GENERALIZED CONDITIONAL GRADIENT WITH AUGMENTED LAGRANGIAN
FOR COMPOSITE MINIMIZATION
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Abstract. In this paper we propose a splitting scheme which hybridizes generalized conditional gradient with a proxi-
mal step which we call CGALPalgorithm, for minimizing the sum of three proper convex and lower-
semicontinuous functions in real Hilbert spaces. The minimization is subject to an affine constraint, that allows in par-
ticular to deal with composite problems (sum of more than three functions) in a separate way by the usual product space
technique. While classical conditional gradient methods require Lipschitz-continuity of the gradient of the differentiable
part of the objective, CGALP needs only differentiability (on an appropriate subset), hence circumventing the intricate ques-
tion of Lipschitz continuity of gradients. For the two remaining functions in the objective, we do not require any additional
regularity assumption. The second function, possibly nonsmooth, is assumed simple, i.e., the associated proximal mapping
is easily computable. For the third function, again nonsmooth, we just assume that its domain is weakly compact and that a
linearly perturbed minimization oracle is accessible. In particular, this last function can be chosen to be the indicator of a
nonempty bounded closed convex set, in order to deal with additional constraints. Finally, the affine constraint is addressed
by the augmented Lagrangian approach. Our analysis is carried out for a wide choice of algorithm parameters satisfying so
called "open loop" rules. As main results, under mild conditions, we show asymptotic feasibility with respect to the affine
constraint, weak convergence of the dual multipliers and convergence of the Lagrangian values to the saddle-point optimal
value. We also provide pointwise and ergodic rates of convergence for both the feasibility gap and the Lagrangian values.
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1. Introduction.

1.1. Problem Statement. In this work, we consider the composite optimization problem,
) min {f(z) +9(Tz) + h(z) : Az =10},
TEp

where H,, Hq, H, are real Hilbert spaces (the subindices p,d and v denoting the “primal”, the
“dual” and an auxiliary space - respectively), endowed with the associated scalar products and
norms (to be understood from the context), A : H, — Hq and T : H, — H, are bounded
linear operators, b € H,4 and f, g, h are proper, convex, and lower semi-continuous functions with
c= dom(h) being a bounded closed subset of 7{,,. We allow for some asymmetry in regularity
between the functions involved in the objective. While ¢ is assumed to be prox-friendly, for h we
assume that it is easy to compute a linearly-perturbed oracle (see (2)). On the other hand, f is
assumed to be differentiable and satisfies a condition that generalizes Lipschitz-continuity of the
gradient (see Definition 5).

Problem (2?) can be seen as a generalization of the classical Frank-Wolfe problem in [14] of
minimizing a Lipschitz-smooth function f on a convex closed bounded subset C C H,,

(D) 112}}_2) {f(x) S C}

In fact,if A=0,b=0, g =0, and h = ¢¢ is the indicator function of C then we recover exactly
(1) from (22).

1.2. Contribution. We develop and analyze a novel algorithm to solve (%) which combines
penalization for the nonsmooth function g with the augmented Lagrangian method for the affine
constraint Az = b. In turn, this achieves full splitting of all the parts in the composite prob-
lem (%) by using the proximal mapping of g (assumed prox-friendly) and a linear oracle for h of
the form (2). Our analysis shows that the sequence of iterates is asymptotically feasible for the
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affine constraint, that the sequence of dual variables converges weakly to a solution of the dual
problem, that the associated Lagrangian converges to optimality, and establishes convergence rates
for a family of sequences of step sizes and sequences of smoothing/penalization parameters which
satisfy so-called "open loop" rules in the sense of [30] and [13]. This means that the allowable
sequences of parameters do not depend on the iterates, in contrast to a "closed loop" rule, e.g. line
search or other adaptive step sizes. Our analysis also shows, in the case where (%) admits a unique
minimizer, weak convergence of the whole sequence of primal iterates to the solution.

The structure of (%) generalizes (1) in several ways. First, we allow for a possibly nonsmooth
term g. Second, we consider h beyond the case of an indicator function where the linear oracle of
the form
2) minh (s) +(z, 5)
can be easily solved. Observe that (2) has a solution over C = dom(h) since the latter is weakly
compact, see e.g., [4, Theorem 3.37]. This oracle is reminiscent of that in the generalized condi-
tional gradient method [7, 8, 5, 3]. Third, the regularity assumptions on f are also greatly weakened
to go far beyond the standard Lipschitz gradient case. Finally, handling an affine constraint in our
problem means that our framework can be applied to the splitting of a wide range of composite
optimization problems, through a product space technique, including those involving finitely many
functions h; and g;, and, in particular, intersection of finitely many nonempty bounded closed con-
vex sets; see Section 5.

1.3. Relation to prior work. In the 1950’s Frank and Wolfe developed the so-called Frank-
Wolfe algorithm in [14], also commonly referred to as the conditional gradient algorithm [23, 12,
13], for solving problems of the form (1). The main idea is to replace the objective function f with
a linear model at each iteration and solve the resulting linear optimization problem; the solution to
the linear model is used as a step direction and the next iterate is computed as a convex combination
of the current iterate and the step direction. We generalize this setting to include composite opti-
mization problems involving both smooth and nonsmooth terms, intersection of multiple constraint
sets, and also affine constraints.

Frank-Wolfe algorithms have received a lot of attention in the modern era due to their effective-
ness in fields with high-dimensional problems like machine learning and signal processing (without
being exhaustive, see, e.g., [19, 6, 21, 16, 38, 25, 10]). In the past, composite, constrained prob-
lems like (%) have been approached using proximal splitting methods, e.g. generalized forward-
backward as developed in [31] or forward-douglas-rachford [24]. Such approaches require one
to compute the proximal mapping associated to the function h. Alternatively, when the objective
function satisfies some regularity conditions and when the constraint set is well behaved, one can
forgo computing a proximal mapping, instead computing a linear minimization oracle. The com-
putation of the proximal step can be prohibitively expensive; for example, when h is the indicator
function of the nuclear norm ball, computing the proximal operator of h requires a full singular
value decomposition while the linear minimization oracle over the nuclear norm ball requires only
the leading singular vector to be computed ([20], [37]). Unfortunately, the regularity assumptions
required by classical Frank-Wolfe style algorithms are too restrictive to apply to general problems
like (92).

While finalizing an early version of this work, we became aware of the recent work of [36], who
independently developed a conditional gradient-based framework which allows one to solve com-
posite optimization problems involving a Lipschitz-smooth function f and a nonsmooth function
g
3) min { f(x) + g (Tw) }.

The main idea is to replace g with its Moreau envelope of index [y, at each iteration &, with the index
parameter 3, going to 0. This is equivalent to partial minimization with a quadratic penalization

2



term, as in our algorithm. Like our algorithm, that of [36] is able to handle problems involving
both smooth and nonsmooth terms, intersection of multiple constraint sets and affine constraints,
however their algorithms employ different methods for these situations. Our algorithm uses an
augmented Lagrangian to handle the affine constraint while the conditional gradient framework
treats the affine constraint as a nonsmooth term g and uses penalization to smooth the indicator
function corresponding to the affine constraint. In particular circumstances, outlined in more detail
in Section 6, our algorithms agree completely.

Another recent and parallel work to ours is that of [15], where the Frank-Wolfe via Augmented
Lagrangian (FW-AL) is developed to approach the problem of minimizing a Lipschitz-smooth func-
tion over a convex, compact set with a linear constraint,

%) Ig?ﬂ[lelél {f(z): Az =0}.
The main idea of FW-AL is to use the augmented Lagrangian to handle the linear constraint and
then apply the classical augmented Lagrangian algorithm, except that the marginal minimization

on the primal variable that is usually performed is replaced by an inner loop of Frank-Wolfe. It
turns out that the problem they consider is a particular case of (2?), discussed in Section 6.

1.4. Organization of the paper. In Section 2 we introduce the notation and review some nec-
essary material from convex and real analysis. In Section 3 we present the Conditional Gradient
with Augmented Lagrangian and Proximal-step (CGALP ) algorithm and the underlying assump-
tions. In Section 4, we first state our main convergence results and then turn to their proof. The
latter is divided in three main parts. First we show the asymptotic feasibility, then the bounded-
ness of the dual multiplier in the augmented Lagrangian and finally the optimality guarantees, i.e.
weak convergence of the sequence (i), ¢y to a solution of the dual problem, weak subsequential
convergence of the sequence (), < to a solution of the primal problem, and convergence of the
Lagrangian values, and with convergence rates. In Section 5 we describe how our framework can
be instantiated to solve a variety of composite optimization problems. In Section 6 we provide a
more detailed discussion comparing CGALP to prior work. Some numerical results are reported
in Section 7.

For readers who are primarily interested in the practical perspective, we suggest skipping di-
rectly to Section 3 for the algorithms and its assumptions or Section 4 for the main convergence
results.

2. Notation and Preliminaries. We first recall some important definitions and results from
convex analysis. For a more comprehensive coverage we refer the interested reader to [4, 29] and
[32] in the finite dimensional case. Let H denote an arbitrary real Hilbert space endowed with
the scalar product (-, -) and associated norm ||-||. In this section g : H — R = R U {+oc} is
an arbitrary function. I'g (#) is the class of proper, convex, and lower semi-continuous functions.
The domain of g is defined to be dom (g) = {z € H : g(2) < +oo}. The Legendre-Fenchel

conjugate of g is the function g* : % — R such that, for every u € H,
* def
9" (u) = sup { (u, ) — g (2) }.
TEH
Notice that
(5) g <92 = g5 <4
Moreau proximal mapping and envelope. The proximal mapping and the Moreau envelope of
index 3 > 0 for the function g are

def .

@t ~ LRI B (p) & TP
(6) proxg(:v)faryger%m{g(ywrzllw yl|*} and g (w)fylg{{g(y)er lz—yl”}.

Denoting 2 = prox, (z), we have the following classical inequality (see, for instance, [29, Chap-
ter 6.2.1]): for every y € H,
2
(7 2[g(=") = g()] + lat —yl* = o —y|* +|]=" - 2" <o0.
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We recall that the subdifferential of the function g is defined as the set-valued operator dg : H —
2* such that, for every x in H,

(®) dg(z) ={u€H: gly) = g(x) + (u,y —x) VyeH}.

We denote dom(Jg) = {z € H : dg(z) # 0}. When g belongs to Tg (H), it is well-known
that the subdifferential is a maximal monotone operator. If, moreover, the function is Giteaux
differentiable at z € H, then dg(z) = {Vg(z)}. For x € dom(dg), the minimal norm selection

def

of dg(x) is defined to be the unique element { [dg ()] } = Argmin |y|. Then we have the
y€g(z)
following fundamental result about Moreau envelopes.

ProPOSITION 1. Given a function g € T'g (H), we have the following:
(i) The Moreau envelope is convex, real-valued, and continuous.
(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton

Jacobi equation:

2

©) 2% (@) = =3 |Vag® @)|]"  (@,8) € H x (0,+00)
9" (z) = g () zeMN.

(iii) The gradient of the Moreau envelope is %—Lipschitz continuous and is given by

x — proxg, ()
Vag” (2) = =

(iv)Vz € dom(dyg), ||Vg” (2)|| 7 ‘ [8g ()]°|| as 8\, 0.
(wv)Vx € H, ¢°(z) / g(x) as B\, 0. In addition, given two positive real numbers 3' < 3, for all
T € H we have

g , 2 2
P Ve @) and 0< g~ o @) < 2 100 ]
Proof. (i): see [4, Proposition 12.15]. The proof for (ii) can be found in [2, Lemma 3.27 and Re-
mark 3.32] (see also [18] or [1, Section 3.1]). The proof for claim (iii) can be found in [4, Propo-
sition 12.29] and the proof for claim (iv) can be found in [4, Corollary 23.46]. For the first part in
(v), see [4, Proposition 12.32(i)]. To show the first inequality in (v), combine (ii) and convexity of
the function 3 + ¢” (x) for every & € H. The second inequality follows from the first one and
(iv), taking the limit as 3’ — 0.

0< g% (@) —¢° () <

Regularity of differentiable functions. In what follows, we introduce some definitions related
with regularity of differentiable functions. They will provide useful upper-bounds and descent
properties. Notice that the the notions and results of this part are independent from convexity.
DEFINITION 2. (w-smoothness) Consider a function w : Ry — R such that w(0) = 0 and £ (s) =

fol w (st) dt is non-decreasing. A differentiable function g : H — R is said to belong to C1* (H)

or to be w-smooth if the following inequality is satisfied for every x,y € H.:

Vg (z) = Vg W)l <w(llz—yll).
LEMMA 3. (w-smooth Descent Lemma) Given a function g € CY% (H) we have the following
inequality: for every x and y in H,

9(y) —g(x) < (Vg(z),y—z) +lly — [l £ (lly — =) -
Proof. We recall here tI}e simple proof for complelteness:
9) 9@ = [ (Vola)y-ohdt+ [ (Vg(o+ o)~ Vole).y— o)
0 0 ) 0
<(Vg(@)y—2) +ly -l [ witlyal)ds
0
4



For L > 0 and w (t) = Lt”, v €]0, 1], C"% (H) is the space of differentiable functions with

Holder continuous gradients, in which case £ (s) = Ls”/(1 4 v) and the Descent Lemma reads
L 1+v

(10) 9(y) = 9(@) <(Vg(@),y =)+ - ly ==,

see e.g., [26, 27]. When v = 1, we have that C Lw (H) is the class of differentiable functions with

L-Lipschitz continuous gradient, and one recovers the classical Descent Lemma.

Now, following [17], we illtroduce some notions that allow one to further generalize (10).
Given a function G : H — R, differentiable on the open set Cy C int (dom (G)), define the
Bregman divergence of G as the function D¢ : dom (G) x Cp — R,

(11) Dg(x,y) = G(z) — G(y) — (VG(y),z — y).
Then we have the following result.

LeMMa 4. (Generalized Descent Lemma, [17, Lemma 1]) Let G and g be differentiable on C,
where Cy is an open subset of int (dom (G)). Assume that G — g is convex on Cy. Then, for every
x and y in Cy,

9(y) < g(x) +(Vg(z),y — ) + Da(y, x).

Proof. For our purpose, we intentionally weakened the hypothesis needed in the original result

of [17, Lemma 1]. We repeat their argument but show the result is still valid under our weaker

assumption. Let = and y be in Cy, where, by hypothesis, Cg is open and contained in int (dom (G)).

As G — g is convex and differentiable on Cy, from the gradient inequality (8) we have, forall y € Co,
(G=9)(y) =2(G—g) (@) +(V(G—-g)(x),y—)

Rearranging the terms and using the definition of D¢ in (11), we obtain the claim. O

The previous lemma suggests the introduction of the following definition, which extends Definition
2.

DerINITION 5. ((G, ¢)-smoothness) Let G : H — R and ¢ :]0,1] — R,. The pair (g,C), where
g:H — RandC C dom(g), is said to be (G, ()-smooth if there exists an open set Co such that
C C Cp C int (dom (@) and

(i) G and g are differentiable on Cy;

(ii) G — g is convex on Cy;

(iii) it holds
ef DG(Z7x)
(12) Kaeey = sup  ——2 < +oo.
(@40 z,s€C; v€]0,1] <(7)
z=z+vy(s—x)

K (g ¢,c) is a far-reaching generalization of the standard curvature constant widely used in the
literature of conditional gradient.

REMARK 6. Assume that (g,C) is (G, ()-smooth. Using first Lemma 4 and then the definition in
(12), we have the following descent property: for every x,s € C and for every v €]0,1],
g(x+v(s—=)) <g(x) +7(Vy(z),s —z) + Da(x + 7 (s —z),z)

< g(x) +7(Vg(x),s — ) + K(gc0)¢ (7) -
Notice that, as in the previous definition, we do not require C to be convex. So, in general, the point
z=x+ (s — x) maynot lie in C.
LEMMA 7. that the set C is bounded and denote by de = sup, ,ec ||© — y|| its diameter. Moreover,
assume that the function g is w-smooth on some open and convex subset Cy containing C. Set
C(y) £ devé(dery). Then the pair (g,C) is (g, C)-smooth with Kgecoy <L
Proof. With G = g and g being w-smooth on Cy, both G and g are differentiable on Cy and

G — g = 0is convex on Cy. Thus, all conditions required in Definition 5 hold true. It then remains
to show (12) with the bound K, ¢y < 1. First notice that, for every x,s € C and for every
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~v €]0,1], the point z = x + (s — x) belongs to Cy. Indeed, C C Cy and Cy is convex by
hypothesis. In particular, as g is w-smooth on Cy, the Descent Lemma 3 holds between the points
x and z. Then

D,(z,x z)—g(x) —(Vg(z),z — x
Kopeo—  sp Dm0 ) g0~ (Vo) a)
z,s€C; v€]0,1] C (7) z,s€C; v€]0,1] dCﬂ}/g(qu/)
z=x+vy(s—x) z=z+vy(s—x)
¢ lzzel&lzed o ylls—alElyls =)
2,5€C; v€]0,1] devé(dey) ,5€C; v€]0,1] devé(dey)
z=z+vy(s—x)
dev€ (dey) _
~ ejo.1) devé(dey)
where we used monotonicity of & (see Definition 2). 0

Indicator and support functions. Given a subset C C H, we define its indicator function as
te(x) = 0if z € C and 1c(x) = +oo otherwise. Recall that, if C is nonempty, closed, and
convex, then ¢ belongs to I'g (). Remember also the definition of the support function of C,
oc(z) £ 15(z) = sup { (z,2) : z € C}. We denote by ri (C) the relative interior of the set C (in
finite dimension, it is the interior for the topology relative to its affine full). We denote par(C') as
the subspace parallel to C which, in finite dimension, takes the form R(C' — C).

We have the following characterization of the support function from the relative interior in
finite dimension.

ProposiTiON 8. ([34, Lemma 1]) Let ‘H be finite-dimensional and C C H a nonempty, closed
bounded and convex subset. If 0 € ri(C), then oc € T'o(R™) is sublinear, non-negative and
finite-valued, and

oc(r) =0 <= x € (par(C))™ .
Coercivity. We recall that a function g is coercive if lim ;|| 400 g () = 400 and that co-

ercivity is equivalent to the boundedness of the sublevel-sets [4, Proposition 11.11]. We have the
following result, that relates coercivity to properties of the Fenchel conjugate.

PrOPOSITION 9. ([4, Theorem 14.17]) Given ginTo (H), g* is coercive ifand only if 0 € int (dom(g)).

The recession function (sometimes referred to as the horizon function) of g at a given point
d € R™ is defined to be gd’Oo : R™ — R such that, for every x € R",

% (2) = lim & (d+az) —g(d)

a—00 [e%

If g is convex, the recession function is independent from the selection of the point d € R™ and can
be then simply denoted as ¢°°. In finite dimension, coercivity is closely related to the properties of
the recession function.

ProposrTION 10. Let g € Ty (R™) and A : R™ — R™ be a linear operator. Then,
(i) g coercive <= ¢>° (x) >0 Vz #0.

(ii) g*° = Odom(g*)-

(iii) (g0 A)™ = g® o A.

In particular, g o A is coercive if and only if 0qom(g+)(Az) > 0 for every x # 0.

Proof. The proofs can be found in [33, Theorem 3.26], [33, Theorem 11.5] and [22, Corollary 3.2]
respectively. o

Real sequences. We close this section with some definitions and lemmas for real sequences
that will be used to prove the convergence properties of the algorithm. We denote ¢, as the set
of all sequences in [0, +-0o[. Given p € [1,+oc[, £ is the space of real sequences (7),cx such
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that (Y52, |r;€\p)1/p < +o0. For p = +00, we denote by £ the space of bounded sequences.
Furthermore, we will use the notation fﬁ_ N ly.

Lemma 11. Consider two sequences (pi) ey € {4+ and (W), ey € 4 such that (pywy) ey € O
and (pi) ey & £ Then the following holds:
(i) there exists a subsequence (wkj )j N such that

-1
wkrj S Pk]. )
where P,, = ZZ:l pr. In particular, limkinf wy = 0.
(ii) If moreover there exists a constant o > 0 such that wy, — wi41 < apy, for every k € N, then

hlgn wg = 0.

Proof. (i) See [35, Theorem 2].
(ii) See [35, Proposition 2(ii)]. 0

LemMmA 12. Consider the sequences (1) ,cn € L4, (Pk)gen € C4r (Wk) ey € L4y and (2x) ey €
(4. Suppose that (z),.cy € 04, (Pr) ey & £ and that, for some o > 0, the following inequalities
are satisfied for every k € N:

(13) Tet1 < Tk — PrWk + 2k;
W — Wit1 < QP
Then,
(i) (Tk)keN is convergent and (pkwk’)keN € 53_.
(ii) liin wyg = 0.
(iii) For every k € N, infi<;<xw; < (ro + E)/Py, where, again, P, = > ;_, py and E =
13 7
(iv) There exists a subsequence (wkj) N Such that, for allj €N, wy; < Pk—jl.

Jj€
Proof. (i) See [11, Lemma 3.1].
(ii) The claim follows by combining (i) and Lemma 11(ii).
(iii) Sum the first inequality in (13) using a telescoping property and summability of (2 ), cy-
(iv) The claim follows by combining (i) and Lemma 11(i).

Notice that the conclusions of Lemma 12 remain true if non-negativity of (1), oy is replaced
with lower-boundedness by a trivial translation argument. The lemma guarantees the convergence
of the whole sequence (w ),y to zero, but it gives a convergence rate only on a subsequence
(wkj ) jeN"

3. Algorithm and assumptions.

3.1. Algorithm. As described in the introduction, we combine penalization with the aug-
mented Lagrangian approach to form the following functional

1
(4) T (z,y,p) = f () + 9 (y) + b (2) + {p, Az = b) + % 1Az — blJ* + 25, v~ Tz|?,

where 1 is the dual multiplier, and py, and (3, are non-negative parameters. The steps of our scheme,
then, are summarized in Algorithm 1.
For the interpretation of the algorithm, notice that the first step is equivalent to

{yk} = Argmin jk: (mlm Y, luk?) .
yEHv

Now define the functional & (z, 1) = f(z) + g% (Tz) + (u, Az —b) + B || Az — b||*>. By
convexity of the set C and the definition of 411 as a convex combination of zj, and s, the sequence
(7x) ey remains in C for all &, although the affine constraint Az = b might only be satisfied
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Algorithm 1: Conditional Gradient with Augmented Lagrangian and Proximal-step
(CGALP)
2nput: xg € C =dom (h); po € ran(A); (V) pens (Br)pens (Or) pen » (P8 pen € 4
=0
repeat
yr. = proxg, , (T'ry)
2k = Vf(xk) + T (Tl'k — yk) /Bk + A%y + prA* (A{Ek — b)
si € Argmingeyy {h(s) + (2, s) }
Thy1 = Tk — Vi (Tk — Sk)
Prs1 = pg + O (Azpy1 — D)
k+—k+1
until convergence;

Output: 1.

asymptotically. It is an augmented Lagrangian, where we do not consider the non-differentiable
function h and we replace g by its Moreau envelope. Notice that

V& (v, ux) = Vf(x) + T* Vg |(Tx) + A%y, + pr. A* (Az — b)
15) 1, . .
=Vf(x)+ ET (T — proxg, , (Tx)) + A* i, + ppA* (Az — b)),
where in the second equality we used 1(iii). Then z, is just V& (xk, 1y ) and the first three steps
of the algorithm can be condensed in
(16) sk € Argmin {h (s) + (V& (k, i) - ) |-

s€eHyp

Thus the primal variable update of each step of our algorithm boils down to conditional gradi-
ent applied to the function & (-, py ), Where the next iterate is a convex combination between the
previous one and the new direction s;. A standard update of the Lagrange multiplier p follows.

3.2. Assumptions.

3.2.1. Assumptions on the functions. In order to help the reading, we recall in a compact
form the following notation that we will use to refer to various functionals throughout the paper:

®(z) = f(2)+ g (Tz) +h(z);
Oy £ (@) + g% (Ta) + h(z) + %’“ 1Az — b]]%;

H“

xT

=

=@ (2) + (p/2) | Az — bl|*;

a
e,

(
(
® (z
#(

)&
)
(17) ) = (—A*p) + (b, p);
L (@) £ f (@) +g(Ta)+h() + (u, Az —b);
Li(a,pm) 2 f @) + g™ (T) +h () + (1, Az — b) + 5 || Az — 0]
& (w, 1) = [ (2) + ¢ (Tz) + <u,Ax—b>+ k) Az — b)2,

where p is defined in Assumption (P.4) to be p = supy, p.

In the list (17), we can recognize ® as the objective, ®;, as the smoothed objective augmented
with a quadratic penalization of the constraint, and £y, as a smoothed augmented Lagrangian. £ de-
notes the classical Lagrangian. Recall that (z*, u*) € H,, X Hq is a saddle-point for the Lagrangian
L if for every (z, 1) € Hp X Ha,

(18) L 1) < L (0" 1) < L (1)



It is well-known from standard Lagrange duality, see e.g.[4, Proposition 19.19] or [29, Theo-
rem 3.68], that the existence of a saddle point (z*, u*) ensures strong duality, that z* solves (%)
and p* solves the dual problem,

(@) min (f +goT + h)"(—A"u) + (u,b) .
neEHa

The following assumptions on the problem will be used throughout the convergence analysis
(for some results only a subset of these assumptions will be needed):

(A.1) f,goT, and h belong to L'y (H,).

(A.2) The pair (f,C) is (F, ¢)-smooth (see Definition 5), where we recall C = dom (h).
(A.3) C is bounded closed, or equivalently weakly-compact by convexity (and thus contained in a
ball of radius R > 0).

(A4)TC C dom(dg) and su;c) H [Og (Tx)]OH < 0.
z€

(A.5) h is Lipschitz continuous relative to its domain C with constant L;, > 0, i.e., ¥(z, z) € c2?,
[h(z) — h(z)| < Ln ||lz — 2]|.

(A.6) There exists a saddle-point (z*, u*) € H, x Hq4 for the Lagrangian L.

(A.7)ran(A) is closed.

(A.8) One of the following holds:

(a) A=! (b) Nint (dom (g o T')) Nint (C) # 0, where A~* (b) is the pre-image of b under A.

(b) H,, and H are finite dimensional and

A=Y (b)Nri(dom (go T)) N1i(C) # 0
19) and
ran (A*) N par (dom (go T) NC)*" = {o0}.
At this stage, a few remarks are in order.

REMARK 13.
(i) Since the sequence of iterates (Ty),cy generated by Algorithm I is guaranteed to belong to C

under (P.1), we have from (A.4)
(20) sup H[ag (Txk)]OH < M.

where M is a positive constant.

(ii) Assumption (A.5) will only be needed in the proof of convergence to optimality (Theorem 18). It
is not needed to show asymptotic feasibility (Theorem 17).

(iii) Assume that A= (b) Ndom(g o T) NC # (), which entails that the set of minimizers of () is a
non-empty convex closed bounded set under (A.1)-(A.3). Then there are various domain qualifica-
tion conditions, e.g., one of the conditions in [4, Proposition 15.24 and Fact 15.25], that ensure the
existence of a saddle-point for the Lagrangian L (see [4, Theorem 19.1 and Proposition 9.19(v)]).
(iv) Observe that under the inclusion assumption of Lemma 14, (A.8)(a) is equivalent to A~* )N
int (C) # 0.

(v) Assumption (A.8) will be crucial to show that ¢ is coercive on ker(A*)~ = ran(A) (the last
equality follows from (A.7)), and hence boundedness of the dual multiplier sequence (jix.),cy pro-
vided by Algorithm I (see Lemma 26 and Lemma27).

The uniform boundedness of the minimal norm selection on C, as required in Assumption (A.4),
is important when we will invoke Proposition 1(v) in our proofs to get meaningful estimates. The
following result gives some sufficient conditions under which (A.4) holds (in fact an even stronger
claim).

LemMa 14. Let C be a nonempty bounded subset of H,, g € To (Hy) and T : H,, — H,, be a
bounded linear operator. Suppose that TC C int (dom (g)). Then the assumption (A.4) holds.
9



Proof. Since g € T'g (H,), it follows from [4, Proposition 16.21] that

TC C int (dom (g)) C dom(0dg).
Moreover, by [4, Corollary 8.30(ii) and Proposition 16.14], we have that dg is locally weakly com-
pact on int (dom (g)). In particular, as we assume that C is bounded, so is T'C, and since TC C
int (dom (g)), it means that for each z € T'C there exists an open neighborhood of z, denoted by
U., such that g (U) is bounded. Since (U.), is an open cover of T'C and T'C is bounded, there
exists a finite subcover (U, );_,. Then,

U 99(T2) c | a9 (U.,).
zeC k=1
Since the right-hand-side is bounded (as it is a finite union of bounded sets),
sup lu|l < 400,
z€C, uedg(Tx)
whence the desired conclusion trivially follows. g

3.2.2. Assumptions on the parameters. We also use the following assumptions on the pa-
rameters of Algorithm 1 (recall the function ¢ in Definition 5):
(P.1) (Y1) e €J0, 1] and the sequences (¢ (V&) per > (Vi /Bk) e a0d (V£ Bk) pen belong to 2]
P.2) ('Vk)keN ¢ o,
(P.3) (Br)pen € L4 is non-increasing and converges to 0.
(P4) (pr) e € £+ is non-decreasing with 0 < p=inf, p, < supy, pr=p < +o00.
(P.5) For some positive constants M and M, M < infy (v /v%+1) < supy, (V&/Vis1) < M.
(P.6) (Or) oy satisfies 0, = 2= for all & € N for some ¢ > 0 such that M _ % < 0.

(P.7) (V&) e @and (pr) gy satisty pri1 — pr + (2 — ) < (1 + pry1)ykq1 forall k € N and
for c in (P.6).

REMARK 15.
() If g = 0in (P), then all assumptions involving By, are superfluous, and in particular in (P.1),

which requires in this case only summability of (¢ (V&) pen-

(ii) One can recognize that the update of the dual multiplier py in Algorithm 1 has a flavour of
gradient ascent applied to the augmented dual with step-size 0. However, unlike the standard
method of multipliers with the augmented Lagrangian, Assumption (P.6) requires 0y, to vanish in
our setting. The underlying reason is that our update can be seen as an inexact dual ascent (i.e.,
exactness stems from the conditional gradient-based update on xj which is not a minimization of
over x of the augmented Lagrangian L;;,). Thus 0;, must annihilate this error asymptotically.

(iii) The relevance of having py vary is that it allows for more general and less stringent choice
of the step-size . It is however possible (and easier in partice) to simply pick pr, = p for all
k € N. In such a case, a sufficient condition for (P.7) to hold consists of taking, for all k € N,
Vi1 > ﬁvk. In particular, if (Vi) cy Satisfies (P.5), then, for (P.7) to hold, it is sufficient to
take py, = p > 2M /c as supposed in (P.6).

(iv) Given a problem instance (f, g, h,T, A, b), apply Algorithm 1 with parameters (v, B, P, O%)
fo get iterates the primal-dual sequence (xy, k) ken- Now, for any ¢ > 0, consider the scaled
problem instance (cf, cg, ch, T, cA, cb) which is equivalent to the former instance. It can be easily
seen that Algorithm 1 applied to the latter instance with parameters (Y, Br/¢, pr/c, 0k /c) pro-
duces the same iterates (T, jir),cy- In plain words, unlike the standard generalized conditional
gradient (i.e., A = 0, b = 0, g = 0), CGALP is not scale-invariant. Invariance when scaling
appropriately the parameters (B, px, 0k) is expected given the presence of the proximal update
and the augmented Lagrangian form.

There is a large class of sequences that fulfill the requirements (P.1)-(P.7). A typical one is as
follows.

10



ExaMpLE 16. Take', for k € N,
(log(k +2))* 1 .
= th
G+t T o M
a>0,0<20<6<1,6<1—bp>2""/cc>0.

In this case, one can take the crude bounds M = (log(2)/log(3))* and M = 2'~, and choose
p > 2M /c as devised in Remark 15(iii). In turn, (P.4)-(P.7) hold. In addition, suppose that { has
a v-Holder continuous gradient (see (10)). Thus for (P.1)-(P.2) to hold, simple algebra shows that

) [ If, moreover, g = 0 in (), then following

pe=p>0,7% =

|4

the allowable choice of b is in |0, min (1/3, i

Remark 15(i), b can be taken in [O, 14%1/ [

4. Convergence analysis.
4.1. Main results. We state here our main results.

THEOREM 17 (ASYMPTOTIC FEASIBILITY). Suppose that Assumptions (A.1)-(A.4) and (A.6) hold. Con-
sider the sequence of iterates (), o from Algorithm 1 with parameters satisfying Assumptions (P.1)-
(P.6). Then,

(i) Axy, converges< strongly to b as k — o0, i.e., the sequence (xy),,cy is asymptotically feasible
for (%) in the strong topology.

(ii) Pointwise rate:

(2D

. 1 .
ogilék Az, —b|| = O (\/ﬂ) and 3 a subsequence (;vk].)jeN s.t. Vj €N,
where, Vk € N, T'), & Zf:o Vi
(iii) Ergodic rate: for each k € N, let Tj, = Ef:o ~ix;/Tk. Then

1
(22) AZp — bl = O () .
I | N

1

VT,

Axk]. — b” S

Theorem 17 will be proved in Section 4.3.

THEOREM 18 (CONVERGENCE TO OPTIMALITY). Suppose that assumptions (A.1)-(A.8)and (P.1)-(P.7)
hold, with M > 1. Let (x,), oy be the sequence of primal iterates generated by Algorithm 1 and
(z*, u*) a saddle-point pair for the Lagrangian. Then, in addition to the results of Theorem 17, the
following holds

(i) Convergence of the Lagrangian:

(23) i Lz, p") = L(27, 1)

(ii) Every weak cluster point T of (), cy is a solution of the primal problem (%), and (p);cy
converges weakly to [i a solution of the dual problem (9) as k — oo, i.e., (T, i) is a saddle point
of L.

(iii) Pointwise rate:
1
inf L (z;,p*)—L(x*,u*)=0 () and

24) 0<i<k Ty )
3 a subsequence (xkj)jeN s.t. VjeNL (l"kj+1,u*) — L (z", p*) < K
(iv) Ergodic rate: for each k € N, let T, = Zf:o Yii+1/Tk. Then
1
(25) L(Zp, ) — L(x*, 1) =0 (F) .
k

10Of course, one could include a scaling factor in the parameters (3%, px, 01) which would allow for more practical
flexibility and make CGALP invariant to scaling of the problem instance (see Remark 15(iv)). But, of course, this does not
change anything to our discussion.
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An important observation is that Theorem 18, which will be proved in Section4.5, actually
shows that

lim [£ (g, 1) = £ (2%, %) + 2] Ay, — b]12] =0,
k—s o0 2

and subsequentially, Vj € N,

(26) £ (wnyo 1) = £ (1) + 52 Az, = b <

J
This means, in particular, that the pointwise rate for feasibility and optimality hold simulatenously
for the same subsequence.
The following corollary is immediate. We recall the definition of uniform convexity from [4,
Definition 10.7].

CoroLLARY 19. Under the assumptions of Theorem 18, if the problem (%) admits a unique so-
lution x*, then the primal-dual pair sequence (xy, i) reN converges weakly to a saddle point
(x*, u*). Moreover, if ® is uniformly convex on C with modulus v : R — [0, +00], then (x1);
converges strongly to x* at the ergodic rate

1
T —2]) =0 =— ).
v(lo -2 =0 )
When H,, is finite dimensional, strict onvexity of ® entails uniform convexity on C, see [4,
Corollary 10.18].

Proof. By uniqueness, it follows from Theorem 18(ii) that (21, ), .\ has exactly one weak sequential
cluster point which is the solution to (%). Weak convergence of the sequence (2 ), then follows
from [4, Lemma 2.38].

From [4, Proposition 19.21(v)], we know that —A*p* € O0®(z*). This together with -
uniform convexity of ® imply that

P(x) 2 (") + (A", v —2") + ¥ (= —27), Vzel,
where ¢ is a an increasing non-negative funtion that vanishes only at 0. This is equivalent to
¥ (lle —=2*||) < Lz, p*) = L (2", p"), Vzel

Applying this inequality to x = xy, passing to the limit and using (23), we get ¢ (||x — z*||) — 0
which forces strong convergence of x;, by assumption on ¢. The ergodic rate follows from the same
above inequality applied to x = Zy. ]

ExAMPLE 20. Suppose that the sequences of parameters are chosen according to Example 16. Let
the function o : t € R* > (log(t + 2))*/(t + 1)} ~b. We obviously have o (k) = ;. for k € N.
Moreover, it is easy to see that 3k’ > 0 (depending on a and b), such that o is decreasing fort > k'.
Thus, Vk > k', we have

k+1 k+2 log(k+2)

k
IV 2/ a(t)dtz/ (log(t))atb_ldt:/ toebtt.
= % K41

log(k’+1)
It is easy to show, using integration by parts for the first case, that

O(ﬁ) a:l,b>0,
rit={0( L ) a=0b>0,

L
1 _ —
ogthry ) @=0,0=0.

This result tells us that picking a and b as large as possible results in a faster convergence rate of
the Lagrangian and the feasibility gap, with the proviso that b satisfy some conditions for (P.1)-(P.7)
to hold, see the discussion in Example 16 for the largest possible choice of b.
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4.2. Preparatory results. The next result is a direct application of the Descent Lemma 10
and the generalized one in Lemma 4 to the specific case of Algorithm 1. It allows to obtain a
descent property for the function & (-, i) between the previous iterate x5, and next one xj1.

LEMMA 21. Suppose Assumptions (A.1), (A.2) and (P.1) hold. For each k € N, define the quantity

e T 2
7 VEeN, Lp= % + [ Al .-
Then, Vk € N, we have the following inequality:

Ek (Thr1, i) < Ek (The, p) + (Vi (Tho, i) 5 T — k) + K(re.0)C (k)
L
+ ol —
Proof. Define for each k € N,
Ex () £ g™ (Ta) + (u, Ax = b) + B || Az — b,
so that &, (z, 1) = f(z) + &k (x, ). Compute

Vol (x, ) = T*V g (Tx) + A+ ppA* (Ax —b)
which is Lipschitz-continuous with constant L, = “g—]‘f + || Al|?px by virtue of (A.1) and Proposi-
tion 1(iii). Then we can use the Descent Lemma (10) with v = 1 on & (-, ) between the points
x) and x4 1, to obtain, for each k € N,
(28) Er (Trg1s ) < En (@i i) + (VE (T k) , Thosr — Th) + % [
From Assumption (A.2), Lemma 4 and Remark 6, we have, for each k € N,
f@rg1) < f(@e) +(Vf(@k), o1 — Tk) + Dp(Trir, o)

< flzg) +(Vf(@r), Trr1 — 2x) + K(pec)C (W)
where we used that both zj, and sy, lie in C, that -y, belongs to ]0, 1] by (P.1) and thus ;41 = x +
Yk (51 — 1) € C. Summing (28) with the latter and recalling that &, (z, ux) = f(2) +E (2, tix)s
we obtain the claim. a

Again for the function & (-, u ), we also have a lower-bound, presented in the next lemma.
LemMa 22. Suppose Assumptions (A.1) and (A.2) hold. Then, Yk € N,Vz,z' € H, andVu € Hy,
En(@,p) = E (@', 1)+ (Vi (¢, p) , © =) + B2 Al =)

Proof. First, split the function &, (-, u) as & (z, u) = Ep (x, ) + £[| Az — b]|? for an opportune
definition of £ (-, u). For the first term, simply by convexity, we have

(29) & (1) 2 & (' 1) + (Vo (¢, ), @ — ).
Now use the strong convexity of the term (py/2) || - —b||? between points Az and Az, to affirm
that

G0) Bl Aw—b|? = Bl Ax’ b2+ (¥ (5] =b|1?) (Aa'), Aw— Ax) + B Al —a')|1%.
Compute
(v (%’Cu : —b\|2> (Az'), Az — Az') = pp(A" (Ax/ —b) ,z — ')

= (v (514 b)) @) o — ).
Summing (29) and (30) and invoking the gradient computation above, we obtain the claim. ]

LEMMA 23. Suppose that assumptions (A.1)-(A.8) and (P.1)-(P.7) hold, with M > 1. Let (x),cy
be the sequence of primal iterates generated by Algorithm 1 and p* a solution of the dual problem
(D). Then we have the following estimate,

L(xp, p") = L(@pq1, 1) < yrde (M| T 4+ D + Ly + || A[] [|*]])
13



Proof. First define uj, = [8g(Txk)]O and recall that, by (A.4) and its consequence in (20), ||u|| <
M for every k € N. Then,

L@, p1*) = L(@p41, 1) = @(2r) — P(zpg1) + (1", ATk — Tpt1))
< (uk, Tk — wp41)) +(Vf(@r), To — Tir1)
+ Lullwr — zepa | + [V AN Jze — 2],
where we used the subdifferential inequality (8) on g, the gradient inequality on f, the Ly -Lipschitz

continuity of h relative to C (see (A.5)), and the Cauchy-Schwartz inequality on the scalar product.
Since xg+1 = xk + Yk (T — Sk ), We obtain

L(wg, p1*) = L (g1, 1) < M (<ukv T(xk — sk)) + (Vf(zk), ok — sk) + Lallzk — skl

+ I 1A ok = sl
< yrde (M|[T(|+ D+ L+ [|*[ I AID
where we have denoted by D the constant D = sup, . ||V f(x)|| < +oo (see (52)). O

LEMMA 24. Suppose that assumptions (A.3) and (P.4) hold. Let (x),,c be the sequence of primal
iterates generated by Algorithm 1. Then we have the following estimate,

Pk PE+1 =
3 Az — b||* - 2+ [Az 41— b]1* < pde| Al (IR + [1b]) 5,

where R is the radius of the ball containing C and p = supy, pr.

Proof. By (P.4) and convexity of the function 25 || A - —b||?, we have
Pk Pk+1 Pk+1 Pk+1
P g — bl — P Ay — b < P A — b2 — P Ay — b

( (LA =0l (@), o = s,
Now compute the gradient and use the definition of x4 ;, to obtain
P A= b — P A — b < praetAze — b, Aes — 1))
< pde | All (IIAllR +1[6]1) -

In the last inequality, we used Cauchy-Schwartz inequality, triangle inequality, the fact that
|zr — si|| < dc, and assumptions (A.3) and (P.4) (respectively, sup, ¢ ||z]| < Rand pyp11 < p).0

IA

4.3. Asymptotic feasibility. We begin with an intermediary lemma establishing the main
feasibility estimation and some summability results that will also be used in the proof of optimality.

LeMMaA 25. Suppose that Assumptions (A.1)-(A.4) and (A.6) hold. Consider the sequence of iter-
ates (x,);, o from Algorithm 1 with parameters satisfying Assumptions (P.1)-(P.6). Define the two
quantities A} and Ag in the following way,

AP Z Ly (wpg1s k) — L (1) 5

d

k
where we have denoted Ly, (py,) = ming, Ly, (z, i) and L
AP+ A4, Then we have the following estimation,

2L — Ly (1),
= L (z*, u*). Denote the sum Ay, &

M 5 5 L
Apy1 < Ak — Vit <C |AZ i1 — bl + 8 [|A (w1 — $k+1)||2) k;l%%ﬂdc

Br = Bresr

+K(pc,0)C (Vet1) +

and, moreover,
A —b2) eﬁl,( Az — 7 2) e, d( A —b2) et
(vellaze—bl?) _ elh. (wlAle—aol®) _ €th and (q Az —b) et
14



Proof. First notice that the quantity A} > 0 and can be seen as a primal gap at iteration k while Az
may be negative but is bounded from below by our assumptions. Indeed, in view of (A.1), (A.6)
and Remark 13(iii), £, (py;) is bounded from above since

Li () < Ly (2%, )
= @) + g% (Ta*) + h(2*) + (ue, Az* = b) + 52 || Aa* |

= f(z*) + g% (Tx*) + h(z*)
< f) +9(Ta”) + h(2") < +oo,
where we used Proposition 1(v) in the last inequality.

We denote a minimizer of Ly, (z, ug) by & € Argmin Ly, (x, i), which exists and belongs
T€EH)p

to C by (A.1)-(A.3). Then, we have
3D Af = A = Li (Fr i) — Lt (Trgrs rs) -
Since &y, is a minimizer of Ly, (x, ux) we have that Ly, (T, pg) < Lk (Zg+1, i) which leads to,
Li (Frg1s ) = Lis1 Frgrs i) + 97 (TFps1) — g7+ (Tapgr) + L || AZ gy — b|?
< Lir (g, pir)
where the last inequality comes from Proposition 1(v) and the assumptions (P.3) and (P.4). Com-
bining this with (31),
Afy ) = AL < Logr (Frgrs ) — Losr (Frgr, o)
(32) =k — pks1, ATp1 — b)
= 0y (Axpy1 — b, ATy — b)
where in the last equality we used the definition of 1. Meanwhile, for the primal gap we have
AV =AY = (Ligr (@ra2, fies1) — Lo (g1, ) + (Lie (T i) — List (Trsts fig1)) -
Note that
Li (@hr1, i) = Li (@hr1, prsr) — O [ Azggr — b

and estimate Ly (T, pik) — Lx+1 (Tr+1, pr+1) as in (32), to get
(33) A} =AY < Ly (Thgos 1) — Li (Trg1, prrr) + O | Azg — b|?
—Oh (Azpsr — by At —b) .
Using (32) and (33), we then have
A1 = Ak < Ligr @hp2s ryr) = L (Trns ) + O | Azggr — blJ°
20 (Azpst — b, Adgsr — ) .
Note that
Lo (arsrones) = Luon (ons i) = [0 = %] (Tone) - (272 itz — .
Then
Aprr — Dk < Ligr Ty 1) — Lot (@, prsn) + 974 (Tapga) — 97 (Taogsa)

+ (pkH;pk) HALL’kJrl - b”2 + Hk ||A:L‘k+1 - b”2 - 29k <A(Ek+1 — b, A:f?kJrl — b> .

We denote by Tl = Lii1 (Trt2, tk+1) — Li+1 (Trt1, bk+1) and the remaining part of the
right-hand side by T2. For the moment, we focus our attention on T1. Recall that Ly, (x, ug) =
Ex (x, pg) + h (x) and apply Lemma 21 between points 2o and 21, to get

T1 < h(2k42) — h (pp1) + (Vo1 (Tht1s ht1) s T2 — Thot1)

Ly

2
9 ||xk+2_$k+1H .

+ K(re,0)C (e+1) +
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By (A.1) we have that h is convex and thus, since x o is a convex combination of x4 and Sg41,
we get

T1 < Vi1 (B (@hg1) — P (Spr1) + (Va1 (Tha1, 1) Thr — Skt1))
Lyt

+ 2tz — zhaall® + K(ree)C (Grt) -
Applying the definition of s; as the minimizer of the linear minimization oracle and Lemma 22 at
the points Tyy1, Tx+1, and pg41 gives,
T1 < g1 (b (r41) — R (Zrt1) + (Va1 (Trtt1, het1) s Thor1 — Tht1))

Ly 2
2+ |zkre = Thg1|” + K(pee)C (Ves1)

+

IN

—Vkt1 (h (1) = A (Trg1) + Erpr (@ra1s prr1) — Exvt (Tra1, Brr1)

Pk+1 - 2 L1 2
+ A (@ = Bl ) + 25 arrs — wrs |+ Kre o€ ()

2 2
- Pk+1 ~ 2
= —Vk+1 (£k+1 (Tht1s et 1) = Lio1 (Tt 1) + 9 A (Trt1 — Trgr) | )

Lyt
2
Vk+1Pk+1
< ——— llA(

2
|Zkt2 — Trs1ll” + Kre.o)C (k1)

Ly

- 2 2

Thit — Trp) |7+ [zks2 = Tt ™+ K(reo)C (1) 5
where we used that T4 is a minimizer of L1 (-, gg+1) in the last inequality. Now, combining
T1 and T2 and using the Pythagoras identity we have

(34) Apy1— A < =04 || Ay — b))° + (9k - ’Yk+1pk2+1) A (2hs1 — Frp)]

Lyt
2

|2kt — Trp1l)® + Kreo)C (vesr) + [97 — 9% ] (Tapsr)

k+1 — Pk
+ PP | A — b
Under (P.6) we have 0, = %’C for some ¢ > 0 such that
M
36 > 0, ——§=—5<0,
o ¢
where M is the constant such that v, < M~y (see Assumption (P.5)). Then, using (P.5) and the

above inequality,

M M p .
(35) O — Vi1 Phil < ( - pk“) Vi1 < (C - > Ve+1 = —07Vk+1and O > %

2 ~\c 2 2
Now use the fact that 2512 = Tg41 + Vi1 (Sk+1 — Tk41) to estimate
2 2 12
(36) Zk+2 — T I” < Vi de-

Moreover, by the two assumptions (P.3), (A.4) and Proposition 1(v), (20) holds with a constant
M > 0, and thus with Proposition 1(iv) we obtain

_ 2 _
(37) [g7+1 — g%] (Tagya) < % H 09 (Txk+1)]0H < MM

2
Plugging (35), (36) and (37) into (34), we get

M . _ Ly,
Apy1 —Ap < —f%ﬂ [AZp1 = Ol° — 67k | A (@rgr — Erepn) ) + TJrl'Vngrld%

+ Kre,0)¢ (rr1) + %M + (pkHQPk) | Azjry — b|%.

Because of the assumptions (P.1), (P.3) and (P.4), and in view of the definition of Lj in (27), we
have the following,

(38)

Ly 1 (|7|?
—de = = I, |A|1% pr | v2dE € ¢
2 2\ B
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For the telescopic terms from the right hand side of (38) we have

B Pt gt ang (P20 gy 0 < (s — o) (AR 2+ 017) € 2,

where R is the constant arising from (A.3). Under (P.1) we also have that
Kreo (w) € £
Using the notation of Lemma 12, we set

M -
o= pe= e wn = (B AT = 07 4 814 (o - i),

Lyyq Br — Br+1 Pk+1 — Pk
2 = T+V13+1d3 + Kre,0)C (1) + 5 M4 (5 5 | Azgrr — 0|

We have shown above that

Tey1 < Tk — DEWg + 2k,
where (zy) ken € E}r, and 7, is bounded from below. We then deduce using Lemma 12(i) that
(Tk) ke 18 convergent and

A~—b2) 0 ( Alzy, — 7 2) 0
(39) (wellaze—l?) _ eth, (wlAGe-a)?) _ et
Consequently,
A 762) I
(40) (we 4w —bI%) _ €l
since, by Jensen’s inequality,
o0 o0
> llAz, = bl* <230 9 (14 (@x = @)1 + A3k - b)) < +oo. 0
k=1 k=1

We are now ready to prove Theorem 17, i.e., to show that the sequence of iterates (1), ¢ is asymp-
totically feasible.

Proof. (i) Using the notation of Lemma 11, we set px = & /pr and wy, = &* || Axy, — b||2. Lemma 24
shows that
wy — w1 < apy,  with o =pde Al (|A| R+ [bll),

where we used (P.4). On the other hand (prws) oy € ¢4 thanks to Lemma 25, and (pi) ey & ¢*

by (P.2) and (P.4). Lemma 11(ii) then gives limy_, o, || Az — b||2 = limy_, oo wr = 0 as claimed.

(ii) The rates in (21) follow by combining Lemma 25 with respectively Lemma 12(iii) and Lemma 12(iv).
(iii) We have, by Jensen’s inequality and Lemma 25, that

k +o0
_ 2 1 2 1 9 1
14Z% = 0" < £ > il Az = bl|* < T, > il Az — b O(Fk)

=0 1=0

O

4.4. Dual multiplier boundedness. In this part we provide a lemma that shows the sequence
of dual variables (jx ),y generated by Algorithm 1 is bounded.

We start by studying coercivity of ¢.
LemMA 26. Suppose that Assumptions (A.1)-(A.3) and (A.6)-(A.8) hold. Then @ is coercive on
ran (A).
Proof. From (17), we have, for any ¢ € A~1(b), that

P(n) = (" +(=c.1) (-A"n).

Moreover, Assumptions (A.1) and (A.7) entail that & € I'g(#,,). We now consider separately the
two assumptions.
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(a) Case of (A.8)(a): If follows from the Fenchel-Moreau theorem ([4, Theorem 13.32]) that
(8 —(c,) =" (+) =D (-+0).
Using this, together with Proposition 9 and (A.2), we can assert that ®* — (c, -) is coercive if and
only if
0 € int (dom (® (- + ¢))) = int (dom (®)) — ¢ = int (dom (go T) NC) — ¢
= int (dom (g o T)) Nint (C) — c.
But this is precisely what (A.8)(a) guarantees. In turn, using [4, Proposition 14.15], (A.8)(a) is
equivalent to -
d(a>0,8€R), D" —{c,-) >all+0
Using standard results on linear operators in Hilbert spaces [4, Facts 2.18 and 2.19], we have
(A7) <= (3a>0), (Vueran(A)), [A%ul > allul,
Combining the last two inequalities, we deduce that under (A.8)(a),
Ha>0,0>0,8 €R),(Vu€ran(4)), &(u) = allApl + B8 = aa|p] + 5,
which in turn is equivalent to coercivity of @ on ran(A) by [4, Proposition 14.15].
(b) Case of (A.8)(b): Since H, is finite dimensional, We have, Vu € H,

P (u) = (2" + (=¢,)) 0 (-49) ™ (u)
(Proposition 10(iii)) = (®* + (—c, ))OO (—A*u)
(Proposition 10(i1)) = 040, (e 1 (—c,))" (—A*u)

(by (A2)) = Odom(goT)rC—c (—A W) .
Notice that, by Assumption (A.4), we have dom (g o T') N C = C. Thus, using Proposition 10(i),
we have the following chain of equivalences

@ is coercive onran (A) <= ¢* (u) >0, Vueran(A)\ {0}
< oc—c(—A*u) >0, Vucran(A4))\{0}.
For this to hold, and since ran (A) = ker (A*)", a sufficient condition is that
41) oc—c(z) >0, Vzeran(A*)\ {0}.

It remains to check that the latter condition holds under (A.8)(b). First, observe that C is a nonempty
bounded convex set thanks to (A.1) and (A.3). The first condition in (A.8)(b) is equivalent to
0 € 1i(C — ¢) for some ¢ € A~1(b). It then follows from Proposition 8 that

oc_e(z) > 0,Vz & par(C — ¢)* = par(C)™,
which then implies (41) thanks to the second condition in (A.8)(b). 0

LemMmA 27. Suppose that assumptions (A.1)-(A.3) and (A.6)-(A.8) and (P.1)-(P.6) hold. Then the
sequence of dual iterates (fi1;) ren generated by Algorithm 1 is bounded.

Proof. Using the notation in (17), the primal problem:

min {®(x): Axr =0} = min sup L (z,pu),

Join {2 (x) b= min sup Lz,p)
is obviously equivalent to

mip {20+ G lAe =0l Av = = min sup {20 + Az = b
We associate to the previous the following regularized primal problem:
in {®p(x): Ar =0} = mi L
Join {®r(z): Az =0b} Jin sup Ly (x, 1)
18



and its Lagrangian dual, namely:

sup inf Ly (z,u)=— inf sup —Ly(z,pu).

pEH, TE€Hp ( ) weMa ze, ( )
Now consider the dual function in the latter, namely @y, (1) = — inf,eq, Lk (x, ). Observe that
the minimum is actually attained owing to (A.1) and (A.3). Now we claim that ¢}, is continuously
differentiable with Ly, -Lipschitz gradient, and 1/p (see (P.4)) is an upper-bound for (L, ) .-
In order to show it, introduce the notation

Fi(z) = f(z) + ¢°(Tx) + h(z);

Gr(v) = B o — b
By definition, we have

or(p) = = min {F(2) + g™ (Ta) + hi@) + (u, Az —b) + 2] Az —0]*}
(42) !

= - i {Fr(z) + (A", ) + Ge(Az)} + (1, ).

Using Fenchel-Rockafellar duality and strong duality, which holds by (P.4) and continuity of G,
(see, for instance, [29, Theorem 3.51]), we have the following equality,

wrgglp {Fy (z) + (A*p, z) + G (Az) } = —vrgqig {(Fi () + (A", )" (A™) + G5 (v) )

= — min {F; (=A% — A*p) + G} (v) }
vEH4

where we have used the fact that the conjugate of a linear perturbation is the translation of the
conjugate in the last line. Substituting the above into (42) we find

r(0) = ip { FE-A"( )+ 5 oI+ 0. 00+ G,

. . 1 p
= ip {FECA" @ )+ 5o+ 2+ G 0) = 22

vEHg
Moreover, from the primal-dual extremality relationships [29, Theorem 3.51(i)], we have
3) — 5 = VGL(AF) = pi, (A7 —b),
where Z is a minimizer (which exists and belongs to C) of the primal objective Ly, (-, 1) and @ is the
unique minimizer to the associated dual objective. Now, using the change of variable u = v + p,
we get

. 1 Pk
= inf { FF (=A%) + —|lu — Al by — =)
ont = ing a0+ =+ pudlP b+ G 1) = 2]

= [ o (=A™ (1 = prd) + (p, B) = T[],
where the notation [-]”* denotes the Moreau envelope with parameter py, as defined in (6). It follows
from Proposition 1(i) and (iii), that ¢y, is convex, real-valued and its gradient, given by
(44)

Ver(p) = p (= prb—@) +b=p; ' (u—1a), where @=prox,, peo(—a=(— prb),
is 1/pg-Lipschitz continuous since the gradient of a Moreau envelope with parameter py, is 1/pg-
Lipschitz continuous (see Proposition 1(iii)). As pj, is non-decreasing, 1/p, < 1/p and the se-
quence of functions (Vy), . is uniformly Lipschitz-continuous with constant 1/p. In addition,
combining (43) and (44), and recalling the change of variable u = v + p, we get that

(45) Veor(p) = ppH(p— @) = —p 10 = AT —b.
As in Lemma 25, we are going to denote &j a minimizer of Ly (x, ux). Then, from the Descent
Lemma (see Proposition 3 and inequality (10)), we have

1
r(prr1) < or(pr) + (Vor(pr), ter1 — pr) + %Hﬂkﬂ — ||
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Now substitute in the right-hand-side the expression Vi (ug) = AZg — b in(45) and the update
tk+1 = pg + 0k (Azkyq — b) from the algorithm, to obtain

- 02
Or(pr+1) < pr(pn) + 0k (AZy — b, Azpq —b) + ?Z||A$k+1 —b)?
(46) 0 0 (00
< ) + Az o7 + 5 (%4 1) o bl

where we estimated the scalar product by Cauchy-Schwartz and Young inequality. Moreover, by
definition,

47
Prr1(p1) = — inf {f(w) + g% (Tx) + h(x) + (ppgr, Az —b) + %HA.%‘ - b||2}
1
= sup {_»Ck (2, 1) + [¢%F — g7+ 1] (Tz) + 5 (ks — pry1) | Az — b|2} :
zeHyp

Now recall assumptions (P.3) and (P.4): for 3, non-increasing, [¢%* — g%+1] (T'z) < 0 for every
x € H,, by Proposition 1(v) and, for p, non-decreasing, p;, — pr4+1 < 0. Then we can estimate the
right-hand-side of (47) to obtain

rr1 (1) < sup =Ly (@, pry1) = Or(pirt1)-

z€H,

Sum (46) with the latter, to obtain
0 - 0, (6
o (i) = (ux) < Az~ 0P + 5 (% 1) A — o2

By Assumption (P.6), 8 = 7 /c where vy, < 1. Moreover, by assumption (P.5), v < M%H.
Then,
. M (1
@8)  prar (k1) — ok (ix) < || AT — Bl + o= (= + 1) yagal| Az — bJ1>.
2c 2c pc

Notice that the right-hand-side is in ¢}, because both (% ||Axk—bH2>k . and
€

(vk |AZy — b\|2> are in ¢} by Lemma25. Additionally, (¢ (pr))gey is bounded from be-
low. Indeed, by virktfllz of (A.6) and Remark 13(iii), we have
(k) = =Ly (”, pr)
> —[f(@") + g(Ta") + h(z")] > —oc.
Then we can use Lemma 12(i) on inequality (48) to conclude that (¢, (fx)),.cp is convergent and,
in particular, bounded. Now recall ®;, ® and ¢ from (17). Notice that
er(p) = Sup {(, b— Az) — p(2)}
= sup {(—=A"p, x) — Pp(x)} + (b, )
€M,
= O (—A™u) + (b, ).
It then follows that
(49) <y = B<d = <P = g<g
where we used Proposition 1(v) and the fact in (5). We are now in position to invoke Lemma 26
which shows that ¢ is coercive on ran(A), and thus, by (49), (), is equi-coercive on ran(A).

In turn, since ran(A) is closed and (), oy C ran(A) = ker(A*)*, we have from (49) and the
proof of Lemma 26 that

Ha>0,a>0,6€R), (VEEN), or(ur) 2 @(ur) 2 al|A"pkl + 8 = aa||pll + 8,
which shows that (ji )<y is indeed bounded by boundedness of (¢x (%)) cn- d
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4.5. Optimality. In this section we prove Theorem 18 by establishing convergence of the La-
grangian values to the optimum (i.e., the value at the saddle-point).
We start by showing some boundedness claims that will be important in our proof.

Lemma 28. Under assumptions (A.1)-(A.8) and (P.1)-(P.6), the objective ® is bounded on C, and
thus
(50) M = sup [ ()| + sup [|u]| (1Al R+ [[b]]) < +o00,

zeC keN

where we recall the radius R from assumption (A.3).

Proof. By assumption (A.4), g is subdifferentiable at T'x for any x € C. Thus convexity of ¢
implies that for any x € C

9(Tw) < g(Ta") + (109 (T2)* , T — Ta* ) < g(Ta*) + |09 (T2))’| T e
(51
9(Tw) = g(Ta") + ([0 (Ta")]* T ~ Ta*) = g(Ta") ~ |99 (Ta*))’|| T de.
From assumptions (A.1) and (A.2), f belongs to I'g (#,,) and is differentiable on an open set Cy that
contains C C dom( f) (see Definition 5). Thus the continuity set of f contains C, and it follows from
[4, Corollary 8.30(ii)] that C C int (dom (f)). Consequently, arguing as in the proof of Lemma 14,
we deduce that

(52) sup ||V f (2)|| < +oc.
zeC

In turn, convexity entails that for any x € C

f@) < @) +(Vf(2),x—2") < fa") +[[Vf (2)]l de,
f@) 2 f(@*) +(Vf(@@"),z —a) > f(=") = [[Vf (") de.
From assumption (A.5), we also have for any = € C

(54) h(z*) — Lpde < h(z) < h(z*) + Lpde.

Summing (51), (§3) and (54), using (52) and assumption (A.4), we get

20| < 2]+ (L + T sup 00 (T + 509 197 @)1

From Lemma 27, we know that the sequence of dual variables (1), is bounded which concludes
the proof. ]

Define Cy = Z:d2% +de (D + M| T + Ly + ||A|| |1 ])), where Ly is given in (27) and the
constants D, M, and Ly, are as in Lemma 23. We then have the following lemma, in which we state
the main energy estimation.

LEMMA 29. Suppose that assumptions (A.1)-(A.8) and (P.1)-(P.6) hold, with M > 1. Consider the
sequence of primal-dual iterates ((x, pir)) ey generated by Algorithm 1 and (x*, ;i) a saddle-
point point of the Lagrangian as in (18). Let

(33)

& C * ~
(55) re = (1= k) Lk (Ik,ﬂk)JFiHMk*M HQJF%Mer%M-
Then, we have the following energy estimate
(56)
Tkl — Tk + Vi [ﬁ (g, u*) — L(x*,0*) + %HAxk - b\|2] <
1 V2 Vi Bk

2
= [pk+1 — Pk — Vi+1Pk+1 + P C} |Azg i1 — b||> + M? + Kpc.0)C (v) + Civi-

2 2
Proof. Notice that the dual update pg 1 = pg + 0k (Azk1 — b) can be re-written as

. 1
(e} = Argain { L Gowns )+ o=l
LeHy 20,
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Then, from firm nonexpansiveness of the proximal mapping (see (7)),
0> Ok [Lk (Tht1, 1) = Li (Thr1, 1)) + 3 [tk = w1 = e — w12

+ [l trer — ]
(57) * 1 * |12 * |12
= Ok [Lr (@1, 17) = Lo (@hrrs )] + 5 lern = w51 = Ml — 2117

0% 2
+ ?HA:C;@H — b
Notice that
Li (@1, i) = Li @k, i) = [Ex (@rt1, ) + h(@pr1)] — [Ex (Th, 1) + h(@)]
and that, by the definition of z; in the algorithm and by convexity of function A,
hart1) = h(k) = M((1 = ) 2 + Yesk) — h(@k)

<k (h(sk) — h(wg)) -
Then,

(58) Lk (g1, pr) — Li (@r, ) < Ek (Trr1, i) — Ex (Th, i) + & (R(sk) — M) -
Now apply Lemma 22 at the points x*, x, and uy to affirm that

En (@ k) > Ex (o, ) + (Vabi (o ) s @ — ) + DAl — )2
From the latter, by the alternative definition of sj, in the algorithm (see (16)), we obtain
(59)

E (%, i) > E (T pue) — h(2™) + h(sk) + (Vi (g, i) s Sk — T) + %HAM —b|.
From Lemma 21, we have also that
L

Er (Try1, me) < Ex (@p, pir) + (Vb (T, i) 5 Thor — oa) + K(pe,0rC (W) + 7’“\|$k+1 — x%.
Recall that, from the algorithm, xy11 = xx + Y% (Sx — xx). Then,
Ly

E (1, ) < Ek (@hs pure) + YVl (Tho, i) 5 Sk — k) + Koy () + sk — & l?

< & (@ i) + 7 | Ex (2 i) + h(x*) — Ex (@, i) — hlsi) — 25| Ay — b2
2

+ K(pc,0)C (k) + %dﬁyﬁ,
where in the last inequality we used (59). Using the latter in (58), we obtain
Ly (i1, ) — L (They pire) <k [ﬁk (2%, p) — L (h, i) — %HA% - b||2]
(60) Ly
+ Kree)C () + 7‘%713
Notice also that, from the definitions of Ly (xgt1,-) and pig41 as pe41 = ke + 0k (Azg41 — b),

Lr, (Ths1, tiog1) — Lo (Trgr, ) = (g1 — pis A1 —b) = Op||Azgy1 — b]1>
So, from the latter and (60),

Li (Trr1, 1) — Lo (@ ) < OrllAzpsr — 01 + e [Cr (2%, ) — Lo (@5, k)]

L
P | Ay, = b2 + K rg.c)C () + -2

Now recall that, by assumption (P.6), 6 = ~yi/c. Multiply (57) by ¢ and sum with the latter, to
obtain

C
(1= cOk) Lk (Trs1, pry1) — (1 — k) Li (Tk, pix) + 3 [lptrrr = w17 = Nl — w2117

92
< (00— G ) Moo =017 + o0 160 0% ) = £ on )] = e [0 (onsn ) = L Cono)

PkVk Ly
- ?HA% = blI> + K(rco)C (ve) + 76%713-
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The previous inequality can be re-written, by trivial manipulations, as

(61)

C
(1= cOkr1) Lot (Try1, 1) — (1= cOp) Ly (xk, pir) + B [tk = w17 = Nl — w117

b3
< (U i) Cuns oo ponn) = (1= o) proeen) + (0 = G ) A — b2

+ ke [Lr (2%, ) — L (@r, )] — Ok [Lr (Tpg1, 187) — L (T, ptx)] — %HA% - b|?

L
+ K(re0)C (k) + fd%%%
= Ok — Ops1) [f + b+ (prgr, A =0)] (@re1) + [(1 = cOrsr) g7 — (1= i) g7 ] (Tgia)
1
+ 5 [(1 - 09k+1) Pk+1 — (1 - C@k) Pk + 20k - 09]%] HAxk;+1 — b”2

+ vk (L (27, pr) — L (T, pre)] — Ok [Lk (Ther1, ) — L (Th, 1)) — pk;k | Ay — b])?

Ly
+ Kpe0C (k) + Td%%g-

By (P.5) and (P.6), and the assumption that M > 1, we have 01 < M9, < 6. In view of
(P.3), we also have (41 < ), by (P.3). In particular, g% < gP*+1 < g. Now, by Proposition 1(iv)
and the definition of the constant M in (20), we are able to estimate the quantity

[(1 = cOry1) g™ = (1= cbi) g7*] (Tpia)

= [¢7+1 — ¢ ] (Twps1) + € [0kg™ — 019"+ ] (Txp41)
1
<3 (B = Brr1) 1 109(Tzrs1)]” I + ¢ [01g™ — 019 ] (Tg41)
1
< 3 (B = Brs1) M? + ¢ (01, — Op1) g(Txp41).
Then,
(62)

(O — Op1) [f +h+ (g1, A=) (1) + [(1 = cOry1) g% — (1 — i) g% ] (Tap1)

1
< (O — Okt1) L (Thpr, 1) + 3 (B — Bry1) M2

Recall that, by assumption (A.3), C is convex and bounded and that, by the update ;1 = x;+
Vi (sg — k) with s, € C and 7 €]0, 1] by (P.1), 2, always belongs to C. From the assumptions,
the functions f, h and goT" are bounded on C and, from the algorithm and convexity, (21 ),y C C.

By Lemma 27, also the sequence (1), is bounded. Then, recalling M from Lemma 28, we can
use the Cauchy-Schwartz and the triangular inequality to affirm that

(63) L (ki) = ®(2x) + (un, Azy —b) < M.

Recall the definition of r in (55). Coming back to (61) and using both (62) and (63), we obtain
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(64)

1 2 2
Thr1 — T < = [(1—yt1) pet1 — (1 — ) pr + L % | Azgqr — b||?

\}

+ vk [Lr (2%, ) — L (Tpg1, 1°)] — pmk —— || Azy,

Ly,
— 0| + K(rc.0)¢ (k) + 70%%%-
Recall that, by feasibility of z*, £ (x*, ug) = L (z*, i ) Now compute
L (2%, p) = Loy (Tpg1, 1) = L(2*, ) — L (xhs1, 1°) + [¢% — 9] (T2*) + [9 — 9] (Tis1)

Pk
- ?HA‘TIC+1 - b||2

ﬂk

< L(@* 1) = £ (o i)+ M2 = B Az — b,

where in the inequality we used the facts that g”* < g and that, by Proposition 1(v) and (20),
: Bk Br
l9— 9] (Taxyn) < 7” [09(Txi11)]° |I* < 7M2

Then, using the latter in (64), we obtain

1 2 2
Tl = Tk S 5| Pkl = Pk = Ve+1Ph4+1 + Ve = %k | Az g — b||?
VB Pk’Yk Ly
e [L (2%, 1) = L (Tpg1, p7)] + TMZ | Az —b|* + K (p.c.0)¢ (%)‘1‘7(1%71%-

We replace the term [L (a*, u*) — L (41, 1*)] w1th
[L(x*, 1) — L (xg, u*)] + [L (zk, p*) — L (Tgt1, #*)] and estimate using Lemma 23 to get the
following,

1 2
Tey1 — Tk < 5 Pk+1 — Pk — Vk+1Pk+1 T+ % — | [[Azpyy — b||

o[ ) — £ )]+ 2

We conclude by trivial manipulations. g

y
M? — ka "l Azy — b)) + Kpe.e)C (k) + Cir.

We are now ready to prove Theorem 18.

Proof. Our starting point is the main energy estimate (56). Let us focus on its right-hand-side.
Under assumption (P.7),

L 2 o= 2] 14 b2 < Ypsr||A |2

5 PR+ T Pk = Vht1Pkt1 + PRL A [Azks1 = b)° < Yt Azpsr — 1%,
where the right hand side is in ﬁ by Lemma 25. Now remember that
Oy = Bdg +de (D + M||T|| + Ly + | Al [ln*])), where Ly, = ||T|*/B). + [ Al|*pi. Then we
have

VeBeM? 2+ K (5.¢.0)¢ (V) +Civi = WBeM? |24 K (5. o) ¢ ()T *vide / (28k)+I1 Al previde /2
+de (D + M|T|| + Ly + | A|l lz*]) 72 € £

Indeed, under assumption (P.1), the sequences (k) en » (€ (Wk))pen- and (V2/Bk) , < belong
to E}r. Moreover, we have by assumptions (P.3) and (P.4) that 371% < pevi < Bopi/Br. whence

we get that (p;ﬂ,%) pen € E}F and (7,3) e € (% after invoking assumption (P.1). Thus all terms on
the right hand side are summable.
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Let
w2 (L (n ') = £ (" 1)) + B Ay — 0]

2k = Yer1 | Az — 0|12 + Y BeM?/2 4+ K (pc.0C () + Cri-
So far, we have shown that
(65) Tht1 < Th — VeWk + 2k,
where 7}, is bounded from below, and (2 ),y € (. The rest of the proof consists of invoking

properly Lemma 12.
(i) In order to use Lemma 12(ii), we need to show that for some positive constant «,

Wk — W1 < QY.

Notice that the term £ (z, u*) — £ (2g41, 1*) is proportional to 7 by Lemma 23. For the second
term of wy, we have by Lemma 24 that £ || Azy — bl — Pl | Azgq — b||® is proportional to
~%. The desired claim then follows from Lemma 12(ii).

(ii) By [4, Lemma2.37], we can assert that (), . possesses a weakly convergent subsequence,
say (xkj)jeN, with cluster point Z € C. Since ||A - —b|| € ['o(H,) and in view of [4, Theorem 9.1],
we have

|Az —b|| < limjinf |Azy, —b|| = lim || Az, — bl =0,

where we used lower semicontinuity of the norm and Theorem 18. Thus AZ = 0, meaning that Z is

a feasible point of (). In turn, £ (Z, u*) = ®(Z). The function L (-, u*) is lower semicontinuous

by (A.1) and (A.6). Thus, using [4, Theorem 9.1] and by virtue of claim (i), we have
O(z)=L(Z,u") < limjinfﬁ (zg,, 11*) = liI£n£ (g, u*) = L(z", 1) < L(x, 1)

for all x € H,, and in particular for all z € A=*(b). Thus, for every z € A~*(b), we deduce that
(z) < L (2, p1") = (),

meaning that Z is a solution for problem (2?).

Meanwhile, as the sequence (x ),y is bounded by Lemma 27, we can again invoke [4, Lemma 2.37]
to extract a weakly convergent subsequence (ij )j N with cluster point zi. By Fermat’s rule ([4,
Theorem 16.2]), the weak sequential cluster point /i is a solution to (%) if and only if

0€d (P o(—A")) (k) +b.
Since the proximal operator is the resolvent of the subdifferential, it follows that (44) is equivalent
to
(66) Vo, (,Ltkj) —bed ((I);;j ° (_A*)) (.ukj = Pk, VP, (:ukj)) :
By Lemma 25 it follows that AZ;, converges strongly to b and, combined with (45), thus Vor,, (11,
converges strongly to 0. On the other hand, puy; — pr; Vg, (ukj) converges weakly to zi. We now
argue that we can pass to the limit in (66) by showing sequential closedness.
When g = 0, we have, for all j € N, &5, = f + h and the rest of the argument relies on sequential
closedness of the graph of the subdifferential of ®*o(—A*) € I'g(H4) in the weak-strong topology.
For the general case, our argument will rely on the fundamental concept of Mosco convergence of
functions, which is epigraphical convergence for both the weak and strong topology (see [9] and
[2, Definition 3.7]).
By Proposition 1(v) and assumptions (A.1)-(A.2), (<I> k; )j N is an increasing sequence of functions
in Tg (Hg). It follows from [2, Theorem 3.20(i)] that ;.. Mosco-converges to SUp ey Dy, =
supjen f + gﬁ’“j oT+h = f+goT+ h = ®since B; — 0 by (P.3). Bicontinuity of
the Legendre-Fenchel conjugation for the Mosco convergence (see [2, Theorem 3.18]) entails that
®j. o —(A") Mosco-converges to (f + g o T + h)* o (—A*) = ®* o (—A”). This implies, via
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[2, Theorem 3.66], that 9®j; o (—A*) graph-converges to 9®* o (—A*), and [2, Proposition 3.59]
shows that (09, o (—A*))jeN
topology on Hg, i.e., for any sequence (v;,ny;) in the graph of 0P, o (—A*) such that v,
converges weakly to ¥ and 7, converges strongly to 7, we have 7 € 9®* o (—A*)(v). Taking
vg; = Vg, (ij) —band ny, = pk;, — pr; Vo, (;ij), we conclude that

0€0(0" o (—A") () + b,
i.e., i is a solution of the dual problem (92).

Recall rj, from (55) which verifies (65). From Lemma 12(i), (ry),cy is convergent. By (P.1) and
(P.3), v, and S both converge to 0. We also have that

—L (xg, pi) = (L(xp, 0*) — Lk (Try 1)) — L8, 1)
= g(Tx) = g™ (Ty) + (" — o, A = b) — B || Ay — b

— L(xg, 1¥).
We have from Theorem 17(i) that & || Axy — b|*> = 0. In turn, (u* — pug, Azy, — b) — 0 since
(#4k) pen is bounded (Lemma27). We also have L(xg, pu*) — L(x*, u*) by claim (i) above. By
Proposition 1(v) and (20), we get that

0< (g(Txk) — g’B’“(T:ﬂk)) < %Mz.

Passing to the limit and in view of (P.3), we conclude that g(Tz,) — g’ (T'zy) — 0. Altogether,
this shows that Ly, (zk, pr) — L(z*, 1*). In turn, we conclude that the limit

lim [0 — |2 = 2/c ( lim rp — z(x*,w))

exists. Since p1* was an arbitray optimal dual point, and we have shown above that each subsequence
of (1x) .y converges weakly to an optimal dual point, we are in position to invoke Opial’s lemma
[28] to conclude that the whole dual multiplier sequence weakly converges to a solution of the dual
problem.

(iii) Recalling that (vx),cy & K}F (see assumption (P.2)), the rates in (24) follow by applying
Lemma 12(iii)-(iv) to (65). Notice that both terms in wy, are positive and that p, > p > 0 (see
again assumption (P.4)). Therefore we have that, for the same subsequence (xkj )j N’ (26) holds.
(iv) The ergodic rate (22) follows by applying the Jensen’s inequality to the convex function L (-, u*).

is sequentially closed for graph-convergence in the weak-strong

5. Applications.
Sum of several nonsmooth functions. Consider a composite problem with more than one
nonsmooth function g or h:

(67) min {f (z) + Z gi (Tyx) + Z hi (z) }.

r€H,

Let the product space H, = H1 endowed with the scalar product (z,y) = £ 37 | (a() y@),

where z = (a:(l), e ,x("))T. We define also V as the diagonal subspace of H,, i.e. V iz e
H, 2P = ... =z}, VY the orthogonal subspace to V, and ITy,, I,1. the orthogonal projections
onto V, Y+ - respectively. We finally introduce the (diagonal) linear operator T : H, = H,

[T ()] = T,2®, and the functions

F (x) “ - Zf (x(z)) ;i G(Tx) el Zgi (Tix(z)) i H(x) o ZhZ (x(’)) .
i=1 i=1 i
Then problem (67) is obviously equivalent to
(68) mrg’i)-rtlp {F () + G(Tx)+ H (x) : My.x = O},

which fits in the setting of our main problem (2).
26



Sum of several simple functions over a (weakly) compact set. Consider the following com-
posite minimization problem,

(69) min{f —I—Zgz Tix)

We can reformulate the problem in the product space 7, using the above notation to get,

ncnn {F(z)+ @G (T z) }.
xTe
Applying Algorithm 1 to this problem gives a completely separable scheme with

sk € Argmin <Z ( ( )) + i T* (TacgC — Proxg, g, (Tx,@))) ,s> .

seC
Minimizing over intersection of (weakly) compact sets. A classical problem is to minimize
a Lipschitz-smooth function f over the intersection of convex, (weakly) compact sets C; in H,
min f (z).
P ‘ﬁl C;

Reformulating the problem in the product space ‘H,,, with h; = ¢¢,, gives,

Ig’l’_ltl {F(x)+H (z): Tly.x=0}.

T

Then, we can apply Algorithm 1 and compute the step direction

(i) - 1 () () | @ _ 15~ 0
70 €A ,—V g - — g .
(70) Sy, rgm1n<s - f(x +,uk T8 xy, n Xy >

seC;

6. Comparison.

Conditional Gradient Framework. In [36] the following problem was analyzed in the finite-
dimensional setting,
(71) mm{f x)+g(Tx) }

where f € CH1 (RY) NTy (RY), T € RN is a linear operator, g o T' € Ty (RY), and C is
a compact, convex subset of RY. They develop an algorithm which avoids projecting onto the set

C, instead utilizing a linear minimization oracle Argmin (z, v), and replaces the function g o T’
zeC

with the smooth function g,f o T. They consider only functions f which are Lipschitz-smooth
and finite dimensional spaces, i.e. R", compared to CGALP which weakens the assumptions on
f to be differentiable and (F, ¢)-smooth (see Definition5) with an arbitrary real Hilbert space
H,p. Furthermore, the analysis in [36] is restricted to the parameter choices v, = =5 and Br =

\/% exclusively, although they do include a section in which they consider two var1ants of an

inexact linear minimization oracle. In contrast, the results we present in Section 3 show optimality
and feasibility for a wider choice for both the sequence of stepsizes (&), cy and the sequence
of smoothing parameters (3%),y. Though we only consider exact linear perturbation oracles,
extension to the inexact case is rather straightforward. Our algorithm encompasses the one in [36]
by choosing h () = ¢ (x), A = 0, and restricting f to be in C1'! (H) with H = R™.

In [36, Section 5] there is a discussion on splitting and affine constraints using the condi-
tional gradient framework. The primary difference between CGALP and the conditional gradi-
ent framework is the approach each algorithm takes to handle affine constraints. In CGALP, the
augmented Lagrangian formulation is used. In contrast, in [36] the affine constraint is treated
the same way as the nonsmooth term g o T" and thus handled by smoothing, replacing ¢, o A by

Bk 0A =5 HA —b||*. Thus there is a smoothing and choice of 3 involved even if g = 0 in
the1r algonthm while it is not the case in ours.

The difference in the approaches is highlighted when both methods are applied to problem
presented in Section 5 with n = 2. The problem is formulated as

3 (FE) 7)) 41,0y ).
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Apply the conditional gradient framework on the variable (I(l), x(Q)) to get the separable update
(2) (4)
i . 1 i - .
(72) s,g) € Argmin ( s, =V f (x,i)) + . M , Jj#ie{l,2}.
seC; 2 Bk
Compare this direction update to the one obtained from (70), the components of which are
given by
(73)
. 1 ) 1 ) . , .
sg) € Argmin <s, §Vf (x,i”) + 3 (,ug) - u;ﬁ) + % (xf:') — xfg)>> , Jj#i€e{l,2}.
s€eC;
The computation of the direction in (72) necessitates smoothing and thus, choice of S, which is
necessarily going to 0. In CGALP, the introduction of the dual variable 1, in place of smoothing
avoids this choice of 5. Instead, we have py, but it can be picked to be constant without issue.
FW-AL Algorithm. In [15] the following problem was analyzed in finite dimension,
min {f (z): Az =0}
i=1

using a combination of the Frank-Wolfe algorithm with the augmented Lagrangian to account for
the constraint Az = 0. The function f is assumed to be also Lipschitz continuous, in contrast to
our approach. The perspective used in their paper is to modify the classical ADMM algorithm,
replacing the marginal minimization with respect to the primal variable by a Frank-Wolfe step in-
stead, although their analysis is not restricted only to Frank-Wolfe steps. Indeed, in all the scenarios
where one can apply FW-AL using a Frank-Wolfe step our algorithm encompasses FW-AL as a spe-
cial case, discussed in Section 5. The primary differences between CGALP and FW-AL are in the
convergence results and the generality of CGALP. The results in [15] prove convergence of the
objective in the case where the sets C; are polytopes and convergence of the iterates in the case
where the sets C; are polytopes and f is strongly convex, but they do not prove convergence of
the objective, convergence (or even boundedness) of the dual variable, or asymptotic feasibility of
the iterates in the general case of compact convex sets C;. Instead, they prove two theorems which
imply subsequential convergence of the objective and subsequential asymptotic feasibility in the
general case and subsequential convergence of the iterates to the optimum in the strongly convex
case in [15, Theorem 2] and [15, Corollary 2] respectively. Unfortunately, each of these results is
obtained separately and so the subsequences that produce each result are not guaranteed to coincide
with one another. Moreover their constants in the rates all depend on the dual sequence which was
not shown to even be bounded.

7. Numerical Experiments.

7.1. Projection problem. First, we consider a simple projection problem,
1

74 iy {3 1o =13 ol < 1,40 =0
where iy € R? is the vector to be projected and A : R? — R? is a rank-one matrix. To exclude
trivial projections, we choose randomly y ¢ B} N ker(A), where B} is the unit £* ball centered
at the origin. Then Problem (74) is nothing but Problem (%) with f (z) = 4[|z —y|3, ¢ = 0,
h = i1 and C = Bj.

Assumptions (A.1)-(A.8) all hold in this finite-dimensional case as f, g, and h are all in
Ty (RQ), f is Lipschitz-smooth, h is the indicator function for a compact convex set, ¢ has full
domain and 0 € ker(A) Nint(C). We choose 7, according to Example 16 with (a,b) € {(0,0),
(0,1/10),(0,1/4),(0,1/3),(0,1/2—0.001), (1,1/4)} (since v = 1 and g = 0 here, b must lie in
[0,1/2]), O = Vi, and p = 2270 + 1.

The ergodic convergence profiles of the Lagrangian and the feasibility gap are displayed in
Figure 1 along with the theoretical rates (see Theorem 18 and Example 20). Since f is 1-strongly
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Fig. 1: Ergodic convergence profiles for CGALP applied to the projection problem (74).

convex, we also show || Z; — 2*||* and Corollary 19 applies with ¢)(¢) = #2/2. Clearly, the observed
rates agree nicely with the predicted ones of O (1/log(k + 2)), O ((k + 2)~") and o ((k + 2)~")
for the respective choices of (a, b). As predicted by Example 20, the largest value of b indeed leads
to the fastest convergence rate and taking a = 1 is faster than a = 0. These numerical observations
seem to indicate that the rate estimate predicted by Theorem 18 and Example 20 is rather sharp.
One may also wonder to which extent the strict upper-bound 1/2 on b can be made larger. We
conjecture that the answer is negative in general, but this bound could be made sharper for certain
instances (as is known for instance for the special case of conditional gradient). Anyway, we believe
that this is an interesting question that we leave to a future work.

7.2. Matrix completion problem. We also consider the following, more complicated matrix
completion problem,
(75) cain {IQX =yl XL < 01X < 62
where d; and d are positive constants, Q2 : RV <N — RP is a masking operator, y € R? is a vector
of observations, and ||-||, and ||-||, are respectively the nuclear and ¢! norms. The mask operator
Q2 is generated randomly by specifying a sampling density, in our case 0.8. We generate the vector
y randomly in the following way. We first generate a sparse vector § € R with N/5 non-zero
entries independently uniformly distributed in [—1, 1]. We take the exterior product §§' = X to

get a rank-1 sparse matrix which we then mask to get 2.X. The radii of the contraints in (75) are

. X, X,
chosen according to the nuclear norm and ¢! norm of Xy, §; = 1Xoll.. and 65 = w

CGALP. Problem (75) is a special instance of (67) with n 2 2,f=0,9=1 -yl /2
T = Q, hy = Ly hy = Lgoas where ]B%il and B‘f? are the nuclear and ¢! balls of radii §;
and 5. It is immediate to check that our assumptions (A.1)-(A.8) hold. In particular 0 € V N
int (dom(G o Q)) Nint (C) = V N int(B2) x int(B3?), which shows that (A.8) is verified.

We use Algorithm 1 with v, = %_H, Br = ﬁ, 0x = Yk, and pr = 15, which verify (P.1)-
(P.7) in view of Example 16. Our choice of v is the most common in the literature, and it can be
improved according to our discussion in the previous section.

Let X = (X, X(Q))T € H, = (RY*N)2. Finding the direction Sy, in H, is a separable
problem. The first component of S, is updated by computing the leading right and left singular
vectors of the matrix

& (QX’ED Y TPTONA (QXIEU B y)) 1
_|_ —_
Bk 2
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Fig.2: Convergence profiles for CGALP (left) and GFB (right) for N = 32, N = 64, and N = 128.

while the second component is updated by computing the largest entry

Q* QX,EQ) — Y — PIoXg, QXS) —y 1
I(I}%}; ( ﬂkQ lI-1l1 ( )) +35 (M;(f) *MS) T ok (Xx(cz) 7X£1)))
(4:3)
GFB. Let H, = @[®RVYE w = (WO WO we) e 3,
QW)= HQW(U - yHl T ipa (W@)) + g (W(3)). Then we reformulate problem (75) as
Il (R
(76) V[I/rg% {Q (W): We V},

which fits the framework to apply the GFB algorithm proposed in [31] (in fact Douglas-Rachford
since the smooth part vanishes).

7.2.1. Results. We compare the performance of CGALP with GFB for varying dimension, N,
using their respective ergodic convergence criteria. For CGALP this is the quantity £ (X ks u*) —
L(X*, u*) where X, = Zf:o ~:X; /T.. Meanwhile, for GFB, we know from [24] that the Breg-
man divergence DY) (Ux) = Q(Uy) —Q(W*) —(v*, Uy, — W*), with U, = K U (k+1),
U, the GFB iterates and v* = (W* — Z*) /~, converges at the rate O(1/(k + 1)). The results are
displayed in Figure 2.

It can be observed that our theoretically predicted rate (which is O (1/log(k + 2)) for CGALP
according to Theorem 18 and Example 20) is in close agreement with the observed one. On the
other hand, as is very well-known, employing a proximal step for the nuclear ball constraint will
necessitate to compute an SVD which is much more time consuming than computing the linear
minimization oracle for large V. For this reason, even though the rates of convergence guaranteed
for CGALP are slower than for GFB, one can expect CGALP to be a more time computationally
efficient algorithm for large N.
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