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Abstract

A d-dimensional nonparametric additive regression model with dependent observa-
tions is considered. Using the marginal integration technique and wavelets methodology,
we develop a new adaptive estimator for a component of the additive regression func-
tion. Its asymptotic properties are investigated via the minimax approach under the
Lo risk over Besov balls. We prove that it attains a sharp rate of convergence which
turns to be the one obtained in the i.i.d. case for the standard univariate regression

estimation problem.
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1 Introduction

1.1 Problem statement

Let d be a positive integer, (¥;,X;)icz be a R x [0, 1]%valued strictly stationary process

on a probability space (€2,.4,P) and p be a given real measurable function. The unknown
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regression function associated to (Y;, X;)iez and p is defined by
9(x) =E(p(Y)X =x),  x=(1,...,2q) € [0,1]%.

In the additive regression model, the function g is considered to have an additive structure,

i.e. there exist d unknown real measurable functions g1, ..., gs and an unknown real number
1 such that
d
9(x) = p+ Y gelxo). (1.1)
(=1

For any ¢ € {1,...,d}, our goal is to estimate g, from n observations (Y7,Xy),..., (Y, X,,)
of (Y3, Xi)iez-

1.2 Overview of previous work

When (Y;,X;)icz is a i.i.d. process, this additive regression model becomes the standard
one. In such a case, Stone in a series of papers [34, 135, 136] proved that g can be estimated
with the same rate of estimation error as in the one-dimensional case. The estimation of the
component g, has been investigated in several papers via various methods (kernel, splines,
wavelets, etc.). See, e.g., [4], [21], [23], [29, 130], [1], [2], [33], [40], [32] and [17].

In some applications, as dynamic economic systems and financial times series, the 4.i.d.
assumption on the observations is too stringent (see, e.g., [19] and [38]). For this reason,
some authors have explored the estimation of g, in the dependent case. When (Y;, X;);ez
is a strongly mixing process, this problem has been addressed by [5], [11], and results for
continuous time processes under a strong mixing condition have been obtained by [12, [13].
In particular, they have developed non-adaptive kernel estimators for g, and studied its

asymptotic properties.

1.3 Contributions

To the best of our knowledge, adaptive estimation of g, for dependent processes has been
addressed only by [18]. The lack of results for adaptive estimation in this context motivates
this work. To reach our goal, as in [40], we combine the marginal integration technique
introduced by [28] with wavelet methods. We capitalize on wavelets to construct an adaptive

thresholding estimator and show that it attains sharp rates of convergence under mild



assumptions on the smoothness of the unknown function. By adaptive, it is meant that the
parameters of the estimator do not depend on the parameter(s) of the dependent process
nor on those of the smoothness class of the function. In particular, this leads to a simple
estimator.

More precisely, our wavelet estimator is based on term-by-term hard thresholding. The
idea of this estimator is simple: (i) we estimate the unknown wavelet coefficients of gy based
on the observations; (ii) then we select the greatest ones and ignore the others; (iii) and
finally we reconstruct the function estimate from the chosen wavelet coefficients on the con-
sidered wavelet basis. Adopting the minimax point of view under the Lo risk, we prove that
our adaptive estimator attains a sharp rate of convergence over Besov balls which capture
a variety of smoothness features in a function including spatially inhomogeneous behav-
ior. The attained rate corresponds to the optimal one in the 7.i.d. case for the univariate

regression estimation problem (up to an extra logarithmic term).

1.4 Paper organization

The rest of the paper is organized as follows. Section 2] presents our assumptions on the
model. In Section Bl we describe wavelet bases on [0, 1], Besov balls and tensor product
wavelet bases on [0,1]¢. Our wavelet hard thresholding estimator is detailed in Section [l
Its rate of convergence under the Ly risk over Besov balls is established in Section A
comprehensive simulation study is reported and discussed in Section [6l The proofs are
detailed in Section [7

2 Notations and assumptions

In this work, we assume the following on our model:

Assumptions on the variables.
e For any i € {1,...,n}, we set X; = (X1,4,...,Xq;). We suppose that

— forany i € {1,...,n}, X1,,...,Xq; are identically distributed with the common
distribution U([0, 1]),

— X4q,...,X,, are identically distributed with the common known density f.



e We suppose that the following identifiability condition is satisfied: for any ¢ € {1,...,d}

and i € {1,...,n}, we have
E(gg(Xg’i)) =0. (2.1)

Strongly mixing assumption. Throughout this work, we use the strong mixing de-
pendence structure on (Y;, X;);ez. For any m € Z, we define the m-th strongly mixing
coefficient of (Y, X;);ez by

Q= sup IP(AN B) — P(A)P(B)|, (2.2)
(A,B)eF T x FiLX)
where f&ioxg is the o-algebra generated by ..., (Y_1,X_1), (Yp, Xp) and fr(nyo)é ) is the o-

algebra generated by (Yo, Xm), (Yit1, Xomt1)s oo -
We suppose that there exist two constants v > 0 and v > 0 such that, for any integer
m > 1,

am < yexp(—uvm). (2.3)

This kind of dependence is reasonably weak. Further details on strongly mixing depen-
dence can be found in [3], [39], [16], [27] and [6].

Boundedness assumptions.

e We suppose that p € L1(R) N Ly (R), i.e. there exist constants C; > 0 and Cy > 0
(supposed known) such that

S5 lp()ldy < C1, (2.4)
and  sup,cg lp(y)| < Cs. (2.5)

e We suppose that there exists a known constant ¢; > 0 such that

inf  f(x) > c. (2.6)
x€[0,1]4



e For any m € {1,...,n}, let f(Y0,X0,Ym,X,m) D€ the density of (Yo, Xo, Y, X0n), f(vo,Xo)
the density of (Yp, X) and, for any (y,X, 7., %) € R x [0,1]% x R x [0,1]¢,

hm(y7X7 y*,X*) =

F(Y0,X0, Y Xom) (U5 X5 Ui X)) — Frvo,%x0) (U %) Fvy Xo) (Y Xa)-
2.7)

We suppose that there exists a known constant C'5 > 0 such that

sup sup [hn (Y, X, Y, X4 )| < Cl. (2.8)
me{l,...,n} (y,x,y%,xx) ERX[0,1]4 xR x[0,1]¢

Such boundedness assumptions are standard for the estimation of gy from a strongly mixing
process. The most common example where this assumption holds is when p(y) = y1 {(lyl<M}s
where M denotes a positive constant. This corresponds to the nonparametric regression
model Y = ¢g(X) + ¢ with E(e) = 0, provided that £ and g are bounded from above. This
is exactly the setting considered in the simulations of Section 6l See, e.g., [12, [13] or, for
¢=d =1, [25] and [31].

3 Wavelets and Besov balls

This section presents basics on wavelets and the sequential definitions of the Besov balls.

3.1 Wavelet bases on [0, 1]

Let R be a positive integer. We consider an orthonormal wavelet basis generated by dilations
and translations of the scaling and wavelet functions ¢ and 3 from the Daubechies family
dbogr. In particular, ¢ and 1 have compact supports and unit Lo-norm, and 1 has R
vanishing moments, i.e. for any r € {0,...,R — 1}, [2"¢(z)dz = 0.

Define the scaled and translated version of ¢ and
Pjp(T) = 2j/2¢(2j$ — k), Yik(r) = 2j/2¢(2j:17 — k).

Then, with an appropriate treatment at the boundaries, there exists an integer 7 satisfying

27 > 2R such that, for any integer j. > 7, the collection

{qu*,k(‘)’ k€ {07 s >2j* - 1}7 ¢],k()a J e N— {07 .- 7j* - 1}7 ke {07 .- >2j - 1}}7



is an orthonormal basis of Ly ([0,1]) = {h : [0,1] — R; fol h?(z)dx < oco}. See |9, 24].
Consequently, for any integer j, > 7, any h € Ls([0, 1]) can be expanded into a wavelet

series as _ ‘
20 1 oo 27-1
Wz) =Y b u@ + DY Bixtinlx),  we[01],
k=0 Jj=j+ k=0
where
1 1
= /0 ha)bip(@)dr, B = /0 B () de. (3.1)

3.2 Besov balls

As is traditional in the wavelet estimation literature, we will investigate the performance
of our estimator by assuming that the unknown function to be estimated belongs to a
Besov ball. The Besov norm for a function can be related to a sequence space norm on its
wavelet coefficients. More precisely, let M > 0, s € (0,R), p > 1 and ¢ > 1. A function
h in Ly([0,1]) belongs to the Besov ball B; (M) of radius M if, and only if, there exists
a constant M* > 0 (depending on M) such that the associated wavelet coefficients (B.1])
satisfy

%0 271 1\ 1\
Z 9i(s+1/2=1/p) Z 16;.xP < M*.
j=T k=0

In this expression, s is a smoothness parameter and p and ¢ are norm parameters. Besov
spaces include many traditional smoothness spaces. For particular choices of s, p and g,
Besov balls contain the standard Holder and Sobolev balls. See [26].

3.3 Wavelet tensor product bases on [0, 1]

For the purpose of this paper, we will use compactly supported tensor product wavelet bases

on [0, 1]% based on the Daubechies family. Let us briefly recall their construction. For any

X = (21,...,24) € [0,1]¢, we construct a scaling function
d
b(x) = [ é(@0) |
v=1



and 2¢ — 1 wavelet functions

d
(xy) | | o(xy) when u € {1,...,d},
U, (x) = 2;}
II ¢@) ] é(2v) whenwe{d+1,...,2¢ -1},
vEAy v Ay
where (Ay)yefdi1,...2¢—1y forms the set of all non void subsets of {1,...,d} of cardinality

greater or equal to 2.
For any integer j and any k = (ky, ..., kq), define the translated and dilated versions of
® and ¥, as

@Lk(x) = 2jd/2q)(2jx1 — kl, vy ijd — kd),
U, ku(x) = WU (D) — k..., Y xg— kg), for any u e {1,...,2¢ —1}.

Let D; = {0,...,27 — 1}¢. Then, with an appropriate treatment at the boundaries,

there exists an integer 7 such that the collection
{q)nk,k € D;; (\Ilj,k,u)ue{l,...ﬁd—l}? JE€N-— {0, e, T — 1}, k e Dj}

forms an orthonormal basis of Ly([0,1]%) = {h : [0,1]¢ — R; f[o 1) h%(x)dx < oo}
For any integer j, such that j, > 7, a function h € Ly([0,1]%) can be expanded into a

wavelet series as

291
hx) = D ax®iax)+ D> ) Y BiuPjiku(x),  x€[0,1]%
keD;, u=1 j=j« keD;
where
aj, k :/ h(x)®;, k(x)dx, Bjxu :/ h(x)¥; ko (x)dx. (3.2)
[0,1]4 [0,1]4

4 The estimator

4.1 Wavelet coeflicients estimator

The following proposition provides a wavelet decomposition of gy based on the “marginal

integration” method (introduced by [28]) and a tensor product wavelet basis on [0, 1]%.



Proposition 4.1 Suppose that 2.1) holds. Then, for any j. > 7 and ¢ € {1,...,d}, we

can write

2J% _1 oo 29-1
2)= > aj ke k(@) + YD biwebiel@) —p,  xe0,1],
P i=ge k=1

where

aj*’kj = CLijl’g = 2_j*(d_1)/2/ Z @J*7 (41)

[0,1)¢

gED*
it = b = 277D / 2J Z Ujae,e(x (4.2)
0,1] K een;

and k_y; = (k}l,. coske—1, kegq, .. .,kd) and D; = {0,. .. ,2j - 1}d_1.

Remark 4.1 Due to the definitions of g and properties of W;y 4, bj ¢ is nothing but the

wavelet coefficient of gy, i.e.

1
bj ke = /0 9e(@)Yj k(x)dx = Bj. (4.3)

Proposition [4.1] suggests that a first step to estimate g, should consist in estimating
the unknown coefficients a; [@I) and b, (@2). To this end, we propose the following

estimators of the coefficients

1
g =y = 27902 Z 0 Yo k(Xi) (4.4)

27X, %,

and

n

3|~

p( Y X (4.5)

i=1 k (€D}

These estimators enjoy powerful statistical properties. Some of them are collected in

the following propositions.

Proposition 4.2 (Unbiasedness) Suppose that (Z1)) holds. Foranyj > 7,0 € {1,...,d}
and k € {0,...,27 — 1}, @ ¢ and gj,k,é in @A) and A1) are unbiased estimators of aj k¢

and bj 1. ¢ Tespectively.



The key ingredient for the proof of Proposition is Proposition (4.1l

Proposition 4.3 (Moment inequality I) Suppose that the assumptions of Section[2 hold.
Let j > 7 such that 20 <n, k€ {0,...,29 —1}, £ € {1,...,d}. Then there exists a constant
Cy > 0 such that

. 1 ~ 1
E ((@ke — ajre)?) < 045, E ((bj,k,zz — bj,k,£)2> < 045.

The proof of Proposition [£3] is based on several covariance inequalities and the Davydov

inequality for strongly mixing processes (see [10]).

Remark 4.2 In the proof of Proposition[4.3, for the condition on a,,, we only need to have
the existence of two constants C5 > 0 and q € (0,1) such that Y »_; miaf, < Cs < co.
This latter inequality is obviously satisfied by (Z.3)).

Proposition 4.4 (Moment inequality II) Under the same assumptions of Proposition[{.3,

there exists a constant Cg > 0 such that

~ 2J
E <(bj,k,£ — bj,k,z)4) < Cﬁz-

Proposition 4.5 (Concentration inequality) Suppose that the assumptions of Section[2
hold. Let j > 7 such that Inn < 29 < n/(Inn)?, k € {0,...,27 — 1}, £ € {1,...,d} and
An = (Inn/n)Y/2. Then there exist two constants Cy > 0 and k> 0 such that

~ 1
P (lbj,k,e —bjkel > 'f>\n/2> <Crg.
The proof of Proposition [£.3]is based on a Bernstein like inequality for strongly mixing
processes (see [22]).

4.2 Hard thresholding estimator

We now turn to the estimator of gy from @, and gj,k,ﬁ as introduced in (@4 and (@35]).
Towards this goal, we will only keep the significant wavelet coefficients that are above a
certain threshold according to the hard thresholding rule, and then reconstruct from these

coefficients. In a compact form, this reads

200 —1 j1 29-1
Ge@) = > @jrabion(@) + > Ojt (5, plzman} Vi (®) = By (4.6)
k=0 Jj=jo k=0

9



where jo is the resolution level satisfying 270 = [Inn],

=23 pv). (4.7)

3

41 is the resolution level satisfying 2/t = [n/(Inn)3], 1 is the indicator function, & is a large

enough constant (the one in Proposition 5]) and

A = /1
n

The definitions of the parameters in g; are based on theoretical considerations (see the
proof of Theorem [5.]). Let us mention that the threshold A, corresponds to the well-known
universal one presented in [15] for the density estimation problem in a i.i.d. setting. Note
that, due to the assumptions on the model, our wavelet hard thresholding estimator (4.6])
is simpler than the one of [40]. Wavelet hard thresolding estimators for g (LII) defined with
only one component, i.e., { = d = 1 in a a-mixing dependence setting can be found in, e.g.,
[31] and [7, &].

5 Minimax upper-bound result

Theorem [5.1] below investigates the minimax rates of convergence attained by gy over Besov
balls under the Lo risk.

Theorem 5.1 Letl € {1,...,d}. Suppose that the assumptions of Section[2 hold. Let g; be
the estimator given in ([A6). Suppose that g, € By, ,(M) with ¢ > 1, {p > 2 and s € (0, R)}
or{p € [1,2) and s € (1/p,R)}. Then there exists a constant Cs > 0 such that

5( [ @t —aiwpar) <o ()

The proof of Theorem B.1] is based on a suitable decomposition of the Ly risk and the
statistical properties of ([@4) and (435 summarized in Propositions [£.2] [£.3] [£4] and
above.

The rate (Inn/n)%%/(st1) is, up to an extra logarithmic term, known to be the optimal
one for the standard one-dimensional regression model with uniform random design in the
i.i.d. case. See, e.g., [20] and [37]. In this setting, it is also the rate of convergence attained

by the one-dimensional wavelet hard thresholding estimator. See, e.g., [14] and [20].

10



Theorem [.] provides an “adaptive contribution” to the results of |5], [11] and [12,
13]. Furthermore, if we confine ourselves to the i.i.d. case, we recover a similar result to
[40, Theorem 3] but without the condition s > max(d/2,d/p). The price to pay is more
restrictive assumptions on the model (p is bounded from above, the density of X is known,
etc.). Additionally, our estimator has a more straightforward and friendly implementation
than the one in [40].

6 Simulation results

In this section, a simulation study is conducted to illustrate the numerical performances
of the above estimation procedure. Six test functions (”HeaviSine”, ”Parabolas’, ”Blocks”,
"Bumps”, ”Wave” and ”Doppler”) representing different degrees of smoothness were con-
sidered. These functions are displayed in Figure Il

In the following, we will take d = 2. To generate n observations of the process (¥;, X;),

we first consider the first-order autoregressive AR(1) model

Zé,i = PZZé,i—l + €ri, €li ~iid N(07 1)7 pe € (07 1)7 i = 27 s N te {17 2}
‘/i::u‘/i—l_‘_eia €iNiidN(071)7 /,LG(O,l), ’L':2,...,’I’L,

with Zy1 ~ N(0,1) (resp. Vi ~N(0,1)) and independent of eg; (resp. of ;) for i > 2, and
Zy; and V; are mutually independent. Then, for any ¢ > 1 and ¢ € {1,2} we take

_ 0 1

Xei = (20330, 25 )
W, = 20 <FN (vi;o, ﬁg) X1 (1 +T)/2) L ow > 0,7>0
Y = 91(X1i) + g2(Xa4) + Wi,

where Fjr(-;0,0?) is the zero-mean normal distribution with variance o2. The functions

g1 and gy are chosen among the test functions of Figure [l Observe that when 7 > 0, the
processes Y; and X; are not mutually independent.

First, the process (V;,Z;) is strictly stationary and strongly mixing. It follows from
continuity of the distribution function that the stationarity and the mixing assumptions
are met on the process (Y;,X;); see e.g. [16]. Second, it is immediate that for any i,
Xi; ~ U([0,1]) and so is Xo; as required. In turn, this entails that the boundedness
assumptions (2.6)-(2.8]) hold. Third, as W; is zero-mean, we obviously have E(Y;|X; = x;) =

11
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Figure 1: Original test functions.
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g1(z14) + g2(x2), i.e. p(Y) =Y. In addition, since the noise process W;, as well as the
test functions considered here are all bounded from abov, the boundedness assumptions
24)-235) are in force.

In the following simulations, we set p; = 0.5, po = 0.9, = 0.8, 7 = 1/10, and the scale
parameter oy = 0.28, i.e. the signal-to-noise ratio is 5. The Daubechies wavelet dby (i.e.
R = 2) was used. The constant & in the hard thresholding estimator was set to yoyu, where
~ was chosen in [0.25, 2.5] where it was observed empirically to lead to the best performance.
The numerical performance of the estimator was measured using the Mean Squared Error
(MSE), i.e.

n

MSE = % > (g(w) = glxi)?
i=1

where g is either of g; or go, g its estimate, and x1,...,z, € [0,1] are the corresponding
observed sampling points.

Figure [2 displays the results of the estimator for different pairs of tested functions with
two numbers of samples n. Visual inspection shows the good performance of our estimator
which is able to adaptively recover a large class of functions spanning a wide range of
spatial inhomogeneities. As expected, the estimation quality increases with growing n. This
visual impression is confirmed quantitatively by Figure Bl and Figure @l In these figures,
the above simulation was repeated 100 times and the obtained MSE was averaged across
these replications. Figure 3] depicts the boxplots of the MSE versus the function. Each plot
corresponds to a fixed number of samples increasing from top to bottom. For a given number
of samples, the average MSE and its variability is comparable for all functions, though they
are slightly higher for the functions HeaviSine and Wave. As observed visually in Figure 2]
the average MSE decreases with n as reported in Figure @l Moreover, the average MSE
shows a linear decreasing behaviour in log-log scale, which is clearly consistent with our

theoretical convergence result.

For 7 = 0, Wi,...,W, are identically distributed with the common distribution L{([—a'wm'w]). For
7 > 0, they are identically distributed according to the triangular distribution with support in [—ow (1 +
7),ow(1+ 7).

13
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Figure 2: Original functions g, (dashed) and their estimates gy (solid), with £ = 1 (left)
and ¢ = 2 (right) for different pairs of test functions, and two samples sizes (n = 2562 and
n = 20482).
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Figure 3: Boxplots of the average MSE for each tested function with the same pairs as

those of Figure Bl Each plot corresponds to a number of samples n € {212 24 . 222}

increasingly from top to bottom.
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Figure 4: Average MSE over 100 replications as a function of the number of samples.
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7 Proofs

In this section, the quantity C denotes any constant that does not depend on j, k£ and n.

Its value may change from one term to another and may depends on ¢ or ).

7.1 Technical results on wavelets

Proof of Proposition @Il Because of (7)), we have g € Ly([0,1]¢). For any j, > 7, we

can expand g on our wavelet-tensor product basis as

241 oo
g(X) = Z aj*,kq)j*,k(x) + Z Z Z ﬁj,k,u‘ljj,k,u(x)7 X € [07 1]d (71)
keDj, u=1 j=j« k€D;

where
ke = / 9, 1 (X)dx,  igen = / 90) W, e (x)d.
[0,1)4 [0,1)

Moreover, using the “marginal integration” method based on (21]), we can write

d
oo = [ a0 Ldr = wefo (7.2

u; £

Since fol bjk(x)de = 279/2 and fol Y k(x)dx = 0, observe that

d
/[o1]d1 ). k() [ [ dwy = 27020, 5 ()
’ v=1

u?é £

and
. ~3d=1)/2y,. .
2™ xp) ifu=24,
/ V() [ dow = Djke ()
[0,1]d—1 =1 otherwise.
v#£L

Therefore, putting (ZI)) in (Z2) and writing « = x4, we obtain

ge(z) = Z 2_j*(d_1)/2ozj*,k¢j*,kl(:E) + Z Z 2_j(d_1)/2ﬁj,k,€7pj,kg(fl7) — W

keDj, Jj=Jj« k€D;

16



Or, equivalently,

27% —1 co 27-1
ge(x) = Z aj, k0B k() + Z Z bj ke k(T) — 1,
k=1 J=jx k=1
where
j ke = Cj eyt = Tj(d_l)/z/ 9(x) Z D k(x)dx
[0,1]¢ k_(€D}
and

bje = by = 27901/ /
[0,1]¢

9x) Y U (x)dx.
k

*
,KEDJ-

Proposition [4.1]is proved.

Proposition 7.1 For any £ € {1,...,d}, j > 7 and k =k, € {0,...,27 — 1}, set

Kl = Y eux), M= Y ),  xe01)
k_,€Dy k_(eD;

Then there exists a constant C > 0 such that, for any a € {1,2},

sup |h§a]2(x)| < C’2jd/2, / |h§.a,2 (x)]dx < C9—3/29i(d=1)/2
xel0,1]¢ 7 014 7

and

/ (B (302 = 274D,
0,11 7

Proof:

e Since sup,¢jo 1) [#5k(z)| < C21/? and SUDe[0,1] 221:—01 ¢ x(x)| < C29/2, we obtain

j d—1
21
sup !h%(x)\ = (sup |p;r(z)]) | sup Z 6.1 (2)] < 09id/2,
x€l0.1)¢ z€[0,1] e

17



e Using fol ¢ x(x)|dzx = C279/2 we obtain

j d—1
1 291
/[071}d|h§,1/2(><)|dx < (/0 |¢j,k(:ﬂ)|dﬂc> (kzo/o ¢j7k($)dl’)

_ o-il29i(d-1)/2.

2
e Since, for any (uk)kep, f[o,l]d (ZkeDj uk<I>j,k(x)) dx = ZkeDj ui, we obtain

2

k,ZGD;

Proceeding in a similar fashion, using sup,e(o 1 [¥5k(2)] < C21/2, fol [V k(x)|de =

) 2
C2_]/2 a‘nda fOI' a'ny (uk)kEDj7 f[(ll]d (ZkGDj Uk\:[/j,kj(X)) dX = ZkEDj u12(7 we Obtain
)

the same results for h§.2k.

This ends the proof of Proposition [l

7.2 Statistical properties of the coefficients estimators

Proof of Proposition 4.2l We have

~ ild— Y;
E(@jre) = 277 DPE o) D ®(Xa)
k_,eD*

— 27ild-D/2g E(p(Yl)le)f(}l(l) > (I)J'vk(Xl))

k_ (€D}

(X1
(X1

~—

Q

_ 9-ild-/2

S~

Z <I>j,k(X1))

k,ZED;‘

X

— 9—id-1)/2 g(x) |
2 /[0,1}d f(x) k(ZG:D’F jx(x) f(x)dx

_ gid-1)/2 /
0,1]4

~—

Z P (x)dx = a; k0.
k,ZED;‘

(x

S}
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o~

Proceeding in a similar fashion, we prove that E(b;x¢) = bj ke

Proof of Proposition [4.3l For the sake of simplicity, for any i € {1,...,n}, set

_ (Y3 .
4 X keze:m P

Thanks to Proposition 1.2, we have
. 1 n
E (@6 - a500)?) = V(@ag) = 27909 —3v (Z ZZ') |

An elementary covariance decomposition gives

n n v—1
\Y (Zz) = nV(Z1)+2) > Cov(Zy, Zu)
=1

v=2u=1
n v—1
< nV(Z1)+2 ZZCOV(ZU,ZU) .
v=2 u=1
Using (2.0, (2:8) and Proposition [}, we have
V(z) < B < el W (1[5 g )
B ! ~inficp e f(x) O\ f(XD) | <D g
- J
2
1
< C — ik(x f(x)dx
0,1 f(X) (k e J ( )) ( )
- J

2
= C Z Pk (x) dx = C204-1),
[Ovl}d k

*
,gEDj

It follows from the stationarity of (V;,X;);cz and 2/ < n that

n v—1 n
>N Cov(Zy, Zu)| = | (n—m)Cov (Zy, Zm)| < Ry + Ra,
v=2u=1 m=1
where ‘
27—1 n
Ri=n) [Cov(Zy,Zm)l, Ra=n Y [Cov(Zy,Zm)|.
m=1 m=2J

It remains to bound R; and R».
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(i) Bound for R;. Let, for any (y,X, v, %«) € R x [0, 1] x R x [0, 1], Ry, (v, X, yx, X«) be
27). Using (2.8), (24]) and Proposition [7.Il we obtain

‘COV ZQ,

NN
[0,1]¢ 0,1]4

(;EZ}J()) Z (I)j7k(X);Ef:)) Z Q)j7k(X*)) dydxdy,dx,

k_(eDy * k_(eDy

SV Y SRR
01 01
‘M 3 () "’(y*) S (x| dydxdy.dx,
,gEDj k,eEDj
9 2
< c( / |p<y>|dy> [ S au|ix] <o,
—00 [0,1]4 k_(€D;
Therefore
Ry < Cn279(d=19i — cpitd=1), (7.7)

(iil) Bound for R,. By the Davydov inequality for strongly mixing processes (see |10]),
for any ¢ € (0,1), we have

(Cov (Zo, Z)| < 100, (E (12012/<1—q>>)1_q

< 10a0 | 2Pyer lPW)
= m infxe[O,l}d f(X) x€[0,1]4

By (23)), ([2.6]) and Proposition [T1] we have

su
M sup @j’k(X) < C sup @j7k(x)
1nfx€[0,1]d f(X) xe[()’l]d k,ZED; xE[O,l]d k,gGD;‘

< CZjd/2

By (Z.5), we have
E(28) < 027D,

20



Therefore
|Cov (Zo, Zm)| < C2927(d=1) 0 |

Observe that > >°_ miad, = 1> > m9exp(—cgm) < co. Hence

Ry < Cn29200=1 3" 2 < Cn2i@=1) Y " miald, < Cn2/(h),

m=2J m=2J

Putting (7.6), (Z1) and (Z8) together, we have

n v—1

Z ZCOV (Zy, Z,)

v=2u=1

Combining (7.3), (Z4), (1) and (7.9), we obtain

< Cn2id=1),

ol 1
~ —j(d— d—
E (@) — ajre)’) < C2790 1)—n2n23( D= C-—.

Proceeding in a similar fashion, we prove that
~ ) 1
E <(bj,k,é = bjke) > <0

This ends the proof of Proposition [4.3]

Proof of Proposition [4.4l It follows from (2.3]), (2Z.6]) and Proposition [71] that

IN

D (X

k,ZED;

~ Cita-1)2 1 x~ |p(Y3)]
bied < 2-in2l
i n 2 17X

< 2_j(d_1)/2.supyeR p(y)] sup Z T, 10(x)
infyeo,1)2 f (%) xefo,1)e K oD o
- J

< (©27id=1)/29jd/2 _ (9i/2
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Because of (2.5]), we have supy¢o 14 [9(x)| < C. It follows from Proposition [Z.1] that

e < 2792 /[Ol]d 9GOl | > Tjee(x)| dx

k,geD;-‘
< C27ild=D/2 / > Tax)] dx
0.1 |k _eDs
< ©27d=D/29=591d/2 — 0973/2, (7.10)
Hence
[bi,0 = bjel < [bj el + [bjimel < C2972. (7.11)

It follows from ((Z.I1]) and Proposition 4.3 that

E (@j,k,z - bj,k,£)4> < C2E (@‘M - bﬁ?’“"’)2> = C%j.

The proof of Proposition 4.4l is complete.

Proof of Proposition Let us first state a Bernstein inequality for exponentially

strongly mixing process.

Lemma 7.1 ([22]) Let (Y;)icz be a strictly stationary process with the m-th strongly mizing
coefficient oy, [22)). Let n be a positive integer, h : R — C be a measurable function and,
for any i € Z, U; = h(Y;). We assume that E(Uy) = 0 and there exists a constant M > 0
satisfying |Up| < M. Then, for any m € {1,...,[n/2]} and X\ > 0, we have

1 — A2n M
Pl|= i > <4 — 2—"n0um,
(nZU —A)— eXp< 16(Dm/m—|—)\Mm/3)>+3 x

i=1
_ l
where D, = maxe(y,.. 2m} v <Zi:1 Ui)'

We now apply this lemma by setting for any i € {1,...,n},

; Yi
U, = 2—J(d—1)/2% Z Uik o(Xi) — bji e

k,ZED;‘
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Then we can write
~ 1 &
bje = bjke = — 2; Us.
1=

So

~ 1 &

P ([bjke — bikel = £af2) =P ( - ; Ui| > mn/2) :

where Uy, ..., U, are identically distributed, depend on (Y;, X;);ez satisfying (2.3]),
e by Proposition 1.2 we have E(U;) = 0,

e using arguments similar to the bound of R; in the proof of Proposition 3] with [

instead of n satisfying | < C'lnn and 277 < 1/Inn, we prove that

l
. 12
V(ZUZ-) <C(1+1%279) gc(um) < Cl.

i=1

Hence l
D,, = \Y% U; | <Cm.
ey (Z ) "

e proceeding in a similar fashion to (Z.II)), we obtain |U;| < C'27/2.
Lemma [71] applied with the random variables Uy,...,U,, A = £An/2, A\, = (Inn/n)'/2,
m = [ulnn] with u > 0 (chosen later), M = C27/2, 2/ < n/(Inn)? and (23) gives
P (lgj,k,f — bj,k,é’ > /i)\n/2>

K2\2n M
< — n i _
< C <eXp ( CDm/m " K)\an> + )\nnexp( Um)>

IN

Cle C n*lnn + 2 nexp(—vulnn)
xp | — _ xp(—
P 1+ ku2i/2Inn(lnn/n)l/2 (Inn/n)t/2 P

C (n—C’fiQ/(l—l—nu) + n2—vu> ‘

IN

Therefore, for large enough x and u, we have
~ 1
P (ijvk,e —bjkel > /-O\n/2) <C3

This ends the proof of Proposition .5l
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7.3 Proof of Theorem [5.1]

Using Proposition [4.1], we have

ge(w) — ge(z)

210 -1 1 291
= > @jokt — ok )Bio k(@) + D> Byt L, 4 azmrn} — ik ¥in(@)
k=0 Jj=jo k=0
co 29-1
— DY bkatin(@) — (- p).
Jj=j1+1 k=0

Using the elementary inequality: (x + y)? < 2(2? + y?), (z,y) € R?, and the orthonormal

property of the wavelet basis, we have

1
E </ (Go(x) — gg(x))2d:£> <2AT+U+V+W), (7.12)
0
where
270 —1
T =E((i — p)?), U= > E((@yrs— ore))
k=0
J1 29-1 R oo 20-1
V= Z Z E ((bj’k’zl{@j,k,e\zﬁ)‘n} B bj’k’£)2> ’ W= Z Z bg’k’é.
j=jo k=0 J=j1+1 k=0

(i) Bound for 7. We proceed as in the proof of Proposition 4.3l By (2.1), we have
E(p(Y1)) = p. Thanks to the stationarity of (Y;)iez, we have

T = V(@) < “V(p(¥) + 25 3 [Cov (p(¥o), oY)l

m=1

Using (2.0), the Davydov inequality (see [10]) and (2.3]), we obtain

n 2s/(2s+1)
r<cl (1 +3 o/}n) <clcc (m—"> . (7.13)
n — n n
(ii) Bound for U. Using Proposition .3, we obtain
' 2s/(2s+1)
v<conl <o o <m—”> . (7.14)
n n n
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iii) Bound for W. For ¢ > 1 and p > 2, we have g, € B (M) C B __(M). Hence, by
P,q 2,00
@3,

00 3\ 28 2s/(2s+1)
W <C Z 9—2js < C2~2s <C <M> <C <ln_n> )

.= n n
Jj=j1+1

For ¢ > 1 and p € [1,2), we have g, € B, (M) C ng;/z_l/p(M). Since s > 1/p, we
have s +1/2 —1/p > s/(2s + 1). So, by (£3),

w < C Z 9=2i(s+1/2=1/p) < (r9=2j1(s+1/2=1/p)

Jj=j1+1
3\ 2(s+1/2-1/p) 2s/(2s+1)
< C <M> <C <1n_n> ,
n n

Hence, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have

! 2s/(25+1)
n"> . (7.15)

weo(

n

(iv) Bound for V. We will use arguments similar to |20, Proposition 10.3]. Observe that

V=Vi+Vh+Vs+V,, (7.16)
where
Jj1 27-1
Vi= Z Z E ((b],k,f bjn.e) 1{|bj,k,z\2f€)\m |bj,k,z|<f”v>\n/2}) ’
j=jo k=0
Jj1 29-1
_ T 24
Va= Z Z E ((b]}k,ﬁ - b]}k,Z) 1{|bj,k,e\2f€)\m ij,k,eIZRAn/2}) )
Jj=jo k=0
J1 291
_ 2 R
‘/3 - Z Z E (ijkvél{‘bj’k7(‘<li)\n, |bj7k’g‘22l-€>\n}>
Jj=jo k=0
and
Jj1 29-1
_ 2 R
‘/4 - Z Z E <bj7kvzl{|bj7k’[‘<li)\n, |bj7k’[|<2li)\n}> :
Jj=jo k=0
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e Bounds for V; and V3. The following inclusions hold:
{!ijd < KAny |bjrel = 26A, } - {\ijz —bjkel > HAn/2}7
{Bikl = wAns bjael < wAn/2} € {Byne = biel > KA /2

and {|bj,k7g| < KAp, |bj7k,g| > 2/{)\n} - {|bj7k,g| < 2|bj,k7g — bj7k7g|}.

So
j1 29-1

2
max(Vi,V3) < C Z Z E ( et = Djke) 1{‘Ej,k,l_bj,k,2‘>’f)\n/2}> ’
J=jo k=0

Applying the Cauchy-Schwarz inequality and using Propositions [4.4] and

27 < n, we have

E (@,u - bj,k,€)21{@jyk’[—bjyk’[|>/@)\n/2})
< <E (@-M - bj,k,z)4>>l/2 <]P’ (’gj,k,z — kel > Mn/2)>1/2

i\ 1/2 1/2
< cofZ) (L) <l
n n4 n?

Therefore
1 o\ 25/(2s+1)
max(V7,V3) < C Z 2 < C—2J1 < C— < C( > . (717
J=jo "
e Bound for V5. Using Proposition [4.3] we obtain
~ Inn
E <(bj,k,e —bjke) ) < C sC—.
Hence
lnn .71 2‘7 1
V2 < C— Z Z {‘bj kl|>"€>\n/2}.
Jj=jo k=0
Let jo be the integer defined by
. n \1/(2s+1)
272 = | (— . 1
[(lnn) ] (7.18)

We have

Vo < Vo1 + Voo,
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where

jo 29-1
Z Z {|bgk2‘>ﬁ)\n/2}
Jj=jo k=0
and
J1 211
lnn
Z Z {‘bjkl‘>ﬁ)\n/2}
j=j2+1 k=0
‘We have

Vo <Cln—” Zw <01“—”2J2 < 0(1”

n

>2s/(2s+1)

j=jo
For ¢ > 1 and p > 2, we have g, € B, (M) C B3 (M). So, by (@3],

o 27-1 oo 29-1

lnn
Voo S O5g DL D Wae<SC ) D Bp<o
j=jo+1 k=0 j=jo+1 k=0
2s/(2s+1)
< C<1n—"> .
n

For ¢ > 1, p € [1,2) and s > 1/p, using (£3), 1 (b sel>mAn/2) < Olbj P /N, =
ClBixlP/ A0, ge € By, (M) and (2s+1)(2—p)/2+ (s+1/2—1/p)p = 2s, we have

1 .]1 23 1 l ( _ ) [e’) -
oy < Cop Y ijkv%c(n") S grilsry/z1/on

™ j=jo+1 k=0 Jj=Jj2+1
(2-p)/2 2s/(254+1)
o (1“_"> P 2 < o <1n”> '

IN

n n

So, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have

I\ 25/2s+1)

Vo < C < (7.19)

e Bound for V. We have
Jj1 29-1

2
Vi< Z Z bj,k,él{\bj,k,[\<2m\n}-

Jj=jo k=0
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Let jo be the integer (T.IR]). Then

Vi< Vii+ Vi,

where
Go 291 1 29-1
Vii=3 b?7k7zl{|bj,k,e‘<2n>\n}’ Viz= 3. > bi’“’zl{|ijk»f‘<2“’\”}’
i=do k=0 j=ja+1 k=0
We have

J2
Vin <O 2002 = o Z 2 < 0 Moiz < ¢ <1“”

n

>2s/(2s+1)

J=Jjo J=jo

For ¢ > 1 and p > 2, we have g, € B, ,(M) C Bj , (M). Hence, by (&3],

co  27-1 Inn 2s/(2s+1)
2 27258
1/4,2;2 S <02 <0<n> :
Jj=jg2+1 k=0
Forq >1,p € [1,2)and s > 1/p, using (£3), bj kot {‘bj erl<2dn ) < C'/\%_p|bj7k,z|l’ =
CNE™ PI1BiklP, g0 € B; (M) and (2s +1)(2 —p)/2 + (s +1/2 — 1/p)p = 25, we
have

i 291 nn @-P/2 J1 2l
V4,2 = >\2 P Z Z|ﬁ]k|p_ <—> Z Z|ﬁ]k|p

Jj=j2+1 k=0 j=j2+1 k=0

N

IA

(-p)j2 o0
0<1“—”> g S g-dtert o

n .=
Jj=jo+1

(2-p)/2 2s/(25+1)
c <1“_”> P 2 < o <1“_”> ,

n n

Thus, for ¢ > 1, {p > 2 and s > 0} or {p € [1,2) and s > 1/p}, we have

I\ 25/(2s+D)
Vv, <C < . > . (7.20)
It follows from (7.16l), (C.I7), (719) and (7.20) that
2s/(25+1)
v<C <1n”> . (7.21)
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Combining (7.12), (C13)), (14), (7.15) and (7.21), we have, for ¢ > 1, {p > 2 and

s> 0} or {pe€]l,2) and s > 1/p},

. </01@(x) —gg(ﬂj))2d:£> <C <1n_n>25/(2s+1)‘

n

The proof of Theorem [(.11is complete.
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