(R?) is the set-valued operator df : R? = R? such that,
for every x in RY,

0f(x) ={ueR?: f(y) = f(2) + (u,y —z) VyeR.

When f is continuous, df(x) is non-empty convex and compact set for every z € R If f is
differentiable, then df(x) = {V f(z)}. For every z € R? such that df(z) # (), the minimum norm

selection of Of (z) is the unique element §°f(x) = argming ey (s [|ull-

2.2 On stochastic differential equations
For the necessary notation and preliminaries on stochastic processes, see Section A.2 in the ap-
pendix.

We emphasize that Theorem A.7 in the appendix provides us with sufficient conditions to ensure
the existence and uniqueness of the solution to (SDE). These conditions are met in our case under
assumptions (Hy) and (H).

Let us now present [t6’s formula which plays a central role in the theory of stochastic differential
equations.

Proposition 2.3. [/4, Chapter 4] Consider X a solution of (SDE), ¢ : Ry x R? — R be such that
#(-,x) € CHRy) for every x € R and ¢(t,-) € C*(RY) for every t > 0. Then the process

Y (t) = o(t, X (1)),



1s an Ito Process such that for allt > 0

0+ [ S, Xds — [ (Vo X (), VI (6)) ds
+/0 <UT(S,X(3))V¢(3,X(3)),dW(s)>+;/0 tr (U(S,X(s))aT(s,X(s))V2¢(s,X(s))) ds. (2)

Moreover, if E[Y (0)] < 400, and if for all T > 0
T
B ([ 107 X0 Tots, X(6DIPds ) < 4ox,
0
t
then / <UT(5,X(5))V¢(S,X(S)),dW(s)> is a square-integrable continuous martingale and
0

Ot gf(s,x(s))ds> —-E (/Ot (Vo(s, X (s)), VF(X(s))) ds)

+5E (/ tr (s, X (s))o " (5, X (5)) V26 (s, X (s)) ds) - @

The C? assumption on ¢(t,-) in Itd’s formula is crucial. This can be weakened in certain cases
leading to the following inequality that will be useful in our context.

Proposition 2.4. Consider X a solution of (SDE), ¢1 € CY(R,), ¢2 € Ci’l(Rd) and ¢(t,z) =
¢1(t)p2(x). Then the process

Y () = 6(t, X(£)) = ¢1()ga(X (1)),
1s an Ito6 Process such that
+ / 0, (5)b2(X (5))ds — / 61(5) (Va(X (5)), VF(X (s))) ds
0 0
t L t
+ /0 (o7 (5, X()61(5) V(X (s)), AW (5)) + /0 r(s)tr (o(s, X (5))0 (5, X(5)) ) ds. (4)

Moreover, if E[Y (0)] < +o0, then

E[Y (1)] < E[Y (0) +E</ H ()X ) (/ 61(6) (Von(X (), V(X)) s

+§IE (/0 1(s)tr a(s,X(s))a (s,X(S))> ds). (5)

Proof. Proof. Analogous to the proof of [43, Proposition C.2] using Rademacher’s theorem instead
of Alexandrov’s. O



3 Convergence properties for convex differentiable functions

We consider f (called the potential) and study the dynamic (SDE) under hypotheses (Hy) (i.e. f €
Ci’l(Rd) NTo(R%)) and (H). Recall the definitions of o, and o () from (1). Observe that from
(H) one can take 02 = md SUD;c[d) ke [m] SUPt>0,zerd Oik (1, z)|2. Throughout the rest of the paper,

we will use the shorthand notation

d

S(tx) € o(t,z)o(t,z)".

3.1 Almost sure convergence of trajectory

Our first main result establishes almost sure convergence of X (¢) to an S-valued random variable
as t — +o0.

Theorem 3.1. Consider the dynamic (SDE), where f and o satisfy the assumptions (Hy) and
(H), respectively. Additionally, let v > 2, Xo € L¥(;R?) and is Fo-measurable. Then, there exists
a unique solution X € Sy of (SDE). Moreover, if 0o € L2(Ry), then the following holds:

(1) Elsup;o [ X (#)[|"] < 4o00.
(i) Vo* € S, limy 1 o0 | X (t) — 2*|| exists a.s. and sup;>q | X (1) < +oo a.s..
(i5i) limy_oo [[VF(X ()| =0 a.s.. As a result, limy_,o f(X(t)) = min f a.s..

(iv) In addition to (iii), there exists an S-valued random variable X* such that lim;_, 4o X (t) =
X* a.s..

Remark 3.2. (i) The assumptions on the noise variance are compatible with the theory of
asymptotic pseudotrajectories (APT) [9] and their weak version (WAPT) [8]. As we have
already discussed in Section 1.3, the theory of APT can indeed be used to study convergence
properties of X (). For instance, using [9, Proposition 7.4] one can show easily that assuming
sup,crd ||o(t, z)||r = o(1/4/log(t)) and that X (t) is bounded almost surely, one has almost
sure subsequential convergence of X () to points in S. Our work leverages convexity, does not
need any boundedness assumption and shows almost sure global convergence of the process
(not just subsequentially).

(ii) Ergodic properties of X (t) can be derived from the theory of WAPT as developed in [8] under
the weaker assumptions that ||o(x,t)|| < a(t), for some decreasing function a such that o(t) —
0 as t — +oco. For instance, an immediate consequence of [8, Proposition 1 and Corollary 1]
and Theorem 3.1(i) is that the fraction of time spent by X in an arbitrary neighborhood
of S goes to one with probability one. We also have by combining [8, Corollary 2] and
Theorem 3.1(i), and since S is convex in our case, that the average process % f(f X(s)ds
converges almost surely to a point in S.

Proof. Proof. The existence and uniqueness of a solution follows directly from the fact that the
conditions of Theorem A.7 are satisfied under (Hp) and (H). The architecture of the proof of
Theorem 3.1 consists of three steps that we briefly describe:



The first step is based on Itd’s formula (Proposition 2.3) and Burkholder-Davis-Gundy in-
equality (Proposition A.10) that let us prove a uniform bound (on time) for the v—moment
of X(t).

The second step is also based on Ité’s formula. Instead of the previous step, we use The-
orem A.9 that allows us to conclude that for every z* € S, limy, i || X () — 2*|| exists
a.s.. Then, a separability argument is used to conclude that almost surely, for all z* € S,
limg 4o || X (t) — z*|| exists.

The third step consists in using another conclusion of Theorem A.9 to conclude that |V f(X (-))||? €
LY(R;) a.s.. After proving that this function is eventually uniformly continuous, we proceed
according to Barbalat’s Lemma (see [26]) to conclude that lim;_, 1 ||V f(X(¢))| = 0 a.s.. As

a consequence of the convexity of f we deduce that limy_, o f(X(f)) = min f a.s..

Finally, the fourth step consists in using Opial’s Lemma to conclude that there exists an
S-valued random variable X* such that lim; o X (t) = X* a.s..

Let z* be taken arbitrarily in S. Let us define the corresponding anchor function ¢(z) =

* |12
w. Using Ito’s formula we obtain

—r* 2 t t
oxo) =0T L [ e x o) ds [ (TR000). X(5) a7 ds
£=(Xo) Ar U,
o —z* s) ).
<[ (o (o X(0) 010 =) )) ©)
My

Let us now embark from (6) and use that
0 < tr(X(s,X(s))) < 02 (s) and (Vf(X(s)),X(s) —z*) >0,

where the second inequality is due to the convexity of f, to get

+o0o
SXO) < 6(X0) 45 [ oA+ b

v—2

Taking power § at both sides and using that (a+ b+ ¢)2 <37 (a% +b2 +¢2), we have that

vV— +w % v v
IX(t) - 2*|” <37 [HXo—x*H”+ (/ aio<s>d8) WM#] '
0

Let T > 0, applying the supremum over ¢ € [0,7] and then taking expectation, we obtain

E(|Xo — «*||) + (/ aé(s)ds) +22E [ sup |[M= ||.
0 t€[0,7]

10

E( sup || X (t) —w*H”) <37

te(0,7)




Letting g(s) = o' (s, X(s))(X(s) — 2*) and p = ¥ in Proposition A.10, we get

) i
E<sup ||X<t>—x*||”> < 37" [E<||Xo—:c*u”>+( / o§o<s>ds) ]
t€[0,7) 0

— v v +OO
+3"7 25CyE ( sup || X(t) — 2% </ ggo(s)ds>
0

te[0,7)

LN

) |

Using that ab < % + KTZ’Q for every K > 0,

(- o) + ([ m (55 ) ]

1 v—2 +oo %
+-E| sup || X(t)—2]"]+62 Cv (/ Ugo(s)ds> .
2 \iep,1 2 \Jo

E( sup || X (1) —x*H”) <3%

te[0,7)

And we end up with

E( sup || X (t) —x*HV> <372

te€[0,T

B(| X0 — *) + (1 4+2°5° ) </0+°° ggo(s)ds>;] .

Since the right-hand side is independent of T', we take lim inf7_, o, on the previous expression
and apply Fatou’s Lemma to show the first claim.

Observe that, since v > 2, we have that E(sup;>q || X (t)]|*) < +00. Moreover oo € L*(Ry),
and therefore

+oo

B ([ 0T (5, X (5)) (X(5) — %) ds) <2 (sup () - o) [ o2 o)ds < .

Therefore M; is a square-integrable continuous martingale. It is also a continuous local
martingale (see [41, Theorem 1.3.3]), which implies that E(M;) = 0.

On the other hand, A; and U, defined as in (6) are two continuous adapted increasing processes
with Ag = Uy = 0 a.s.. Since ¢(X(t)) is nonnegative and sup,cga [|o(-,z)||r € L2(R4), we
deduce that lim;_, ;o A; < 400. Then, we can use Theorem A.9 to conclude that

+oo
/0 (Vf(X(s)),X(s) —x*)ds < +00 a.s. (7)

and

Vz* € §,30,+ € F,such that P(Q,+) =1 and . liin | X (w, t) — || exists Vw € Q. (8)
— 400

11



Since RY is separable, there exists a countable set Z C S, such that cl(Z) = S. Let Q =
.cz €. Since Z is countable, a union bound shows

P(Q)=1-P (UQC>>1—ZPQC = 1.

z€EZ z2EZ

For arbitrary x* € S, there exists a sequence (z)reny € Z such that z; — z*. In view of (8),
for every k € N there exists 73, : {2, — R4 such that

hm | X (w,t) — 2kl = 7k (w), YweQ,,. (9)

t——+

Now, let w € . Since Q C (1, for any k € N, and using the triangle inequality and (9), we
obtain that

k(W) — ||zx — 2% < liminf || X (w,t) — 2*|| < limsup || X (w,t) — 2*|| < 7% (w) + ||z — 27
t—r+o0 t——+o0

Now, passing to k — +o0, we deduce

lim sup 7% (w) < liminf || X (w,t) — || < limsup || X (w,t) — 2*|| < liminf 7 (w),
k—r+o00 t=+o0 t—+o0 k—~400

whence we deduce that limg_, . 7x(w) exists on the set Q of probability 1, and in turn

limy oo || X (w, t) — 2*|| = limg—y 400 T (w).

Let us recall that there exists Qcont € F such that P(Qcont) = 1 and X(w,-) is contin-

uous for every w € Qeong. Now let z* € § arbitrary, since the limit exists, for every

w € QN Qeont, there exists T'(w) such that | X (w,t) — z*|| < 1+ limg, 400 7x(w) for every

t > T'(w). Besides, since X (w, -) is continuous, by Bolzano’s theorem supc(o 7. [| X (w, )| =

maxeo,7(w) || X (w, )] & h(w) < +o0. Therefore, sup;>o | X (w, t)|| < max{h(w), 14+-limg_, 4 o0 7 (w)+

[} < +OO

¢
(iii) Let M; = / o(s,X(s))dW(s). This is a continuous martingale (w.r.t. the filtration F;),

which verifies

E(|M)?) = E (/Ot Ha(s,X(s))H%ds) <E </0+oo ago(s)ds> < +o00,Vt > 0.

According to Theorem A.8, we deduce that there exists a random variable My, w.r.t. Foo,
and which verifies: E(|Mx|?) < 400, and there exists Qy; € F such that P(Qy) = 1 and

lim M(w) = My (w) for every w € Q.

t—+o00
Besides, by convexity of f and (7), we have that there exists 0y € F such that P(Qy) =1
and (f(X(w,")) — min f) € L'(R;) for every w € Q. By Corollary 2.2, we obtain that
V(X (w,-))] € L2(R4) for every w € Q.

12



def

Let Qconv = QN Qeont N Q2 N Qpr, hence P(Qeonv) = 1. Let w € Qeony € Qf arbitrary, then
liminf; 4o [|VF(X(w,?))]| = 0. If limsup,_, . [[Vf(X(w,t))|| = 0 then we conclude. Sup-
pose by contradiction that there exists wy € Qcony such that limsup,_,, o ||V f(X (wo,t))|| > 0.
Then, by Lemma A.3, there exists d(wy) > 0 satisfying

0 = liminf ||V f(X (wo,1))|| < é(wp) < limsup ||V f(X (wo,t))],
t—+o0 t—+oco

and there exists (tx)reny C Ry such that limg_, 4ot = 00,
IV f(X(wo,te))|| >0 and tg1q —tp > 1, VkeN.

def

We allow ourselves the abuse of notation X (t) = X (wp,t) and 6 & §(wp) during the rest of

the proof from this point.

Let e € ]0 min 4‘22, [ Note that this choice entails that the intervals ([tk, tr + %])keN are

disjoint. On the other hand, according to the convergence property of M; and the fact that
IVF(X ()| € L32(Ry), there exists k&' > 0 such that for every k > k'

NJM—\

£ too
sup My~ My < § and [ [VF(X(5) s <
>t th

Besides, for every k > k', t € [tg, t; + 5]
t
€
1) = X <2t~ ) [ [TFCE)) P+ 200~ My P < (6= 1) + § <
173
Since f € Ci’l(]Rd) and L% < (%)2 by assumption on ¢, we have that for every & > k' and
t € [ty te + 5]

0

2
IV4(X(0) - VI @I < X - Xl < (5)

Therefore, for every k > k', t € [ty ), + 5]

IVFX@O) = VX @) = [IVAXD) = VX)) >

<

| s

N[

Finally,

+o0 525
[ oy XD > 3 R e,
0 k>k' k>k'

which contradicts ||V f(X(-))|| € L3(R4). So,
i sup [V (X, )| = Liminf [V £CX 1)) = lin_[VSOX@00)] =0, e € o

Let z* € S and w € Qcony taken arbitrary. By convexity and Cauchy-Schwarz inequality:
0 < F(X(w,8)) — min f < [VF(X (w, ) [1X (w,8) — 2.

The claim then follows because we have already obtained that limy_, | oo || X (w, t) — 2*]| exists,
and limy_,o ||V f(X (w,t))|| = 0.

13



(iv) Let w € Qeonv and X (w) be a sequential limit point of X (w,t). Equivalently, there exists an
increasing sequence (tx)keny C Ry such that limg_, o tx = 400 and

lim X (w,t) = X (w).
Jim Xt = X
Since limy_, 400 f(X (w,t)) = min f and by continuity of f, we obtain directly that X (w) € S.
Finally, by Opial’s Lemma (see [45]) we conclude that there exists X*(w) € S such that

limy 400 X(w,t) = X*(w). In other words, since w € Qcony Was arbitrary, there exists an
S-valued random variable X* such that lim; ;o X (t) = X* a.s..

O]

3.2 Convergence rates of the objective

Our first result, stated below, summarizes the global convergence rates in expectation satisfied by
the trajectories of (SDE).

Theorem 3.3. Consider the dynamic (SDE) where f and o satisfy the assumptions (Hy) and (H).
Additionally, Xo € L2(;RY) and is Fo-measurable. The following statements are satisfied by the
solution trajectory X € S of (SDE):

t t
(i) Let foX(t) = ¢! /0 f(X(s))ds and X(t) =t~" /0 X(s)ds. Then

E (dist(Xo,S)?) o2

E (f(X(t)) —minf) <E(foX(t) —minf) < 5 —i-?*, vt > 0. (10)
Besides, if 0o is L2(Ry.), then
E (£(X(t)) — minf) < E (Fo X(t) — min f) = O (1) (11)
(ii) Moreover, if f € T,(R?) with u > 0, then S = {a*} and
(0 2
E (|IX(t) — a*|%) < E (| Xo — 2*[|?) e + % vt > 0. (12)

Besides, if 0 is non-increasing and vanishes at infinity, then for every A €]0, 1[:
2
E(|X(t) - 2*?) <E(|Xo—a*|?) e+ Z2en-N 62 (), e >0.  (13)
1
(b) Furthermore,
: : —2ut Lo}
B(/(X() ~min f) < B(f(Xo) —minf) e+ 52 we>0. (14
Besides, if 05 is non-increasing and vanishes at infinity, then for every A €]0,1[:

E(f(X(t)) —min f) < E (f(Xo) — min f) e 2% + Z‘fe—%(l—”t + ga;w), vt > 0.
(15)
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Proof. Proof.

(i) Let z* € S. Let g(t) = (X (1)) = w and G(t) = E(g¢(t)). By applying Proposition 2.3
with ¢, and using the convexity of f, we obtain

610~ 60) = & ([ 50e(* = X(s))ds ) + 52 ([ wisto. X601

<-E (/Ot(f(X(s)) min f)d ) L ig </Ot ))]ds> (16)

2
<_E (/Ot(f(X(S)) min f)d ) +07

Then rearranging the terms in (16), using G(¢) > 0, and dividing by ¢ > 0, we obtain

1 ¢ E (|| X — z*||? 2
‘E / (F(X(5)) = min fyds ) < EUXo =) oty (17)
WA 2 2
Since z* is arbitrary, by taking the infimum with respect to * € S in (17), we obtain
1 t E (dist(Xo, S)? 2
JE </ (F(X () —minf)ds) < Bl (Qto K =, o (18)
0

Moreover, if 0 € L2(Ry), then using inequality (16), we have

Glt) — G(0) < —E </Ot(f(X(s)) _ minf)ds) + % (/O+oo ago(s)ds> .

Rearranging as before, we conclude that

t is . S)? oo
%E (/0 (F(X(s)) —minf)ds> LB t(;fo 5Y) +21t/0 o2 (s)ds, V¢>0. (19)

Then complete the result with the inequality
E (f(X(t)) —min f) <E(fo X(t) — min f)

which follows from convexity of f and Jensen’s inequality.

*”2

(i) (a) Let g(t) = p(X (1)) = LXO2IE G (1) = E(g(t)). By Proposition 2.3 with ¢, we obtain

G(t) - G(0) = E (/Ot(—Vf(X(s)),X(s) _ x*>ds> + %E (/Ot tr[E(s,X(s))]ds) . (20)

Using that f € T',(R), we deduce that
t b g2
G(t) < G(0) —u/ G(s)ds+/ —ds, Vt>0. (21)
0 0
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In order to invoke Lemma A.2, we solve the ODE

V(1) = —py(t)+ %, V>0,
—x* 2
y(0) :E<HX02 Il )

Solving it by the integrating factor method, we conclude that
Xn — r* 2 2
G(t)<E (” 0 . ll > ert 4 2

+ =, Vt>0.
2
Suppose now that o4 is non-increasing and vanishes at infinity. We can bound the trace
term by o2, in (20). To use Lemma A.2, we need to solve

) =-—myt)+ Y, >0

y'(t) py(t) + 725, >0,
_r* 2

4(0) :IE<HX02 Il )

Let X €]0, 1], using the integrating factor method, we get

t 2
y(1) < y(O)e et [Tl g
0

At 2 t 2
< y(0)e Mt emHt (/ UOOQ(S)e“SdS —|—/ UOO(S)@’”ds)

At 2
2 t
< y(0)e M + e “t< “Sd +J°°()‘t)/ e”5d>
At
2 (\t
< y(0)e M 4 e ”t< )e“t>,Vt20.

According to Lemma A.2, we deduce that
- 2 2
G(t) <E ”XO £ || e Ht + &e—u(l—)\)t + O-oo()\t)7 vt >0,
2 2 2
which is our claim (13).
Since f € I',(R%), it is well known that f satisfies the Polyak-Lojasiewicz inequality, i.e.
2u(f(2) —min f) < |V f(2)? VaeR?,
(see Section 4 for an explanation of this inequality). Besides, since f € I'o(R%) ﬁCi’l(Rd)
and X € L2(;R%), we have that E(f(X() — min f) < +oo.

We take the function a(m) = f(z) — min f and apply Proposition 2.3. Then, defining
g(t) = f(X(t)) —min f and G(t) = E(¢(t)), we obtain

G(t) — G(0) < IE(/ IV F(X ||2ds) s/otago(s)ds.

Using the Polyak-Lojasiewicz inequality, we end up having

Gty — G(0) < —2u < /0 t@(s)ds) + g /0 "02 (s)ds. (22)

And we conclude by continuing the analysis as in the previous item after arriving to

(21).
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O]

Under a stronger assumption on 0., we also have the following pointwise sublinear convergence
rate in expectation.

Proposition 3.4. Consider the dynamic (SDE) where f and o satisfy the assumptions (Hp) and
(H), respectively. Additionally, Xy € L*(Q;R?) and is Fo-measurable. Assume that there exists
K >0,8 € [0,1] such that

t
/ (s + 1)o2 (s)ds < KB, it >0, (23)
0
Then the solution trajectory X € S% of (SDE) satisfies
E (f(X(t)) —min f) = O(t").

Proof. Proof. Given z* € S, let us apply Proposition 2.4 successively with Vi (t,z) = t(f(z) —
min f), then with Va(z) = %||z — 2*||%. Taking the expectation and adding the two results, we get

_ 22 t t
E(Vi(t, X (1) + Va(X (1)) <E <”X°2”> + ’;/O so2.(s)ds + ;/0 o2 (s)ds

<E (HXO ; x*”2> + maX{QI’L} (/Ot(s + 1)a§o(s)ds> ,

where we have used the convexity of f in the first inequality. Then we conclude that

X0 — x*”2) N KmaX{LL}tB—l _
2t 2

E(/(X(8)) - min f) < X o),
OJ

When f is also C? and the first order moment of o2, is bounded, we get an improved o(t~!)
global convergence rate on the objective in almost sure sense.

Theorem 3.5. Consider the dynamic (SDE). Assume that f € C*(R?) and o satisfy the assump-
tions (Ho) and (H), respectively. Additionally, Xo € L%(Q;R?) and is Fo-measurable, and that
t > toZ (t) € LY(Ry). Then, the solution trajectory X € S2 of (SDE) obeys:

(i) t— t|VF(X(@))]? € LY(Ry) a.s..

(ii) f(X(t)) —min f = o(t™!) a.s..
Proof. Proof. By applying Itd’s formula in Proposition 2.3 with ¢(t,z) = ¢(f(x) — min f) we get

i = t §)) —min f)ds 1 t r|2(s s 2 s))|sds
U O) =min ) = [ (FX() = min s+ 5 [ w206 X(6) V2 FOX ()
—/O sV f(X (s))||*ds +/O (50 (s, X (8)VF(X(s)),dW (5)).
By (7) and convexity of f, we deduce that f(X(-)) — min f € L!(R,) a.s.. Moreover,
+o00 +oo
/ str[S(s, X (5)) V2 F(X(5))]ds < L/ 502 (s)ds < +oo.
0 0

Then by Theorem A.9, we have that lim;_, { o t(f(X (¢))—min f) exists a.s. and f0+°o tIVA(X(@)|%dt <
+00 a.s.. Finally, by Lemma A.1, we conclude that lim; 4 t(f(X(£)) — min f) = 0 a.s.. O
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4 Convergence rates under Lojasiewicz inequality

The local convergence rate of the first-order descent methods can be understood using the Lojasiewicz
property and the associated Lojasiewicz exponent, see [3, 27]. The Lojasiewicz property has its
roots in algebraic geometry, and it essentially describes a relationship between the objective value
and its gradient (or subgradient).

Definition 4.1 (Lojasiewicz inequality). Let f : R? — R be a differentiable function with
S = argmin(f) # () and ¢ € [0,1[. f satisfies the Lojasiewicz inequality with exponent ¢ at = € S
if there exists a neighborhood Vz of Z, r > min f and p > 0 such that

u(f(@) —min f)? < [Vf(@)ll, Vo€ VN minf < f <] (24)

The function f has the Lojasiewicz property on S if it obeys (24) at each point of S with the same
constant p and exponent ¢, and we will write f € L9(S).

Error bounds have also been successfully applied to various branches of optimization, and in
particular to complexity analysis, see [47]. Of particular interest in our setting is the Hélderian
error bound.

Definition 4.2 (Hélderian error bound). Let f : R? — R be a proper function such that
S = argmin(f) # 0. f satisfies a Holderian (or power-type) error bound inequality with exponent
p > 1, and we write f € EB?| if there exists v > 0 and r > min f such that

f(z) —min f > ydist(z,S)’, Ve e minf < f<r]. (25)
For a given r > min f such that (25) holds, we will use the shorthand notation f € EB?([f < r]).

A deep result due to Lojasiewicz states that for arbitrary continuous semi-algebraic functions, the
Hoélderian error bound inequality holds on any compact set, and the Lojasiewicz inequality holds
at each point; see [38, 39]. In fact, for convex functions, the Lojasiewicz property and Holderian
error bound are actually equivalent.

Proposition 4.3. Assume that f € To(R%) N CY(R?) with S = argmin(f) # 0. Let ¢ € [0,1],

p < ﬁ > 1 and r > min f. Then f verifies the Lojasiewicz inequality (24) at & € S if and only if

the Hélderian error bound (25) holds on Vz N [min f < f < r].

Proof. Proof. Combine [12, Lemma 4 and Theorem 5]. O

We are now ready to state the following ergodic local convergence rate.

Proposition 4.4. Consider the hypotheses of Theorem 3.3 and let € > 0. If f € EBP([f < r¢]) for
2
re > min f + %* + &, then Jt. > 0 such that

dist (E(X (1)), S) = O(t‘%) + 0O (af’> .Vt >t
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Proof. Proof. There exists ¢ > 0 such that for all t > t., %)f’s)e) < e. Thus, from (10) and
Jensen’s inequality, we have
2
fEX@)]) <EfX(E)] Sminf+ = +e<r, Wt

This reflects the fact that, E[X ()] € [f < r.| for t > t.. Using Theorem 3.3 and that f € EBP([f <
re]), letting v > 0 the coefficient of the error bound, we have
E (dist(Xo,S)?) o2

ydist(E(X (¢)),S)? < f(E[X(t)]) — min f < 5 + 50 vt > t..

Dividing by v > 0, then taking the power % on both sides of the previous inequality, and finally
using the subadditivity of the power function (-)'/? on [0, 400 (recall p > 1), we obtain

®MMX@%$§(E@mg?ﬁﬁwpf;+<£>{ Vit > t..

4.1 Discussion on the localization of the process

Let us take a moment to elaborate on the localization of the process X (t) generated by (SDE) when
fe C’}J’l(Rd) NTo(R%) and 04 € L2(Ry). This discussion is essential to understand the challenges
underlying the analysis of the local convergence properties and rates in a stochastic setting under
(local) error bounds. First, observe that the hypothesis of Lipschitz continuity of the gradient is
incompatible with a global hypothesis of error bound or Lojasiewicz inequality unless the exponent
isp=2o0rq= %, respectively. Therefore, we can only ask for these inequalities to be locally
satisfied. Even though, thanks to convexity, we could introduce a global desingularizing function
(see [12, Theorem 3]), this function would not be concave nor convex, a fundamental property
usually at the heart of the local analysis. In recent literature on stochastic processes and local
properties, it is usual to find hypotheses about the almost sure localization of the process or that
it is essentially bounded. Nevertheless, these assumptions are unrealistic or outright false due to
the behavior of the Brownian Motion. Hence, we will avoid making these kinds of assumptions.

What we will do is to consider that by Theorem 3.1 we have that lim; 4 f(X(¢)) = min f a.s.,
which means that there exists Qcony € F such that P(Qeony) = 1, and (Vr > min f,Vw € Qcony),
(3tr(w) > 0) such that (Vt > t,(w)), X(w,t) € [f <r]. However, one should not infer from this that
X(t) € [f <r] as. for ¢ large enough. Indeed, ¢, is a random variable which cannot be in general
bounded uniformly on Q¢ony. Rather, in this paper, we will invoke measure theoretic arguments
to pass from a.s. convergence to almost uniform convergence thanks to Egorov’s theorem (see
Theorem A.4). More precisely, we will show that

(Vo > 0,¥r > min f), (305 € F s.t. P(Qs) > 1 — 6 and Elf,«,(; > 0), (Vw € Qs,Vt > 1?,«,5),
X(w,t)e[f <]

Hence, this property will allow us to localize X (¢) in the sublevel set of f at r for ¢ large enough
with probability at least 1 — 0. In turn, we will be able to invoke the error bound (or Lojasiewicz)
inequality.
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4.2 Convergence rates under Lojasiewicz Inequality

Let 00 € L2(Ry),L > 0,8 > 0,8 € [0,1[ and some positive constants Cy, Cys, C. Consider the
functions hs, s, ks : Ry — R defined by:

he(t) = 02 (1) + oy — 22 (26)
(5 O-oo * 1 )
2 fi5 o2 (u)du
L o2, (t)
I5(t) = 202 (t) + CouVd o , (27)
2 2, /ftté o2 (u)du
katt) = Za2 (1) + Crevb—2= (28)
2\/f55 o2 (uw)uP~ldu

We are now ready to state our main local convergence result.

Theorem 4.5. Consider (SDE) where f and o satisfy the assumptions (Hy) and (H), respectively.
Additionally, Xo € L*(Q;R?) and is Fo-measurable. Let X € S4 the unique solution tmjectory of

(SDE). Suppose also that o € L2(R}) (Coo = ||ooo |12 ®,))- Let p > 2 and ¢ =1- 5 € [3,1],
and assume that f € L1(S). Consider also the positive constants Cy,Cys, Cr,Cq, Cf (detazled m
the proof). Then, for all § > 0, there exists a measurable set Qs such that P(Qs) > 1—6 and t5 > 0
such that the following statements hold.

(i) If p =2 and o is non-increasing, then oo vanishes at infinity and

(a) there exists -y > 0 such that for every X\ €]0,1],
E <diSt(X(t)7 '5)2) < e—Z’y(t—fg)E (dlSt(X(tA(;), 8)2>
- 2

2
+ e 0=N) (02 4 0, V) 29)

hs(fs + At — ]

. 5(5+27( )y oG, vt > is;

(b) there exists pn > 0 such that for every A\ €]0,1],
E (f(X(t)) — min f) < e (= té)E([f(X( )) min f]lg,)
g 2( Y(t—ts) ( % 4 0Cs \f) (30)

L s(ts + A( 755)) CpVe, Vit > ts.

Moreover, if (23) holds, then
E (f(X(t)) — min f) < e **(E([f(X ({5)) — min f]1q,)
LCZ, 5
+ e (1=t ls) 52+ CCs i WS) (31)

4 halls “< =) 4 ¢,v5, vt > i,
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(ii) If p > 2:
(a) There exists v > 0 such that

e (TOPE) < + s V>4 .

where y3 is the solution of the Cauchy problem

©1 y'(t) = —2%yy2 + hs(t), V> i
. ~ is 7 2
y(ls) =E (7‘1 HX(15.5) 1195) .

(b) There exists p > 0 such that
E[f(X(t)) — min f] < wj(t) + CpV3, Yt > i, (33)
where w} is the solution of the Cauchy problem

©2) {y'u) =~y + (1), > s
0 wlts) = E(f(X(f5) — min f]1g,).

Moreover, if (23) holds, then
E[f(X(t)) —min f] < z5(t) + C;V6, Vi > s, (34)

where z5 is the solution of the Cauchy problem

(C.3) { y'(t) = —ply(t)2 +ks(t), Vt>is

~

y(ts) =E([f(X(f5) — min f]Lg;).
Before proceeding with the proof, a few remarks are in order.

Remark 4.6. The hypothesis that f has a Lipschitz continuous gradient restricts the Lojasiewicz

exponent g to be in [, 1.

Remark 4.7. If we have a global error bound (or Lojasiewicz inequality), then as noted in the
discussion of Section 4.1, one necessarily has p = 2 (or ¢ = 3). In this case, the statements (i) of
Theorem 4.5 will hold if we replace 0o, € L?(Ry) by 04 non-increasing and vanishing at infinity,
§ by 0 and 5 by 0. Clearly, one recovers (13).

Remark 4.8. It is important to highlight the trade-off in the selection of §. Although d can be
arbitrarily small, the time from which the inequalities are satisfied, ts5, surely increases when §
approaches 07. Besides, let 4i, Ry = R be a decreasing function. Our convergence rates in
Theorem 4.5 are of the form E[m(X(t))] < g5z, () + CV4, Wt > ts, where m(z) = f(z) — min f
or m(x) = dist(z,S)?/2. Let ¢ €]0,2C[ and 6* = %. Then one gets an e-optimal solution for
t > max{q*(e), s}

Remark 4.9. Referring again to the discussion of Section 4.1, we have that there exists § > 0 and
Qs € F with P(Qs) > 1 — § over which we have uniform convergence of the objective. If § could be
0 (a.s. uniform convergence), there would be a ¢ > 0 such that X (t) € [f < r],Vt >t a.s.. Thus,
the statements in Theorem 4.5 would hold if we replace § by 0 and #5 by t. The proof is far easier
in this case. It is however not easy to ensure the existence of such ¢ in general.
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Remark 4.10. In order to find explicit convergence rates in Theorem 4.5 we have to solve or bound
the solution of the Cauchy problems (C.1), (C.2) and (C.3). We can generalize these problems as
follows: Let a > 0,b > 1,5 > 0,0 > 0,y0(fs,0) > 0 and ps a nonnegative integrable function.
Consider

~ ~

(C.0) {y/(t) = —ay’(t) + ps(t), Vt>1s
| ws) = wolds, ).

Although one could give an explicit ad-hoc ps in order to find a particular solution of (C.0), the
dependence of this function on ¢z is unavoidable, which is a problem, since p; is explicitly related
t0 0o, and this in turn is the one that defines #5 in the first place.

To the best of our knowledge, there is no way to arithmetically solve this non linear ODE, not

even a sharp bound of the solution.
b
b—

Nevertheless, if y(t) = O ((t + 1)7ﬁ>, then ps(t) = O ((t + 1)771). Which leads us to make

the following conjecture:

oo

Conjecture 4.11. If ps = O(c2,) and o2,(t) = O <(t + 1)_%> (for constants
independent of § and #s), then y(t) = O ((t + 1)*b%1>.

Proof. Proof of Theorem 4.5. Given that 0o, € L2(R ), if it is non-increasing, we have immediately
that it vanishes at infinity. Let * € S. Let us recall that by claim (i) of Theorem 3.1, there exists
C* > 0 such that

igg]E (dist(X (t),S)?) < it;E)JE (IX () —2*|]*) < C*.
2
SupE (F(X (1)) — min f) < SE(IVA(X () ~ V) + SE(X () — ) < T 10 < 4o

t>0

On the other hand, by Theorem 3.1(iii), there exists a set Qcony € F such that P(Qeony) =
1 where, for all w € Qcony: limyioo f(X(w,t)) = minf, t — f(X(w,t)) is continuous, and
limy—y 4 oo dist(X (w,t),S) = 0. Then, by Theorem A.4 for every 6 > 0 there exists Q5 € F such
that Qs C Qconv, P(s) > 1 — 06 and f(X(-,t)) (resp. dist(X(+,¢),S)) converges uniformly to min f
(resp. to 0) on ;. This means that given r > min f, and for every § > 0, there exist £5 > 0 and
Qs € F with P(€5) > 1 — § such that X (w,t) € [f < r]NVs for all t > 5 and w € Qs, where
Vs is a neighbourhood of §. On the other hand, since f € L4(S), by Proposition 4.3, there exists
r > min f and a neighbourhood Vs of S such that f verifies the p-Holderian error bound inequality
(25) on [min f < f < r] N Vs. Consequently, for any § > 0, there exists t > #5 large enough such
that the p-Holderian error bound inequality holds at X (w,t) for all ¢ > ts and w € Q.

We are now ready to start. Let 2* € S, § > 0, and t > 5.
(i) p=2:
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~

(a) Let g(t) = $(X(t)) = w, G(t) =E(g(t)1q,), and p > 0 be the coefficient of the
error bound inequality. We have

Vo(X(1) = X (1) - Ps(X (1)),

where Ps(x) is the projection of z on S, so ngS S Cll’l(Rd). We use Proposition 2.4 to
obtain

t
) =) < = [ (VF(X(), X(5) = Po(X(5) ds
+/1E tr[E(s,X(s))}ds+/£ <UT(S,X(5))(X(5)—PS(X(S))),dW(s)>. (35)

We have that tr[X(s, X (s))] < 0% (s) and by convexity

—(Vf(X(s),X(s) = Ps(X(s))) < — (f(X(s)) —min f).
Therefore,

t

at) — 9(is) < — / (F(X(s)) — min f)ds
T / 0% ()ds + / (07 (5, X () (X(s) — Ps(X(s))), dW (s)).

Then, multiplying this inequality by lg,, and taking expectation we obtain

~

610 - Glis) < & | [ (FX(6) ~min ) 05| + [ o2 ()i
+E[1n, [ (o765 X)) - BX D (s))].
On the other hand, since oo € LA(R,.), we have for all T > 0
, ,
B ([ 1Tl XEN0K) — PoCx o IPas) <E ([ oR ()X06) — PeCx(s))as)
. /0 " 02 (s E(dist(X (1), §))ds
<cr /;OO 02, (5)ds < +oc.
Letting Y (s) = o7 (s, X(5))(X(s) — Ps(X(s))), then
e[ [ ve.amep) <o
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This immediately implies
t ¢
E {1% / (Y (s), dW(s))} - E [ngm\ﬂs / (¥ (s), dW(s)>] .
ts ts
The right-hand side can be bounded using Cauchy-Schwarz inequality as follows

B [toie, [ 06w

ts

_ ‘E [HQW\Q& / t <UT(3,X(S))<X(3) — Ps(X (s))),dW(s>>} '

ts

t 2
< mﬂm\m)JE [( [ T X)) —Ps<X<s>>>,dW<s>>) ]

< ﬁﬁ [T X)) - Ps<X<s>>>u2ds}

2
C*6 02 (s)ds = VC*§ T5(5) ds
/ta () is 2, /fti o2 (u)du

where we have used the fundamental theorem of calculus to arrive at the last equality.
Set C, = VC*, and recall that C = 0+°O 02 (s)ds. Thus, for every t > t;

G) < Glis) — [ EISCX(s) —min flogJds + [ 0% (s)ds +C.v5 %oo(2)

; g zm

Recall hs(t) from (26). Then, we can rewrite (36) as
G(t) < G(ts) — /;E[(f(X(s)) —minf)]lgé]ds—k/; hs(s)ds, Yt > ts. (37)
5 s
Using that f € EB*([f < r]), we obtain
G(t) < G(ts) — 27 it@(s)ds+ /t t hs(s)ds, Yt > ts.
s 5
Observe that hs € L!([ts, o0]) since
/:oo hs(s)ds < C% + C.Cou V3.
5

The goal now is to apply the comparison lemma to @(t) (see Lemma A.2) which neces-
sitates to solve the following ODE

{ Y1) = —29y(t) + hs(t) Yt > 15,
u(is) = G(ls).
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Let A €]0, 1[. Using the integrating factor method, we obtain

t
hs(s)e* *ds + 627t/ hs(s)e*5ds
ts+A(t—is)

ts+A(t—Es)

() = F My et [
t

R R R ts+A(t—ts)
< e DEBIR(G(E5)) + e I-NEt) hs(s)ds
is
t
+ hs(ts + At — t5))e > / e*ds
£5+/\(t72€5)
< e IEG(Ey)) + AN (2 4 0,00 VE) + 0T ;(t —%)),
Y

where in the first inequality, we used that o2 is non-increasing and so is hs. Lemma A.2
then gives

E <d1$t(X(t)7S)2 ]]-Q(;> < 6—27(t—55)E (diSt(X(£5)78)2>+e—2'y(1—>\)(t—f5)(02 +C.C \/5)
2 - 2 ol T

hs(ts + A(t —Ls))
+
2y

According to Corollary A.6 we obtain that for all ¢ > #;

, 2 ) , P o2 )
E(dlst(Xét)aS) > < e Nl-iR (dlst(X(Qta),S) >+6—2’y(1—>\)(t—t5)(cgo+C*COO\/S)

hs(ts + Mt — ¢,
n 5(5+27( 5))+Cd\/3-

(b) Denote g(t) = ¢(X(t)) = f(X(t)) — min f and G(t) = E(1Lq,g(t)). By Proposition 2.4
36) <36s) ~ [ (VX)) VX)) s+ 5 [ alS(s X(s)lds
+/£ <aT(s,X(s))Vf(X(s)), dW(s)>. (38)

Multiplying both sides by 1o, and taking expectation we obtain

G(t) — G(ts) < -E [ i: HVf(X(s))HZILQ(;ds} + gE [/: tr[Z(s,X(s))]ds]

+E [n% [ <UT(3, X(s))VF(X(s)), dW(s)ﬂ . (39)

s

On the other hand, we have
B ([ ' o7 (s X)TAX I ) < 228 [ " o2 ()X (5)) - o ds)

—+00
< L2C*/ 02 (s)ds < +00, YT > 0.
0
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Since E [f;; (o7 (s,X(s))Vf(X(s)), dW(s)>] =0, we have

® [t [ (o7 XOUTIOE0). W (0)] = -8 [1ains [ (o7 XEN@ICKG.07(9)].

ts

The last term can be bounded as

& [toion [ (7X@ D). 6)]|

ts

t 2
< E(ILQCOHV\Q(;)JE[( / <aT<s,X<s>><Vf<X<s>>>,dw<s>>)]

is

< NS\/E [ / 02,()| X (s) - x*n?ds}

< VG5 / 2 (5)ds = IVEG [ —Zel®)

ts ts 2,/f ago

where we have used the fundamental theorem of calculus to arrive at the last equality.
Let us notice that if (23) holds, then Proposition 3.4 tells us that E(f(X (¢)) — min f) <
K't?~! with 8 € [0,1[, and for some K’ > 0. In this case, Cauchy-Schwarz inequality
and Corollary 2.2 yield

‘IE [chonv\m /t: <UT(3,X(3))(Vf(X(s))),dW(s)>]‘ <V2LK'V§ 5 2\/152 is)sﬂ;; lduds.

Injecting this into (39), we have for all ¢ > #;

&) < G(is) —E[ f HVf(X(s))HQJlQadS] 5 [ oo
Crvo [}, QW

OO(
C**\fft(; 9 /7f (0)d

where C,, = LvVC*, Cx = vV2LK' and recall that C = 0+°° 2.(s)ds. Recalling
l5(t) and ks(t) from (27)-(28), and by Fubini’s theorem, (40) becomes

zu ———ds, Vit >{5 if (23) holds,
) ()
ds otherwise,

_ - t ! ks(s)ds if (23) hold
- s(s)ds i olds,
Go) < @) ~ [ B[IVS0X)IP 10, ds+{ftg s 1 (23 ()
is ft} ls(s)ds otherwise.

Since f € LY2(S), there exists > 0 such that

o b ks(s)ds if (23) holds,

Gty < Glis) — [ G + | JigFo(e)ds i (23) bolds (@)

15 ft ls(s)ds otherwise.

To get an explicit bound in (42), we use Lemma A.2, which involves solving
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E£2) {y’(jﬁ) = (1) +15(t), Vi > s
y(ts) = Glis)
B3 {y'@ = —y(t) + ks(t), Vi > s
y(ts) = G(ts)
Let A €]0,1[. Using the integrating factor method as in (i), we get for (E.2)

p2(1=X)(t—i5) (LOOO 4 OO \[) w for (E.2)

< e M-t R (5(1
ylt) <e E(g(ts)) + 12 (1=2)(t—15) (LC’OO + CrCs tﬂ l\f) M for (E.3).

Using Lemma A.2 and then Corollary A.6, we obtain
E[f(X(#)) —min f] < y(t) + C; V5
< e TR [£(X (i5)) — min f] + CpVo

o2 (1=X) (t—E5) < LC%, + 0, Co \f) l5(t5+:(t—t5)) for (E.2)
" )(t—ts) ( L 4 OxCoor/[E2™ 1[) + Bl Mt=l))  gop (1.3).
u?
(ii)) p>2:
(a) We embark from inequality (37) and we now use that f € EBP([f < r]) with p > 2, to
get
N N t t
G(t) < Glés) ~ [ BI(F(X(5) ~ min f)n] s+ [ ha(s)ds (43)
ts ts
t t
< G(ts) — 202y A G(s)P/? —i—[ hs(s)ds.
ts ts

In the last inequality, we used that p > 2 and Jensen’s inequality.

The idea is again to use the comparison lemma (Lemma A.2), which will now involve
solving the Cauchy problem (C.1), and finally invoke Corollary A.6.

(b) The reasoning is similar to the previous point using now that f € L(S) and the com-
putations of (i)(b). We omit the details for the sake of brevity.

O
5 SDE for nonsmooth structured convex optimization
In this section, we turn to the composite convex minimization problem with additive structure
min f(z) + g(z), (44)
z€R4
where
f € CpH(RY) NTo(RY) and g € To(RY); ()
S = argmin(f + g) # 0. 0
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The importance of this class of problems comes from its wide spectrum of applications ranging
from data processing, to machine learning and statistics to name a few.

We consider two different approaches leading to different SDE’s. The first is based on a fixed point
argument and the use of the notion of cocoercive monotone operator. The second approach is based
on a regularization/smoothing argument, for instance the Moreau envelope.
5.1 Fixed point approach via cocoercive monotone operators
Let us start with some classical definitions concerning monotone operators.
Definition 5.1. An operator A : R* = R? is monotone if

(u—v,x—y) >0, V(x,u) € graph(A), (y,v) € graph(A).

It is maximally monotone if there exists no monotone operator whose graph properly contains
graph(A). Moreover, A is vy-strongly monotone with modulus v > 0 if

(u—v,2—y) 2 9lle—yl*, V¥(z,u) € graph(A), (y,v) € graph(A).
Remark 5.2. If A is maximally monotone and strongly monotone, then A=1(0) £ {z € R? :
A(z) = 0} is non-empty and reduced to a singleton.

Remark 5.3. The subdifferential operator dg of g € T'g(R?) is maximally monotone.

Definition 5.4. A single-valued operator M : R? — R¢ is cocoercive with constant p > 0 if

Remark 5.5. It is clear that a p-cocoercive operator is p~'-Lipschitz continuous. In turn, a
cocoercive operator is maximally monotone.

Remark 5.6. If f € Ci’l(Rd) N To(R?), then the operator Vf is L~ !-cocoercive.
Our interest now is to solve the structured monotone inclusion problem
0 € A(x) + B(z),

where A is maximally monotone, and B is cocoercive with (A + B)~!(0) # (). This is of course a
generalization of (44) by taking A = dg and B = Vf.
A favorable situation occurs when one can compute the resolvent operator of A

Jua= (I +pA)~t, u>0.

In this case, we can develop a strategy parallel to the one which consists in replacing a maximally
monotone operator by its Yosida approximation. Indeed, given p > 0, we have

(A+B)(x)20 < z— Jua(r —puB(x)) =0 < My p,(z) =0, (45)

where M4 g, : RY — R? is the single-valued operator defined by
1
Mapu(@) = 2 (2 = Jua(@ = nB(2))) (46)
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M B, is closely tied to the well-known forward-backward fixed point operator. Moreover, when
B=0,Mag, = i (I — Jy,a) which is nothing but the Yosida regularization of A with index p. As
a remarkable property, for the p parameter properly set, the operator M4 g, is cocoercive. This
is made precise in the following result.

Proposition 5.7. [/, Lemma B.1] Let A : R = R? be a general mazimally monotone operator,
and let B : RY — R? be a monotone operator which is A-cocoercive. Assume that €]0,2X[. Then,

M, B, 1s p-cocoercive with
p=p (1 - ﬁ)
ax/)
We first focus on finding the zeros of M, where
M :R% — R is cocoercive and M~1(0) # 0. (H))

We will then specialize our results to the case of a structured operator of the form My g .

Our goal is to handle the situation where M can be evaluated up to a stochastic error. We
therefore consider the following SDE with an Fy-measurable initial data Xq:

{ dX(t) = —M(X(t))dt + o(t, X (t))dW (t), t >0 (SDEM)
X(0)=Xo

As in Section 1.1, we will assume that the volatility matrix ¢ : Ry x R? — R¥>™ satisfies (), W
is a Fr-adapted m-dimensional Brownian motion.

Remark 5.8. The motivation of (SDE™) comes again from the Robbins-Monro stochastic ap-
proximation algorithm where the martingale difference noise/error is induced by randomly approx-
imating the action of the whole fixed point operator M4 g ,. This allows for instance for inexact
computation of the resolvent of A with random noise. However, the situation is more intricate
when the noise is solely on B (i.e.inside the resolvent), as it is standard in many applications
(think of B = V f and the latter is accessible only some unbiased stochastic estimator). In this
case, to justify moving the noise outside of the resolvent, one has to modify (SDEM) to a lim-
iting continuous-time process of a forward-backward scheme, which would take us to the land of
stochastic differential inclusions (SDI). SDI's were only introduced in the early 80’s by [32, 33],
where the notion of solutions with pathwise uniqueness of a solution for a certain class of maximal
monotone operators A was introduced. Theory of SDI’s has subsequently received much attention
with general applications including beyond the maximal monotone case; see e.g. [31]. We point out
in particular the results of [50] who was the first to show existence and uniqueness of a solution
to SDI’s with maximal monotone A and Lipschitz continuous B using the Yosida approximation
of A, hence extending known results of Brézis [13] in the deterministic case. This is yet another
justification behind our second approach using Moreau-Yosida regularization, though restricted to
functions. However, handling SDI’s properly would necessitate much more care and many new
techniques and notions that will deserve a whole dedicated paper which is the subject of ongoing
work.

Let us now state the natural extensions of our main results to this situation.
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Theorem 5.9. Let M : R? — R? be a cocoercive operator. Consider the stochastic differential
equation (SDEM), with M and o under the hypotheses (H)') and (M), respectively. Additionally,
letv > 2, Xg € L"(Q;]Rd) and 1is Fo-measurable. Then, there exists a unique solution X € SY.
Moreover, if 0o € L2(Ry), then:

(i) E [supyso [ X (D)]1"] < +oo.
(it) Va* € M~(0), limy_yo0 | X () — 2*|| exists a.s. and supysq | X ()| < +00 a.s..
(111) limy_yoo | M (X (2))]| =0 a.s..

(iv) There exists an M ~1(0)-valued random variable X* such that lim;_, X (t) = X* a.s..

Proof. Proof. Existence and uniqueness follow from Theorem A.7 since M is Lipschitz continuous
and o verifies (H). The proof of the first three items remains the same as for Theorem 3.1,
where we use the cocoercivity of M instead of the convexity of f in the third item to prove that
limy_,o0 || M (X ())|| = 0 a.s.. For the last item, it suffices to use that the operator M is continuous
(since it is Lipschitz continuous) to conclude with Opial’s Lemma. O

Theorem 5.10. Consider the dynamic (SDEM) where M and o satisfy the assumptions (')
and (H). Moreover, let M be a p-cocoercive operator. Additionally, Xo € L?(Q;R?) and is Fo-
measurable. Let X € Sg be the unique solution of (SDEM), then the following properties are
satisfied:

(i) Let Mo X(t) =t~ [ M(X(s))ds and [M(X(#)[]2 =t [ || M(X(s))||*ds. We have

E (dist(Xo, M~1(0))?) o2
£Vt >0. 47
ot + 2 > (47)

E[IMoX ()] <E |[[MX®)P] <
Besides, if 0o is L2(Ry), then

E[|[MoX®)|* <E [||M(X(t))||2} =0 (1) V> 0. (48)

(ii) If M is y-strongly monotone, then M~1(0) = {z*} and
2
E(IX(t) — 2*[|2) <E (| Xo — 2*[?) e + ”7 vt > 0. (49)

If, moreover, oo is non-increasing and vanishes at infinity, then for every A €]0,1]

2
E (| X(t) — 2*|]?) <E (| Xo — 2*|?) e + %eﬂt(H) +o2 (M), Vt>0.  (50)

Proof. Proof. Analogous to Theorem 3.3. O

We now turn to the local convergence properties. To this end, we need an extension of the
Hélderian error bound inequality (or Lojasiewicz inequality) to the operator setting. For convex
functions, it is known that error bound inequalities are closely related to metric subregularity of
the subdifferential [2, 34, 35]. This leads to the following definition.
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Definition 5.11. Let M : R? — R? be a single-valued operator. We say that M satisfies the
Hélder metric subregularity property with exponent p > 2 at #* € M~1(0) if there exists v > 0
and a neighbourhood V.~ such that

| M (2)||? > ydist(z, ML(0))P, Vo € Vye. (51)
If this inequality holds for any z* € M ~1(0) with the same v, we will write M € HMSP(R?).

Theorem 5.12. Consider the dynamic (SDEM) where M and o satisfy the assumptions (H)') and
(H). Moreover, let M € HMS?(R?) be a p-cocoercive operator. Additionally, Xy € L4(Q;R?) and
is Fo-measurable. Suppose that oo € L2(R) (Coo = locollr2(m,)) and oo is non-increasing. Let
X e Sﬁ be the unique solution of (SDEM). Consider also the positive constants C,Cq,~y. Then,
for all 6 > 0, there exists t5 > 0 such that for every X € (0,1):

E <dist(X(t),M1(0))2> < ol <dist(X(£5),M1(o))2>

5 2
+ e 2N (02 1 L OV3) (52)
hs(ts + At —t ?
1 6(6+ ( 6))+Od\/37 vt > ts,

2vp

where hs(t) = o2 (t) + CV/o 25 (®)

2, /ffé o2 (w)du

Proof. Proof. The proof is essentially the same as that of Theorem 4.5(i)(a), where instead of
convexity in (35), we use cocoercivity of M, and in (37) we invoke Theorem 5.9 and Hélder metric
subregularity. O

Remark 5.13. We can naturally extend the previous result for p > 2 as in Theorem 4.5(ii).
Nevertheless, since that bound is not explicit, we will skip this extension.

As an immediate consequence of the above result, by considering the cocoercive operator M4 g,
defined in (46), we obtain the following result.

Corollary 5.14. Let A : R = R? be a mazimally monotone operator and B : R? — RY be a

A-cocoercive operator, X > 0. Let Ma g, be the operator defined in (46). Assume that p €]0, 2\

and (A+B)~1(0) # 0. Then, the operator Ma p,, is p-cocoercive with p = p (1 — 45), letting v > 2

and considering the SDE with initial data Xo € LV (S;R?) which is Fo-measurable:

{ dX (t) = —Map (X (1)dt + o(t, X (£))dW (t), t >0 (SDEMA5.0)
X(0) = Xo,

we can conclude the same results as in Theorem 5.9 and Theorem 5.10. In particular, if oo €

L2(Ry), there exists an (A + B)~'(0)-valued random variable X* such that lim; o X () = X*
a.s..
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This result naturally applies to problem (44) when S = argmin(f + g) # () by taking A = d¢g and
B = Vf. In this case, one has that X (¢) converges a.s. to an S-valued random variable. Moreover,
using standard inequalities, see e.g. [6], one can show that

E[(+0) (17 [ (0%, ()~ w5 0¥ ) —mints +.9)] = WE [nMag,Vf,“(X(t))n?]) ,

where prox,,, = (I 4+ pdg)~" is the proximal mapping of g. From this, one can deduce an Ot=1/?)
rate thanks to (47) and (48).
5.2 Approach via Moreau-Yosida regularization

The previous approach, though it is able to deal with more general setting (that of monotone
inclusions), took us out of the framework of convex optimization by considering instead a dynamic
governed by a cocoercive operator. In particular, the perturbation/noise is considered on the whole
operator evaluation and not on a part of it (i.e. B) as it is standard in many applications. Moreover
this approach led to a pessimistic convergence rate estimate when specialized to convex function
minimization. By contrast, the following approach will operate directly on problem (44) and is
based on a standard smoothing approach, replacing the non-smooth part g by its Moreau envelope

[7].

5.2.1 Moreau envelope
Let us start by recalling some basic facts concerning the Moreau envelope.

Definition 5.15. Let g € T'o(R%). Given # > 0, the Moreau envelope of g of parameter  is the
function

def 1 2\ _ 1
)2 int, () + 55lle ~1?) = (5.0 o) @)
where [J is the infimal convolution operator and g(z) = 3 ||z|%.

The Moreau envelope has remarkable approximation and regularization properties, as summa-
rized in the following statement.

Proposition 5.16. Let g € To(R?).
(i) go(x) | inf g(R?) as 6 1 +o0.
(i) go(z) 1 g(x) as 6 1 0.
(iii) go(x) < g(x) for any 6 > 0 and x € R,
(iv) argmin(gp) = argmin(g) for any 6 > 0,
(v) g(x) — go(x) < £1°9(x) |12 for any 6> 0 and & € dom(dyg),

(vi) gg € CY (RY) NTo(RY) for any 6 > 0.
6
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We use the following notation in the rest of the section: F 4 f+9S = argmin F', Fy o f+ae
and Sy & argmin Fy.

Note that Fy € C’i’il(Rd) NTo(R?). Thus we will use Fy as the potential driving in (SDE), that
. 0
is

(SDEy)

dX () = —VFy(X(t))dt + o (t, X ())dW (¢), t > 0
X(0) = Xo.

Throughout this section, we assume that Xo € L2(Q;R?) and is Fop-measurable. Under (H)) and
(H), we will show almost sure convergence of the trajectory and corresponding convergence rates.

Remark 5.17. Though we focus here on the Moreau envelope, our convergence results, in par-
ticular, Proposition 5.20, still hold with infimal-convolution based smoothing using more general
smooth kernels beyond the norm squared; see [7, Section 4.4].

5.2.2 Convergence of the trajectory
Applying Theorem 3.1 to Fy, we have the following result.

Proposition 5.18. For any 0 > 0, let Xy € L2(Q;RY) and Xy € S2 be the unique solution of
the dynamic (SDEy) governed by the potential Fy, and make assumptions (Hj), Sp # 0, (H) and
0 € L2(Ry). Then there exists an Sp-valued random variable X} such that

: *
tl}gl@ Xo(t) = Xy, a.s..
If f =0, then Sy = S (see Proposition 5.16(iv)), and Proposition 5.18 provides almost sure
convergence to a solution of (44). On the other hand for f # 0, S # Sp in general and we only
obtain an “approximate” solution of (44); see Proposition 5.19(ii) for a quantitative estimate of
this approximation when f is strongly convex. To obtain a true solution of the initial problem, a
common device consists in using a diagonalization process which combines the dynamic with the
approximation. Specifically, one considers
{ dX (t) = =V (X (t))dt + o (t, X(£))dW (t), t >0
X(0) — (SDEg;))
(0) = Xo,

where 6(t) | 0 as t — +o00. In the deterministic case, an abundant literature has been devoted
to the convergence of this type of systems. Note that unlike the cocoercive approach, we are now
faced with a non-autonomous stochastic differential equation, making this a difficult problem, a
subject for further research (see also Remark 5.8).

5.2.3 Convergence rates

We start with the following uniform bound on &y which holds under slightly reinforced, but rea-
sonable assumptions on f and g.

Proposition 5.19. Consider f,g where f and g and are proper lsc and convex, and g is also
Lo-Lipschitz continuous.
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(i) Assume that F' = f + g is coercive. Then, there exists C > 0, such that for any 0 € [0, 1]

sup ||z[| < C. (53)
2€8y

(ii) Assume that f € T,,(R?) for > 0. Then (53) holds for every 0 € [0,1]. Moreover, S = {z*},
Sp = {x;} and
L2
lz5 — 2*||* < 709- (54)

Proof. Proof.

(i) Since F'is coercive, so is Fyp. Thus both S and Sy are non-empty compact sets. Let xj € Sy
and z* € S. By Proposition 5.16(v) and Lipschitz continuity of g, we obtain

L2
P(a) = Folag) = 9(a) = go(a) < 0.

Moreover,
L2 L2 L2 L2 o ~
Fy(x}) + ?00 < Fp(a*) + 709 < F(z*) + 70«9 < min(F) + 70 =453

where the second inequality is given by Proposition 5.16(iv). On the other hand, the coercivity
of F implies that there exists a > 0,b € R such that for any = € R¢

al[zl| +b < F(z).
Therefore, collecting the above inequalities yields
alljl| +b < F(ap) < C.

Using that xj is arbitrary in Sp, and defining C = % > 0, we obtain (53), or equivalently

that the set of approximate minimizers is bounded independently of 6.

(ii) Since f is p-strongly convex, so are F' and Fy. In turn, F is coercive and thus (53) holds by
claim (i). Strong convexity implies uniqueness of minimizers of F' and Fy. Moreover,

Ellas — 2| < Fo(a*) = Fy(p). (55)

From Proposition 5.16(iii)-(v) and Lipschitz continuity of g, we infer that

Fila*) - Foaf) < F(a*) = Fafai) < F(a) ~ Ffai) < 200, (56)

Combining (55) and (55), we get the claimed bound.

We are now ready to establish complexity results.
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Proposition 5.20. Suppose that in addition to (H}) and (H), F' = f + g is coercive and g is Lo-
Lipschitz continuous. Let Xo € L2(Q;RY) and Xy € S2 be the unique solution of (SDEj) governed

by Fy with 6 €]0,1]. Let Cy = E[(||Xo|| + C)?], where C is the constant defined in (53). Then the
following statements hold for any t > 0.

t
(i) Let Xp(t) = t_l/ Xo(s)ds, then
0

— . Co , of L}
E (F (Xp(t)) —minF) < o + > +07.

Besides, if 0o € L?(R}.), then

Co + f0+°° o2 (s)ds N GL—(%
2t 2

E (F (Xp(t)) —min F) =

(i1) If 0o verifies (23) with B € [0,1], and 0 €]0, 1], then

. Co K(A+L L2

(iii) If, in addition, f € T ,(R?) for some p > 0, then S = {z*} and

202 L2
E (|| Xo(t) — 2*]2) < 2Cpe ™+ + == 4 20,
I I

Besides, if 0 is non-increasing and vanishes at infinity, then VA €]0,1[:

12 —ut , 20% e 2 Lg
E (| Xo(t) — 2*[|?) < 2Cpe # + =Le# + 202, (At) +2-=20.
I I

Remark 5.21. Observe that when f = 0, then Sy = S = {«*}. Therefore in Proposition 5.20, the
last term in 8 can be dropped.

Proof. Proof.
(i) Combine Theorem 3.3(i) applied to Fy, Proposition 5.16(iii) and (v), and Proposition 5.19(i).

(ii) Argue as in claim (i) using Proposition 3.4 instead of Theorem 3.3(i), and use the fact that
V Fy is Lipschitz continuous with constant

1 L+1

(iii) Combine Theorem 3.3(ii) applied to Fy, Proposition 5.19(ii) and Jensen’s inequality.
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6 Conclusion, Perspectives

This work was intended to uncover the global and local convergence properties of trajectories of
gradient-like flows under stochastic errors. The aim is to solve convex optimization problems with
noisy gradient input with vanishing variance. We have shed light on these properties and provided
a comprehensive local and global complexity analysis both in the smooth and non-smooth case. We
believe that this work paves the way to many important extensions and research avenues. Among
them, we mention the following ones:

e Let H and K be two real separable Hilbert spaces, we can extend naturally every result of
this paper to the case where the data belongs to H, W is a K-valued Brownian motion, and
the volatility term is a linear Hilbert-Schmidt operator from K to H.

e Extension beyond the convex case, and for instance to the quasi-convex case, we refer to the
recent work of [17] which offers us perspective concerning the extension of our work to the
non-convex KL setting.

e Analyzing the non-smooth case, and more generally, the situations involving the sum of two
maximal monotone operators one of which is merely Lipschitz continuous. This covers many
important practical cases (e.g. primal-dual splitting, ADMM), and will take us to the land of
stochastic differential inclusions. This will in turn allow us to understand the behavior of the
solution Xy of (SDEy) as 6 vanishes. These are very interesting but challenging problems.

e Studying second-order dynamics with inertia in view of understanding the behavior of accel-
erated dynamics in presence of stochastic errors.

A Auxiliary results

A.1 Deterministic results
The following lemma is straightforward to prove. We omit the details.

Lemma A.1. Let to > 0 and g : [to, +0o[— Ry. Suppose that lim;_,o g(t) exists and foo 93 g <
+oo. Then lim_,o g(t) = 0.

The next result is an adaptation of [42, Proposition 2.3| to our specific context but under slightly
less stringent assumptions.

Lemma A.2 (Comparison Lemma). Let to > 0 and T > to. Assume that h: [to, +oo[— Ry is
measurable with h € L([to,T]) , that 1 : Ry — Ry is continuous and non-decreasing, o > 0 and
the Cauchy problem

{ O'(t) = —(p(t)) + h(t) for almost all t € [tg, T
e(to) = o

has an absolutely continuous solution ¢ : [to,T] — Ry. If a lower semicontinuous function w :
[to, T] — Ry is bounded from below and satisfies

w(t /@ZJ d7'+/th( Ydr
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forto < s<t<T and w(ty) = ¢o, then
w(t) <p(t) fort € [to, T].

Lemma A.3. Let f : Ry — R and liminf,, f(t) # limsup,, ., f(t). Then, for every o
satisfying iminf; o f(t) < o < limsup;_,, o, f(t), and for every B > 0, we can define a sequence
(tx)ken C Ry such that

flty) >, tp1 >t +58, VkeN

Proof. Proof. Since liminf; .| f(t) and limsup,_, . f(t) are different real numbers, a in the
lemma obviously exists. Moreover, by definition of limsup, there exists a sequence (tx)ren such
that limg_, o tx = +00 and f(tg) > . Let > 0 and ng = 0, let us define recursively for j > 1,
nj = min{n > n;_1 : t, —tn,_, > B}. Let j' € N be the first natural such that n; = +oco. This
implies that for every n > nj_q, t, < 8+ by, < 400, a contradiction since limy,— 4o t, = +00,
then for every j € N, n; < 4+-00. Thus, we can define (tnj )jen a subsequence of (t;)ren such that
lim; 4 o0 tn; = +00 and for every j € N, t,,, | —tn; > . O

A.2 Stochastic and measure-theoretic results

Let us recall some elements of stochastic analysis; for a more complete account, we refer to [44,
48, 41]. Throughout the paper, (2, F,P) is a probability space and {F;|t > 0} is a filtration of
the o-algebra F. Given C C ®, we will denote o(C) the o-algebra generated by C. We denote

Foo 0 (Uing Fi) € F.
The expectation of an R%valued random variable ¢ : @ — R? is denoted by

E(¢) & /Q £(w)dP(w).

As said in Section 2, for 1 < p < 400, LP(Q; R?) is the space of R%valued random variables & such
that E(||£]|P) < 400, with the usual adaptation when p = 4o0.

An event F € F happens almost surely if P(E) = 1, and it will be denoted as "E, P-a.s.” or
simply " F, a.s.”. The characteristic function of an event £ € F is denoted by

1p(w) wt | 1 fwekE,
w =
g 0 otherwise.

An R?valued stochastic process is a function X : @ x Ry — R% It is said to be continuous if
X(w,-) € C(Ry;RY) for almost all w € Q. We will denote X (t) £ X(-,t). We are going to study
(SDE), and in order to ensure the uniqueness of a solution, we introduce a relation over stochastic
processes. T'wo stochastic processes X,Y : Q x [0, T] — R? are said to be equivalent if X (t) = Y (),
Vt € [0,T], P-a.s.. This leads us to define the equivalence relation R, which associates the equivalent
stochastic processes in the same class.

Furthermore, we will need some properties about the measurability of these processes. A stochas-
tic process X : Q x R, — R? is progressively measurable if for every ¢ > 0, the map Q x [0, ] — R?
defined by (w,s) — X(w,s) is F; ® B([0, t])-measurable, where ® is the product o-algebra and B
is the Borel o-algebra. On the other hand, X is F;-adapted if X(¢) is F;-measurable for every
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t > 0. It is a direct consequence of the definition that if X is progressively measurable, then X is
Fi-adapted.

Let us define the quotient space:

5900, T7 o {X :Qx[0,T] — R%: X is a prog. measurable cont. stochastic process} /R

We set S9 o Nrso 5910, T]. Furthermore, for v > 0, we define S4[0,7] as the subset of processes
X(t) in S9]0, T] such that

SY10,T] = {X e 890,17 : E ( sup |]X(t)||”> < +oo} .

t€[0,T]

We define S = 505410, 7.

Theorem A.4 (Egorov’s Theorem). [5/, Chapter 3, Exercise 16] Let (X,3, u) be a measure
space with pu(X) < 400, and (fi)ier, is a family of real measurable functions such that for p-almost
allx € X:

1 limy 400 fi(@) = f(x), and

2. t— fi(x) is continuous.

Then, for every § > 0, there exists a measurable set Es C X, with u(X \ Es) < 6, such that (fi)ier,
converges uniformly on Eg.

Lemma A.5. Let § > 0,Qs € F such that P(Qs) > 1—6 and h: Q@ x Ry — R a stochastic process
such that sup,q E[h(t)?] < +00. Then, there exists a constant Cy > 0 (independent of §) such that

E[h(t)1a\a,] < ChVs.

Proof. Proof. Note that P(2\ §25) < ¢ and thus Cauchy-Schwarz inequality gives

E[h(t)1o\os] = Ah(wat)ﬂg\ag(w)dp(w) < VOER()?] < V5 [supE[h(t)?].

t>0

—_——

def
=Ch

O]

Corollary A.6. Let § > 0,85 € F such that P(25) > 1—6. Consider (SDE) where f and o satisfy
the assumptions (Hy) and (H), respectively. Assume that Xo € L*(Q;R?) and is Fo-measurable.
Moreover, suppose that o € L*(R}). Let X € S3 be the unique solution of (SDE), then there
exists Cq, Cy > 0 (independent of §) such that

E [W] o, | < CaVs,

E [dist(X(t),S)Q

and

E[£(X(t)) — min f] — E[(f(X(t)) — min f)1g,] < CyV/6.
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Proof. Proof. Let z* € S. Using Proposition 2.4 with a(ac) = M, squaring the obtained

inequality and taking expectation, we obtain

E [W} < SE(dist(Xo, 8)") + < /O t ago(s)ds>2

13K ( / <aT<s,X<s>><X<s>—Ps<X<s>>>,dW<s>>) ]

E(dist(Xo, S)) + % (/Ot ago(s)ds>2 +3sUpE(|X (1) - 2| Uot a;(s)ds] .

<

=~

Taking the supremum over ¢t > 0, we obtain

(dist(XQ(t),S)2)2

2

supE

3 ) 4 3 +oo )
< —E(dist(Xo,S)") + - 05 (s)ds
t>0 4 4 0

+o0
+ 3sup E[|| X (t) — z*||?] [/ ago(s)ds} =y < +oo.
>0 0

In the above estimation we used that oo € L*(R4) and sup;sq E[|| X () — 2*[|*] < +00 by Theo-
rem 3.1(1).
On the other hand, since f € To(RY) N C’i’l(Rd) and Xo € L*(Q;R?), we have that

L*+1
2

E(|| Xo—2*||*) < +oo0.

E([f(Xo) —min f]*) < E(va(Xo)—Vf(l’*)H4)+%E(HX@)—$*||4) <

N

Then using Proposition 2.4 with g(x) = f(z) — min f, squaring it, and taking expectation, we
obtain
2

2 t
B [IFCE() ~ min /7] < 38((X0) ~ min /%) + 2 ([ o2 (9105

ram|( [ t<aT<s,X(s))(Vf(X(sm,dW<s>>>2]

< 9E((70x0) - min %)+ 2 [ a§o<s>ds)2
+3L2Sup E(X (1) — =} [/Ot Ugo(s)ds} .

Taking the supremum over ¢t > 0, we obtain
2

) ) 3L2 +oo
sup [ [/0X() — i ] < 35 (%) — i 1)+ 2 ([ o2 oy )
+ 3L sup E[|| X (t) — z*||?] UW o2 (s)ds] L O < 400

t>0 0 > ! '

And we have proved the hypothesis of Lemma A.5 in both cases, applying this lemma, we conclude
the proof. O

39



Let us consider v > 2 and the SDE with initial data Xy € L*(Q;RY) which is Fop-measurable:

dX(t) = F(t, X (t))dt + G(t, X (£))dW (t), >0, .
{ X(0) = Xo, (57)

where F : R. xR? = R4, G : Ry x R* — RYX™ are measurable functions and W is an Fy-adapted
m-~dimensional Brownian Motion.

Theorem A.7. (See [44, Theorem 5.2.1], [41, Theorem 2.3.1 and Theorem 2.4.4]) Let F : R} x
R? = R? and G : Ry x RY — R¥*™ be measurable functions satisfying

Stglg(HF(t, Ol +1G(,0)][F) < 400, (58)

and for every T > 0 and some constant C; > 0,
IF(t,2) = F(t,y)| + |G(t,2) = G(t,y)llr < Cillz —yl, Vae,y eRELVEE[0,T].  (59)
Then (57) has a unique solution X € SY4.

Proof. Proof. Conditions (58) and (59) implies that there exists Co > 0 such that

IF(t,2)|]° + |Gt 2) |7 < Ca(l +||2]*), Vo e RVt [0,T],
which is the necessary inequality to use [41, Theorem 2.4.4] and deduce that X € SY.

A.3 On martingales

Theorem A.8. [23] Let (My)i>0 : 2 — R be a continuous martingale such that sup;~o E (|M;|P) <
+oo for some p > 1. Then there exists a random variable My, € LP(2;R) such that limy_, 4o My =
My a.s..

Theorem A.9. [;1, Theorem 1.3.9] Let {Ai}+>0 and {U;}+>0 be two continuous adapted increasing
processes with Ay = Up = 0 a.s.. Let {M;}+>0 be a real valued continuous local martingale with
My =0 a.s.. Let & be a nonnegative Fo-measurable random variable. Define

Xe =+ A —-U+ M, for t>0.
If X; is nonnegative and limy_, oo A < 400 a.s., then a.s. limy_, o X; exists and is finite, and

Proposition A.10. (see [41, Theorem 1.7.3]) Let p > 0, W be a m-dimensional Brownian motion
defined over a filtered probability space (2, F,{Fit}+>0,P) and g : Q& x Ry — R™ (with our usual
notation g(t) < g(-,t)) be such that

. _
EL/HMQW@ < too, VT >0.
0 i

Then, there exists Cp, > 0 (only depending on p) for every T' > 0 such that:
T , 5
([ Iatoreas) |

.
< C,E

E [ sup /0(9(8),dW(3)>

te[0,7

In particular, we have that Co = 4.
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