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Abstract. We introduce a new dynamical system, at the interface between second-order dy-
namics with inertia and Newton’s method. This system extends the class of inertial Newton-like
dynamics by featuring a time-dependent parameter in front of the acceleration, called variable mass.
For strongly convex optimization, we provide guarantees on how the Newtonian and inertial behav-
iors of the system can be non-asymptotically controlled by means of this variable mass. A connection
with the Levenberg-Marquardt (or regularized Newton’s) method is also made. We then show the
effect of the variable mass on the asymptotic rate of convergence of the dynamics, and in particular,
how it can turn the latter into an accelerated Newton method. We provide numerical experiments
supporting our findings. This work represents a significant step towards designing new algorithms
that benefit from the best of both first- and second-order optimization methods.
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1. Introduction.

1.1. Problem Statement. A major challenge in modern unconstrained convex
optimization consists in building fast algorithms while maintaining low computational
cost and memory footprint. This plays a central role in many key applications such
as large-scale machine learning problems or data processing. The problems we are
aiming to study are of the form

min f(z).

Large values of n demand for algorithms at the interface of first- and second-order
optimization. Limited computational capabilities explain why gradient-based (first-
order) algorithms remain prominent in practice. Unfortunately, they often require
many iterations, which is true even for the provably best algorithms for certain classes
of optimization problems; for example that of convex and strongly convex functions
with Lipschitz continuous gradient [43, 38, 39]. On the other hand, algorithms using
second-order information (the Hessian of f)—with Newton’s method as prototype—
adapt locally to the geometry of the objective, allowing them to progress much faster
towards a solution. However, each iteration comes with high computational and
memory costs, which highlights a challenging trade-off. It is therefore essential to
develop algorithms that take the best of both worlds. Several quasi-Newton algorithms
partly address this issue, for example BFGS methods [22, 28, 30, 45, 36], yet, in very
large-scale applications, first-order algorithms often remain the preferred choice.
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In order to reach a new level of efficiency, deep insights into the mechanism
and relations between algorithms are required. To that aim, an insightful approach
is to see optimization algorithms as discretization of ordinary differential equations
(ODEs): for small-enough step-sizes, iterates can be modeled by a continuous-time
trajectory [37, 16]. Obtaining a fast algorithm following this strategy depends on
two ingredients: choosing an ODE for which rapid convergence to a solution can be
proved, and discretizing it with an appropriate scheme that preserves the favorable
properties of the ODE.

Both steps are highly challenging, our work focuses on the ODE matter. We
study the following second-order dynamical system in a general setting:

(VM-DIN-AVD) e(O)i(t) + ()i (t) + BV F(x(t)i(t) + V f(z(t) =0, >0,

where f: R” — R is a smooth function, with gradient Vf and Hessian V2f defined
on R™ equipped with scalar product (-, -), and induced norm || - ||. The system is con-
trolled by two functions €, : Ry — R (where Ry = [0, +00]) and a parameter § > 0
that define the type of dynamics that drives the trajectory (or solution) z: Ry — R™,
whose first- and second-order derivatives are denoted & and & respectively. We call
the above dynamics (VM-DIN-AVD), which stands for “Variable Mass Dynamical
Inertial Newton-like system with Asymptotically Vanishing Damping” since it gener-
alizes a broad class of ODEs whose original member is DIN [2], where € and o were
constant. DIN was then extended to the case of non-constant asymptotically vanish-
ing dampings (AVD) « [12]. In this work we introduce the non-constant parameter e
called variable mass (VM) in front of the acceleration Z, in the same way that « is
called (viscous) damping by analogy with classical mechanics. A key feature of these
ODEs, that positions them at the interface of first- and second-order optimization,
is that they possess equivalent forms involving only Vf but not V2f, significantly
reducing computational costs, hence enabling the design of practical algorithms, see
e.g., [24, 8, 25]. The key idea behind this is the relation V2 f(2(t))i(t) = £V f(z(t)),
see Section 2 for an equivalent formulation of (VM-DIN-AVD) exploiting this.

This paper emphasizes the relation between (VM-DIN-AVD) and special cases.
Indeed, taking € = o = 0, one obtains! the Continuous Newton (CN) method [29)

(CN) BV flan(t)in(t) + Vf(an(t) =0, t=0,

known notably for being invariant to affine transformations and yielding fast vanishing
of the gradient (see Section 3). In fact, this observation shows that (VM-DIN-AVD)
is a singular perturbation of (CN), which also justifies the terminology “Newton-like”
in DIN. When a # 0 but € = 0, we recover the Levenberg—Marquardt (LM) method,

(LM) a(t)ipm(t) + BV flzom () Eom () + VI (wom(t) =0, >0,

also known as regularized Newton method since it stabilizes (CN). In the rest of
the paper, the solutions of (CN) and (LM) will always be denoted by zx and xpas
respectively. Since the introduction of DIN, it is known (see [2]) that for a =0, 8 =1,
and ¢ constant and small, (VM-DIN-AVD) is a “perturbed” Newton method since the
distance between the solutions of (VM-DIN-AVD) and (CN) is at most proportional
to /€ at all times. Yet, despite the benefits of this class of ODEs, such as stabilization
properties [12, 8], no improvement? of the rate of convergence (in values) has been
shown compared to inertial first-order dynamics [43, 47]. This raises the question:

LCN is usually considered with 8 = 1, we put § in the system to ease the discussions below.
2DIN-like systems were thought to yield faster vanishing of the gradient compared to inertial
first-order dynamics, until recently [9].
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F1G. 1. Left: phase diagram on distances from (VM-DIN-AVD) to (CN) and (LM) (see Sec-
tion 3). The color of each patch indicates which distance is considered, and the scaling of a corre-
sponding upper-bound on this distance is written (in white for prior work, in black for our contribu-
tions). The green line separates the cases € > o (above) and € < a (below). Right: 2D illustration of
the trajectories of (VM-DIN-AVD) for several choices of € on a quadratic function. Fast-vanishing
e(t) (dark-blue solid curves) bring solutions of (VM-DIN-AVD) close to that of (CN), making them,
more robust to bad conditioning compared to first-order dynamics (e.g., gradient descent).

“are these ODEs really of Newton type?”,
which is crucial in view of designing faster algorithms from them.

1.2. Main Contributions. We show that the answer to this question is par-
tially positive, and closely related to the choices of € and . We provide general results
on the role played by these two control parameters and how they can be chosen to
control (VM-DIN-AVD), and make it close to (CN) for all time, as illustrated on the
right-hand side of Figure 1, but also to obtain fast convergence. This represents a
first step towards building new fast practical algorithms. Our main contributions are
the following:

— We provide a first-order equivalent formulation of (VM-DIN-AVD), and show the
existence and uniqueness of the solutions of (VM-DIN-AVD) under mild assumptions.
— We generalize the perturbed Newtonian property discussed above to non-constant
and possibly vanishing variable masses €, and “not too large” positive dampings «,
and derive bounds that (formally) take the form ||z(¢t) —z x5 (¢)|| = O(\/e(t)). We then
extend these results to larger o and make the connection between (VM-DIN-AVD)
and (LM). This contribution is summarized in the phase diagram of Figure 1.

— Using quadratic functions as a model for strongly convex functions, we shed light
on techniques to efficiently approximate solutions of (VM-DIN-AVD). We then show
how ¢ and « affect the speed of convergence. Depending on their setting, the solutions
of (VM-DIN-AVD) may either converge as fast as that of (CN), faster, or rather have
a (LM) nature, as summarized in Table 1.

— We provide numerical experiments supporting our theoretical findings.

1.3. Related work. The importance and challenges of finding systems that
approximate and preserve the benefits of (CN) were highlighted by [3]. The system
(VM-DIN-AVD) belongs to the class of inertial systems with viscous and geometric
(“Hessian-driven”) dampings, initially introduced with constant e = 1 and constant
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TABLE 1
Informal summary of Section 4. Comparison of (VM-DIN-AVD) with other dynamics

Parameters of (VM-DIN-AVD) Speed of convergence

Dominant parameter Integrability in +oo w.r.t. (CN) w.r.t. (LM)

. yes as fast as fast
variable mass &
no faster faster
. . yes as fast only depends
viscous damping «
no on ¢

a in [2] and called DIN (for Dynamical Inertial Newton-like system). Except in a
few cases [24, 23], most of the follow-up work then considered extensions of DIN with
non-constant AVD «, with in particular the DIN-AVD system with a(t) = ag/t as
introduced in [12]. The reason for this popular choice for « is its link with Nesterov’s
method [47]. Non-constant choices for § have been considered [8, 1, 34, 5]. We keep
it constant, and rather focus on non-constant e, unlike prior work that used constant
e = 1. The mass ¢ was only considered in the original work [2], but only for fixed
e, 8 =1 and constant & = 0. VM-DIN-AVD is however related to the IGS system
considered in [5] as it is actually equivalent to the latter after dividing both sides of
(VM-DIN-AVD) by £(t). Our approach—which consists in studying the connections
with other second-order dynamics as € vanishes asymptotically—is however different
from the one followed in [5], which is of independent interest. The literature on DIN
is rich, let us mention further connections with Nesterov’s method [46, 1], extensions
with Tikhonov regularization [19] and closed-loop damping [6, 34]. The non-smooth
and possibly non-convex cases have been considered in [10, 11, 24]. Finally, avoidance
of strict saddle points in smooth non-convex optimization has been shown in [23].

The influence of the damping « on the (LM) dynamics has been studied in [14,
13]. Interestingly, the conditions enforced on « in these papers (formally a sub-
exponential decay) are very similar to those we make on € and « for (VM-DIN-AVD)
(see Assumptions 2 and 3). The (LM) dynamics is also related to the system in [4].

Regarding the second part of our analysis, which deals with the case where f
is quadratic, a recent work [8] provided closed-form solutions to (VM-DIN-AVD) for
¢ = 1 and special choices of a. Our work rather deals with approximate solutions
which allows considering a wide class of functions € and «. We rely on the Liouville—
Green (LG) method [35, 31] presented in Section 4. Generalizations of LG are also
often referred to as WKB methods [50, 33, 21] and seem to be mostly used in physics
so far. To the best of the authors’ knowledge, the current work seem to be one of the
first to use the LG method in optimization, and the first for DIN-like systems.

1.4. Organization. The paper is organized as follows. We discuss the existence
of solutions in Section 2. Our main results, from a non-asymptotic control perspective,
are then presented in Section 3. An analysis of the role played asymptotically by e
and « is then carried out on quadratic functions in Section 4. Finally, numerical
experiments are presented in Section 5, and some conclusions are then drawn.

2. Existence and Uniqueness of Solutions. We always assume the following
on the system (VM-DIN-AVD) and the functions f,e, o defined in the introduction.

ASSUMPTION 1. o f:R" — R is conver, twice continuously differentiable,
coercive, and strongly convex on bounded subsets of R™. We fix xq, Tg €
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R™, such that, unless stated otherwise, (VM-DIN-AVD) has initial condition
(2(0),%(0)) = (xo,@o), and (CN) and (LM) have initial conditions zn(0) =
xLM(O) = Xy-
e o : Ry — R is non-increasing, non-negative and differentiable. ¢ : Ry —
R is mon-increasing, positive, and twice differentiable with bounded second
derivative. We fix initial values: €(0) = g9 > 0, £'(0) = g < 0 and a(0) =
(&%) Z 0.
THEOREM 2.1. Under Assumption 1 there exists a unique global solution x :
Ry — R™ to (VM-DIN-AVD).
The proof relies on the Cauchy—Lipschitz Theorem, we sketch the main elements.
We reformulate (VM-DIN-AVD) into a first-order (in time) system by introducing an
auxiliary variable y : Ry — R™. Notably, our reformulation does not involve V2f, in
the same fashion as [2, 12]. For all ¢, defining v(t) = a(t) — £'(t) — &(t), we show in
Appendix A that (VM-DIN-AVD) is equivalent to

L)1) + BYS(a(8) + v(alt) + y(t) =0
(eVM-DIN-AVD) {y<t>+w<t>x<t>+”g%(t>+gy<t> 0

with initial conditions (x(0),y(0)) = (xm —eodo — BV f(zo) — (cvo — £ — %Eo)l‘o).
One can notice that in the special case where ¢ is taken constant and equal to 1 (that
is when (VM-DIN-AVD) is simply the DIN-AVD system [12]), we recover the same
first-order formulation as that in [12]. For all ¢ > 0 and (u,v) € R™ x R", define
L (=BY () — vty —v)
V' (t)u — %u - %v
rewrites (£(t),9(t)) = G (¢, (z(t),y(t))) for all ¢ > 0. Since f is twice continuously
differentiable, one can see that G is continuously differentiable w.r.t. its second ar-
gument (u,v). Consequently G is locally Lipschitz continuous w.r.t. (u,v) and by
the Cauchy—Lipschitz Theorem, for each initial condition, there exists a unique local
solution to (gVM-DIN-AVD) and thus to (VM-DIN-AVD). We then show that this
solution is actually global (in Appendix A.2) by proving the boundedness of (z,y).
We omit the existence and uniqueness of the solutions of (CN) and (LM) since
these are standard results, obtained with similar arguments. We conclude with the
following important remark.

Remark 2.2. Thanks to the first-order reformulation (gVM-DIN-AVD), Theo-
rem 2.1 does not need the Lipschitz continuity of V2f and not even of Vf to ob-
tain global existence and uniqueness. In contrast, these smoothness assumptions
would have been required if the standard first-order formulation of (VM-DIN-AVD)
in phase-space (position-velocity) was used. In fact, (gVM-DIN-AVD) allows for a
natural extension of (VM-DIN-AVD) to non-smooth convex functions as we detail in
Appendix A.3, and which is not the case for (CN) and (LM). This allows defining an
inertial Newton-like dynamics in the non-smooth setting which is important for many
applications; e.g. [24].

3. Non-asymptotic Control of (VM-DIN-AVD). The purpose of this section
is to understand how close x might be to xy and x5, as a function of o and . Since
f is coercive and strongly convex on bounded sets, it has a unique minimizer z* € R™.
Consequently, any two trajectories that converge to x* will eventually be arbitrarily
close to each other. Thus, asymptotic results of the form ||z(t) — zn(¢)]| P 0

the mapping G (¢, (u,v)) = , so that (gVM-DIN-AVD)



6 C. CASTERA, H. ATTOUCH, J. FADILI AND P. OCHS

are not precise enough to claim, for example, that x has a “Newtonian behavior”.
Instead, we will derive upper bounds on the distance between trajectories that hold
for all time t > 0, and which typically depend on € and/or . We first present the
case where « is small relative to € and then generalize.

3.1. Comparison with (CN) under Moderate Viscous Dampings. When
the damping o remains moderate w.r.t. the variable mass €, one expects the solutions
of (VM-DIN-AVD) to be close to that of (CN). We make the following assumptions.

ASSUMPTION 2. Assumption 1 holds and there exists c1,co > 0 such that for all

t >0, ()] < cre(t) and at) < cae(t).
The assumption states that o must decrease at least as fast as ¢ (up to a constant).?
The reason for assuming |¢'(¢)| < c1e(t) is technical and will appear more clearly in
the proofs below. It formally means that ¢ can decrease at most exponentially fast.*
This is a relatively mild assumption that holds, for example, for any polynomial decay
eo/(t+1)*, a € N. We start with the main result of this section.

THEOREM 3.1. Let x be the solution of (CN), and let c1,co > 0. There exist
Co,Cy,Cy > 0, depending on c1, ca, such that for all (e,a) for which Assumption 2
holds with constants c1 and ca, the corresponding solution x of (VM-DIN-AVD) is
such that for all t > 0,

t
(31)  Jla(t) — en ()] < Coe~Beolldoll + Cry/eE) + Ca / e3 () /o(5) ds.
0

s=

This extends a previous result from [2, Proposition 3.1] which states a similar bound
for constant ¢, « = 0 and § = 1. Theorem 3.1 corresponds to the blue parts in the
phase diagram of Figure 1 (see also Corollary 3.6 below).

Remark 3.2. The strength of the result comes from the fact that Cy, C7, Cy do not
depend on € and «, and that the result is non-asymptotic. This allows in particular
for choosing (g, @) to control the distance from x to zy, for all time ¢ > 0.

Remark 3.3. Under Assumption 2, the dynamics (VM-DIN-AVD) is dominated
by the variable mass. The damping « does not appear in Theorem 3.1.

The above theorem and remarks emphasize the “Newtonian nature” of (VM-DIN-
AVD). We present two lemmas before proving Theorem 3.1, and then state a simpler
bound than (3.1), see Corollary 3.6.

LEMMA 3.4. Let (g,a), and let x be the corresponding solution of (VM-DIN-
AVD). For allt > 0, define the function, U(t) = @Hm(t)”2 + f(z(t)) — f(z*). Then
U is differentiable and for allt > 0,

dU e'(t),. . . .
S0 = SN — a1 ~ BV (()il0), #(0)) < 0.
Therefore, in particular, U is non-increasing.
Proof. Let t > 0, since x is twice differentiable, U is differentiable and,
dU g'(t)

T = 5 IEOI + @)@ (), £0) + (@), VF(@(1))-

3 Assumption 2 can hold only after some tg > 0, we take to = 0 for the sake of simplicity.
4This is a consequence of Gronwall’s lemma, see e.g., [27].
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We use the fact that  is solution of (VM-DIN-AVD), to substitute e(¢)Z(¢) by its
expression, U (¢) = EQﬂHac(t)H2 —a)||#@)]]? — B(V2f(z(t))i(t),(t)). By assump-
tion e is non-increasing so for all ¢ > 0, ¢/(t) < 0. Furthermore f is convex so
(V2f(x(t))i(t),#(t)) > 0. Hence U is non-increasing. 0

We then state the following bound.

LEMMA 3.5. For any (g,«), the corresponding solution x of (VM-DIN-AVD) is
such that for all t >0,

e &)l < V20 (0)Ve(d).

From Lemma 3.4, U is non-increasing so ¥t > 0, U(t) < U(0). Then in particular
%’E)Hac(t)ﬂ2 < U(0) and the proof follows by multiplying both sides by &(¢).

Proof of Theorem 3.1. Let (e, ) as defined in Sections 1.1 and 2, and let z be
the corresponding solution of (VM-DIN-AVD). Then, according to Lemma 3.4, for
all t > 0, U(t) < U(0), so in particular f(z(t)) < f(zo) + 5| Z0o*>. Denoting
My = f(xo) + % 20l|?, the set Ko = {y € R™| f(y) < My} is bounded, since f is
coercive (lim, 400 f(y) = +00). So for all ¢ > 0, x(t) € Ky. Since My (and hence
Ko) depends only on €, xg and &g, we have proved that for any choice (g, ), the corre-
sponding solution x of (VM-DIN-AVD) is inside K at all times. Let zn be the solution
of (CN). One can similarly see that for all ¢t > 0, f(zn () < f(xn(0)) = f(xo) < M.
So we also have zx(t) € Kq for all ¢ > 0.

Now, fix ¢1,¢2 > 0, and let (g, ) such that Assumption 2 is satisfied with con-
stants c¢1,ca. Let x be the corresponding solution of (VM-DIN-AVD). Since f is
strongly convex on bounded sets, it is strongly convex on Ky. We denote uk, > 0 the
strong-convexity parameter of f on Kg. Equivalently, we have that V[ is strongly
monotone on Ky, that is, Yyi,y2 € Ko,

(3.2) (V) = VEy2),y1 — y2) > pko llyr — v21-

Let ¢ > 0, since x(t) € Ko and zn(t) € Ky, by combining (3.2) with the Cauchy—
Schwarz inequality, we deduce that

1

(3-3) lz(t) —2n(@)] < - IV (2(t) = Vf(en ()]

Ko

Therefore, it is sufficient to bound the difference of gradients in order to bound
|(t) — zn(t)]|. First, remark that (CN) can be rewritten as follows: LV f(zn(t)) +
%Vf(:cN (t)) = 0. So we can integrate, for all ¢ > 0,

(3.4) Vf(xn(t) = e 7V f(xo).

We now turn our attention to V f(x(t)), for which we cannot find a closed-form
solution in general. We rewrite (VM-DIN-AVD) in the following equivalent form

d

3 OO+ 59 0)] + 52(00) + V(o) = ( 5

—e
5
Introducing the variable w(t) = e(t)z(t) + BV f(x(t)), the latter is thus solution to

(t) +€'(t) — a(t)) @(t).

o(t) + %w(t)

(;dt) +e'(t) - a(t)> (t), t=20,
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with w(0) = gg&0+ BV f(z0). This is a non-homogeneous first-order ODE in w, whose
solution can be expressed using the integrating factor

/ot o’ Gf(s) +el(s) - a(s)) i(s) ds.

We thus have the following expression for V f(x), for all t > 0,

t

w(t) = e 7 (eodo + BV f(x0)) + e~

@l

(35) BVf(a(t) = fe” FV f(xo) + e Feodo — e(t)i(t)
_t t s 1 / .
+e b /0 er (55(5) +e'(s) — a(s)) x(s) ds.
We can now use (3.4) and (3.5) in (3.3) to get
lz(t) —2n@)] <

e~ eoio — (i) +eF [ (559 + 29 - (o)) () as.

0

/BMKO
Using the triangle inequality, we obtain,

colldoll —¢ @2l
B,UKO BMKO

L[ oL /(o) —
+BNK0/0 e? ﬂs(s)—i—g(s) a(s)

The first term in (3.6) corresponds to the first one in (3.1) with Cy = 1/(Buk,). As
for the second-one, by direct application of Lemma 3.5, for all ¢ > 0, e(t)||&(t)|| <

V2U(0)/e(t), so we set C1 = /2U(0)/(Buk,). Regarding the last term in (3.6),

using Assumption 2 and again Lemma 3.5, it holds that, for all s > 0,

lé(s)] < (; fo +02> ) <

(3:6) lz(t) —an@)] <

[[&(s)] ds.

%8(8) +&'(s) — als)

+e1+c2)v/2U(0)e(s).

This proves the theorem with Cy = ”;:((0) (% +c1 + CQ). 0
0

Let us analyze the bound in Theorem 3.1. The first term in (3.1) decays exponen-
tially fast and can even be zero if the initial speed is o = 0, the second-one decays
like y/e(t), however, the rate at which the last term decreases is less obvious. The
following corollary gives a less-tight but easier-to-understand estimate.

COROLLARY 3.6. Let the same assumptions and variables as in Theorem 3.1. If
furthermore ¢ < %, then there exists C's > 0 such that for all t > 0,

() — an(t)] < coe*%eonaz:on + 03\/s<t>.

Proof of Corollary 3.6. For all t > 0, define J(¢ es Ve(s)ds. An integra-
tion by parts yields

(3.7) () = [BeF /() / e - F

= Be? Ve(t) — Beo + /:0 Be 25(25)) Ve(s)ds.
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By assumption, 0 < ¢; < 3 such that for all s > 0, |¢'(s)| < ¢1e(s), which in our

setting is equivalent to _EE(IS()S) < ¢1. So we deduce from (3.7) that

J(t) < Be® Ve(t) + clg /;0 ef\/e(s)ds = ﬂe%\/s(t) + cng(t).

So, (1—01§) J(t) < Bety/e(t). By assumption 1 — clg > 0, therefore, J(t) <
ﬁe%\/e(t). We use this in (3.1) and set C5 = C; + Cgﬁ to get the result. O

Remark 3.7. Observe that local strong convexity is only required to get (3.2) and
(3.3). In fact, local strong convexity can be greatly weakened and our claims above
can be generalized to a large sub-class of strictly convex functions as we explain
in Appendix B. We did not directly consider the strictly convex case to emphasize
the main ideas and ease the reading. Following Remark 2.2, it seems also that a
non-smooth extension is possible using regularization techniques. Unlike the strictly
convex setting, the non-smooth one would however require further investigations since
the vanilla Newton method is not applicable to non-smooth functions.

So far our results only cover the case where « is “not too large” w.r.t. ¢, and do
not study (LM). We now state a more general result that covers these cases.

3.2. Generalization to Sub-exponentially Decaying Viscous Dampings.
This time we do not assume a link between € and « but only sub-exponential decays.

ASSUMPTION 3. Assumption 1 holds and there exists c1,co > 0 such that for all
t>0, |e(t)| < cre(t) and | (t)] < coar(t).

We are now in position to state the main result of this section.

THEOREM 3.8. Let xn and xpp be the solutions of (CN) and (LM) respectively,
and let ¢1,¢co > 0. There exist constants C,C > 0, depending on c1, ca, €0, g and
the initial conditions, such that for all & and « for which Assumption 3 holds with cq,
¢a, the corresponding solution x of (VM-DIN-AVD) is such that for all t > 0,

(88) [l2(t) —an(t)] < C [ + Ve +alt) + / e (\/2(5) + a(s)) ds] ,

;=0

and,

t
B39 o) (0] < O [eF + VED +alt) + [ B +als) s
The proof is omitted but key elements are presented in Appendix C. Although it
follows a similar reasoning as that of Theorem 3.1, more involved estimates are needed.
Let us comment on these results. The bound (3.8) generalizes Theorem 3.1,
although the constant involved will, in general, be larger than those in (3.1) (see the
proof of Theorem 3.8 in Appendix C). Theorem 3.8 allows for far more flexibility in
the choice of € and « in order to control z and make it possibly close to . The bound
in (3.9) is the same as that in (3.8) (up to a constant), but this time w.r.t. zp s, thus
connecting (VM-DIN-AVD) to (LM). We make the following two important remarks.
First (3.9) involves «, suggesting that making x close to x s requires not only € but
also a to vanish asymptotically. Additionally, Theorem 3.8 does not state to which
of zy and xpp the solution of (VM-DIN-AVD) is the closest. It remains an open
question to know whether one can make (3.9) independent of a, and to state to which
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trajectory x is the closest. Yet, the numerical experiments in Section 5 suggest that
neither are possible. Indeed, we observe that for some functions f, z is sometimes
closer to xy than to xpnr, even when e(t) < a(t).

Nevertheless, Theorem 3.8 answers the question asked in the introduction: yes,
(VM-DIN-AVD) is really of second-order nature since it can be brought close to the
second-order dynamics (CN) and (LM). Doing so, it benefits from the good properties
of these methods, such as the robustness to bad conditioning, as previously illustrated
on the right of Figure 1. This concludes the analysis from a control perspective. We
will now derive an approximation of the solution z in order to study the impact that
¢ and « have on the speed of convergence of x to x* compared to the speeds of
convergence of zx and xp ;.

4. Approximate Solutions and Asymptotic Analysis on Quadratics. In
addition to Assumption 1, we consider the case where f is a strongly convex quadratic
function in order to study the asymptotic behavior of (VM-DIN-AVD) w.r.t. (CN) and
(LM). Quadratic functions are the prototypical example of strongly convex functions.
In particular, any strongly convex function can be locally approximated by a quadratic
one around its minimizer, making the latter a good model for understanding the local
behavior of dynamics. In this section, f is quadratic: f(y) = %||Ay — b[3 for all
y € R™, where A € R"*" is symmetric positive definite and b € R™. Without loss of

generality, we take b = 0, so that the unique minimum is «* = 0.

4.1. Setting: the Special Case of Quadratic Functions. Quadratic func-
tions are particularly interesting in our setting since DIN-like ODEs take a simpler
form (as observed in [8, 46]). Indeed, Vy € R”, Vf(y) = AT Ay and V2f(y) = AT A.
Since V2 f(y) is independent of 3 we can rewrite (VM-DIN-AVD) in an eigenspace® of
AT A. That is, we can study the ODE coordinate-wise by looking at one-dimensional
problems of the form

(Q1-VM-DIN-AVD) c(t)E(t) + (a(t) + BA)E(t) + Ax(t) =0, t>0.

Here (and throughout what follows) A > 0 denotes any eigenvalue of ATA and
z: Ry — R now denotes the corresponding coordinate (function) of the solution
of (VM-DIN-AVD) in an eigenspace of AT A. The dynamics (Q1-VM-DIN-AVD) is a
linear second-order ODE in x with non-constant coefficients. Similarly, (LM) can be
rewritten coordinate-wise as

(Ql-LM) (a(t) + ﬁ)\)i‘L]\/j(t) + )\.’L’LM(t) =0, t>0,
where x5 Ry — R, and (CN) becomes
(Q1-CN) Bin(t) +an(t)=0, t>0,

where again, zy: Ry — R is one-dimensional. Observe in particular that (CN) and
(LM) are now first-order linear ODEs, whose solutions have closed forms: V¢t > 0,

; Lo
(4.1) xn(t) =xoe” 7 and xpp(t) = zoexp (/0 st).

Since the minimizer is * = 0, we see that 2 converges exponentially fast to x*, with
a rate independent of A while the rate of xy5; depends on A and how fast «a vanishes.

5This can be generalized to the case where AT A is only semi-definite by considering orthogonal
projections on an eigenspace spanned by the positive eigenvalues of AT A.
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Unfortunately, except for some special choices of € and « (see [8]), one cannot
solve the second-order linear ODE (Q1-VM-DIN-AVD) in closed form in general.
Additionally, it is hopeless to circumvent the difficulty by finding a closed form for
V f(x), accordingly to what we did in Section 3, since here Vf(z) = Az. In order to
study the speed of convergence of = despite not having access to a closed form, we
will approximate it with a controlled error, via a method that we now present.

4.2. The Liouville-Green Method. In what follows, we rely on the Liouville—
Green method [35, 31], a technique for obtaining non-asymptotic approximations to
solutions of linear second-order ODEs with non-constant coefficients. First, we give
the intuition behind the method, following the presentation of [42]. Consider the
differential equation

(4.2) Z(t) —r(t)z(t) =0, t>0,

where r is real-valued, positive, and twice continuously differentiable. Any linear
second-order ODE can be reformulated in the form (4.2), see Lemma 4.5 below. Since

for all t > 0, r(t) # 0, we can use the changes of variables 7 = fot v/r(s)ds and

w = r'/*z and show that w is solution to
(4.3) w(r) = (1 +(r))w(r) =0, t=0,
where® (1) = W. The LG method consists in neglecting the term (1)

n (4.3), which simply yields two approximate solutions w;(7) = ™ and Wy (1) = e~ 7.

Expressing this in terms of z and ¢, we obtain
(4.4)

t t

21(t) = r(t) Y exp </ Vr(s) ds) and  Z(t) = r(t)"Y*exp (/ —/r(s) ds> .
0 0

Those are the LG approximations of the solutions of (4.2). They are formally valid

on any [0,T], T > 0 when ¢ is “not too large” and if 4/r is integrable on [0, T].

Remark 4.1. There exists other (but less intuitive) ways to derive the LG approx-
imations which allow for generalization to higher-order linear ODEs [17, Chapter 10].

The advantage of this approach is the possibility to estimate the error made using
(4.4) w.r.t. the true solutions of (4.2). This is expressed in the following theorem
which gathers results from [18, 41, 48].

THEOREM 4.2 ([42]). Let r: Ry — R be a real, positive, twice continuously

differentiable function, and define p(t) = % for allt > 0. Then for any

T > 0, the differential equation,
(4.5) Z(t) —r(t)z(t) =0, te]l0,T],

has two real and twice continuously differentiable solutions defined Vt € [0,T] by,

zl(t)_% </Fds> and z(t) = 1‘;512/4 (/Fds)

T
where |01 ()| < exp <;/0 |<p(s)|d3) — 1 and |62(t)| < exp (—;/t |<,0(s)|ds> - 1.

—+o0
If in addition / lo(s)] ds < +o0, then the results above also hold for T = 4oc.
0

6We express ¢(T) via t using the one-to-one correspondence between T and t to ease readability.
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Remark 4.3. We make the following remarks regarding the above result.
— Note that z; and z2 in Theorem 4.2 are ezact solutions to (4.5). The LG approxi-
mations Z; and 2, are obtained by neglecting the unknown functions §; and d5 in z;
and z3. The theorem gives a non-asymptotic bound for the errors |z1(t) — 21(¢)| and
|z2(t) — 22(¢)|, t > 0.
— Since we assumed 7 to be twice continuously differentiable and positive, ¢ is con-
tinuous, so it is integrable except maybe for ¢ — +oo.
— For the sake of simplicity, the formulation of Theorem 4.2 slightly differs from that
in [42], the original formulation can be recovered by a change of variable.

4.3. Liouville-Green Approximation of (VM-DIN-AVD). We now proceed
to make use of the LG method for approximating the solutions of (Q1-VM-DIN-AVD).
The reader only interested in the result can jump directly to the Section 4.4. We first
make the following assumption.

ASSUMPTION 4. The functions a and € are three times continuously differentiable,

‘ (BN)?
and ¢ s such that ¥Vt > 0, g9 < U0

Remark 4.4. The condition on gg in Assumption 4 is only technical, so that r
defined below is positive. It can be easily satisfied since |@/(t)] is uniformly bounded.
Indeed, « is non-increasing and non-negative (see Section 1.1), from which one can

deduce that f0+oo [/ (s)]ds < ap.
We now rewrite (Q1-VM-DIN-AVD) in the form (4.5).

LEMMA 4.5. Suppose that Assumption 4 holds, and let x be the solution of (Q1-
VM-DIN-AVD). For allt > 0, define

p(t)® P A
4 2 e(t)

a(t) + BA
e(t)
Then, p and r are twice continuously differentiable, r is positive and the function y

defined for allt > 0 by y(t) = z(t) exp (f(;t @ ds) is a solution to

(4.6) p(t) = and r(t) =

(4.7) §(t) = ry(t) =0, =0,

with initial condition (y(0),4(0)) = (zo, Zo + @xo).
Proof. We first check that for all ¢ > 0, r(t) is positive. Let ¢ > 0,
(a(t)+ BN () (at)+BNE(E) A

(4.8) r(t) >0 42(1)2 + 2:(t) e(t)? REON "

Since £'(t) < 0 and /() < 0, one can check that a sufficient condition for (4.8) to
hold is,

(BN)?
S/ (D) +4x

r(t) >0 —

(at) + 82 _ [l (2)]
4 ” ( 2

+ A) e(t) —

So under Assumption 4, for all ¢ > 0, r(¢) > 0. We then check that y is indeed solution
to (4.7). Let t > 0,

o0 =" awen ([ 2 05) s stem ([ 2)a5), ana
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i(t) = exp (/Ot 1@ ds) [(pﬁ)z + pé“) () + p(t)i(t) + i(t)} .

Since x solves (Q1-VM-DIN-AVD), it holds that &(t) = —p(t)d(t) — ﬁaﬁ(t)7 S0,

= [ 200) (2220 2

2 /
= ("7 + 757 gy ) v = rowio. @

~—

Lemma 4.5 gives a reformulation of (Q1-VM-DIN-AVD) suited to apply Theorem 4.2.
ar(t)r" (t)—5r' (t)? is

To use the theorem for all ¢ > 0, we need to ensure that p(t) = T6r (17572

integrable. To this aim we make the following assumption.

ASSUMPTION 5. The functions € and o have first, second and third-order deriv-
atives that are integrable on [0,+oo[. In addition, tlim e(t) = 0 and &'(t)?/e(t) is

—00

integrable on [0, 4o00].

Remark 4.6. Assumption 5 holds for most decays used in practice, with in par-
ticular any polynomial decay of the form (ti(i)a and (ti({)bv a € N\ {0} and b € N.
Note that € and « need not be integrable and « can even be constant.

The next lemma states the integrability of ¢ on [0, +o0].
LEMMA 4.7. Under Assumption 4 and 5, f0+°° lo(s)|ds < +o0.

The proof of this lemma involves long computations and is thus postponed to Ap-
pendix D. We can now use Theorem 4.2 to obtain an exact form for the solution of
(Q1-VM-DIN-AVD) based on the LG approximations.

THEOREM 4.8. Suppose that Assumptions 4 and 5 hold. There exists A,B € R
such that x(0) = xg, ©(0) = 2o and for all t > 0, the solution of (Q1-VM-DIN-AVD)

(4.9)
L 0u(t) Valt) + BA t_ A _ Ae(s) o(e(s)) ds
z(t) =A r(t)1/4 () oxp (/0 a(s) +BA  (a(s)+ BA)3 +olels))d )
1+ 02() e(t)
rY* a(t) + pA

" oals) +8X A N2e(s)
o </o 5 a@ A (ar e ) ds) ’

where for all t > 0,
(4.10)

o< e (5 [ t e(9]ds) ~1 and o)l < e (-~ [ +°° P(o)lds) -1

Thanks to the bounds (4.10), we now have an approximation of . We will use it in
particular to compare x asymptotically to the solutions of (Q1-LM) and (Q1-CN).
Before this, we prove Theorem 4.8.
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Proof of Theorem 4.8. Let x be the solution of (Q1-VM-DIN-AVD) define p, r as
n (4.6). Let us also define y(t) % 2(t) exp (fg pls) ds) According to Lemma 4.5, r

is positive and y is solution to (4.7). Then, from Lemma 4.7, ftT lp(s)|ds < 400, so
we can apply Theorem 4.2 to y on [0, +oo[. Therefore, there exists A, B € R, such
that Vt > 0,

-l [ ) 25 4),

where A and B are determined by the initial conditions, and d1, d2 are such that (4.10)
holds. Going back to x(t) = y(¢) exp (fo p(s ds) we obtain that for all ¢ > 0,

(4.11) =(t) = AW exp </0 —Z% ++/r(s) ds)
14 6a(t K 5
+3Wexp</o —]9(2)—\/r(s)ds>.

It now remains to expand the terms in the two exponentials in (4.11) in order to
obtain (4.9). To this aim, we approximate /r(s), let s > 0,

(4.12)

ORI IO N "SR 6 (O NI S e
2 <l+p<s>2 e(s)p(s)? 8(13(8)2 a<s>p<s>z) + <€<>>>
pls) | P'(s) A 1 (2p’(8) 4\

2
2 2p(s) - M 16 p(s)3/2 B g(s)p(S)S/Z) + o(e(s))

ps) P )es) A <2p’<s> AVE(s) >2+0<e<s>>

2 " 2%a(s) BN als)+ BN 16 \ p(s)32  (als) + BA)2

/ _ / 4A
_@_’_a(s)/Q A E(s) L[ 2p(s) Ve(s) + o(e(s))
2 T a() TP 2:(s) 16 \pe)2  (a(s) + VP
To ease the readability, we denote h(t) = <p2(’; I)(;/)z - (a?s/\) +;§\3))3 /2> . Focusing on the

first exponential term in (4.11), we deduce from (4.12) that for all ¢ > 0,

o' - %e(s
O S ([ s e ot ).
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where the last line relies on further computations postponed to Lemma D.1 in Appen-
. . . t
dix D. Performing the exact same type of computations on exp (fo f@ —/7(s) ds) ,

and up to redefining A and B so as to encompass all the constants, we obtain (4.9)
and the result is proved. 0

4.4. Comparison of x with zy), and xny. We now have an expression for
x which is almost explicit: we do not know J; and Jo in closed form, but they are
uniformly bounded (by Lemma 4.7). We will now compare the asymptotic behavior of
(4.9) with those of the solutions of (Q1-LM) and (Q1-CN) that we denoted x s and
xn respectively. Our main result of Section 4 is the following, where ~, denotes
the asymptotic equivalence” between two functions as t — oo.

THEOREM 4.9. Let x be the solution of (Q1-VM-DIN-AVD), given in (4.9), and
xpym and xn whose closed forms are stated in (4.1). Under Assumptions 4 and 5,
there exists C' > 0 such that the following asymptotic equivalences hold:

2(t) ~yoo LM (t)C exp </0 _(a(;\)e—isﬁ)/\)?’ + o(a(s))ds) , and
(4.13)
¢ a(s) A2e(s)
z(t) ~4o00 TN (t)C exp </0 Bla3) + BN (als) + BA)? + o(e(s)) ds) .

As a consequence, the convergence of x to x* is:
(i) Faster than that of xpa if € is non-integrable and as fast otherwise.
(i) Slower than that of xn if a is non-integrable and as fast if « is integrable, in
the case where ¥t > 0, a(t) > e(t).
(iii) Faster than that of xn if € is non-integrable and as fast if € is integrable, in
the case where Vt > 0, a(t) < &(t).

While the results of Section 3 were related to the closeness of (VM-DIN-AVD)
w.r.t. (CN) and (LM) from a control perspective, Theorem 4.9 provides a differ-
ent type of insight. First, the results are asymptotic, so they only allow controlling
(VM-DIN-AVD) for large t. They provide however a clear understanding of the na-
ture of the solutions of (VM-DIN-AVD) and their convergence. The conclusions
(summarized in Table 1) are in accordance with what we would expect: when the
viscous damping is larger than the variable mass, (VM-DIN-AVD) behaves more like
the Levenberg-Marquardt method than the Newton one, but it actually becomes an
accelerated Levenberg-Marquardt dynamics when ¢ is non-integrable but vanishing.
However, when the variable mass ¢ is larger than «, the dynamics is closer to the one
of the Newton method, and can actually be an accelerated Newton dynamics, again
for non-integrable . This is analogous to the necessary condition that o must be
non-integrable in order to accelerate first-order methods in convex optimization (see
[7]). We conclude this section by proving Theorem 4.9.

Proof of Theorem 4.9. Thanks to Assumptions 4 and 5, Theorem 4.8 tells us that
2 has the form (4.9). We now analyze the two terms in (4.9).

First, we know from Theorem 4.8 that d1(0) = 0 and lims—, 4o 2(¢) = 0. In addi-
tion, by Lemma 4.7, §; and J- are uniformly bounded by some positive constant. Then

— . . . 1461 (¢) Va(t)+B8X .
r(t)~1/* decays asymptotically like v/e(t) and « is bounded. So A r(t)154) VAo is

"Two real-valued functions g1 and go are asymptotically equivalent in +oo if and only if

limg oo L = 1.
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asymptotically equivalent to some constant ¢; € R as ¢ — 4-o00. Similarly, the factor
Bltoa(t) e(t)
(M Ja(t)+8A

We now analyze the “exponential factors” in (4.9). On the one hand, — S) ot

(M)S)E% + 0(e(s)) converges to + 3 as s — 0o, while O‘(SHB’\

fore, we deduce that,

b oa(s) + BA A A2e(s)
o ([~ e TE oy g o)

=o (o </o B G oelos) )

As a consequence, the second term in (4.9) will decrease to 0 faster than the first-one
(let alone the additional £(¢) decay that we have just discussed). The asymptotic
behavior of z will thus be governed by the first term in (4.9).

is equivalent to coe(t), with ¢ € R.

diverges to +oo. There-

Let us now focus on the first term in (4.9). Observe that exp (fo TR +5A ds)

is exactly the decay of xp s in (4.1). Thus, we have proved that there exists C' > 0,
such that the following asymptotic equivalence holds,

1+61(t) a(t)—i—ﬁ)\ t_ by B )\2€<S> s .
Ao ol (/o aG) A (a1 v ol )

e 2 (H)C exp ( / —M T ofe(s)) ds> ,

which proves the first part of (4.13). The second equivalence in (4.13) is obtained
using the following identity,

' [ S t_l __aly) §=—= tL §
(4.14) /0—a(8)+md3—/0 5+ﬁ(a(8)+ﬂ)\)d - ﬁ+ Bla (s)+5k)d

and e~*/# is precisely the rate at which xy decreases. So (4.13) holds.
It finally remains to deduce the conclusions of the theorem from (4.13).

— Regarding the comparison with xp s, the integral fO m(tf% + o(e(s)) ds con-
verges if and only if ¢ is integrable on [0, +00], and diverges to —oo when ¢ is not. So
x converges to 0 at least as fast as xp ), and faster when € is not integrable.

— As for the comparison with xp, if a(s) > e(s) > 0 for all s > 0, then the integral
fo /8(@2);( J)rﬁ/\) (a()f)i(g)/w +o0(e(s)) ds is convergent in +oo if and only if « is integrable
and diverges to +0o when « is non-integrable. So when « is integrable, the speed of
convergence of x is the same as that of z. When « is not integrable, the convergence

to 0 is slower but still holds. Indeed, for all s > 0 ﬁ(a‘?s()si_ 1 < ﬁaa((sg) . Thus for

a(s)
a11t>0 B+f0md8<0.
— Finally, the comparison with xx in the case £(s) > «a(s) is exactly the same as the
comparison with x s using (4.14). |

Remark 4.10. As discussed in the beginning of this section, the main motivation
for studying quadratic functions is that strongly convex functions with Lipschitz con-
tinuous gradient can be tightly both upper- and lower-bounded by quadratic functions
around their minimizers. The intuitive attempt to extend our analysis to this class of
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functions consists therefore in applying Theorem 4.8 to the upper and lower quadratic
bounds. Such analysis is hence only possible for initial conditions close-enough to the
minimizer, and even in that case we did not manage to derive precise-enough asymp-
totic estimates for the solution of (VM-DIN-AVD) using this strategy. Whether this
is possible or not remains an open question.

Distance to CN Distance to LM Speed of

= Levenberg-Marquardt
=+ Continuous Newton
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Distance to CN Distance to LM Speed of convergence
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— el =colt, alt) = ol
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[ H T s 20 EERE) H o 15 20 s 0 H T 5 20 2
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Fic. 2. Comparison of the solutions xn, xpy and x of (CN), (LM) and (VM-DIN-AVD)

respectively, for a strongly convexr function of the form f(x) = e—lzl? 4 %”AZIJ”Q Left figures:
distance ||z(t) — xn(t)|| versus time t, each curve corresponds to a different choice of €; middle
figures: distance ||z(t) —xpar ()|, again for several €. Right figures: distance to the optimum z* for
reference, xn and xrnr are in dotted and dashed lines, other curves correspond to (VM-DIN-AVD)
for several choices of €. The brown curve is often hidden behind the purple (and sometimes the
pink) curve. Top and bottom rows show results respectively for non-integrable and integrable viscous
dampings .. The theoretical bounds from Theorem 3.8 are only displayed on Figure 4 below, for the
sake of readability.
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Fic. 3. Similar experiment and figures as those described in Figure 2, but for the function
f(@) =log (iLy e +e7%) + 5| Aa].

5. Numerical Experiments. We present two set of experiments that illustrate
our main results from Sections 3 and 4. We first detail the general methodology.
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Distance to CN Distance to LM Speed of convergence
=+ Levenberg Marquardt
=+ Continuous Newton
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; € €
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Fic. 4. Similar experiment and figures as those described in Figure 2, but for the func-
tion f(z) = S0, 220 + %||Am||2 The thin “dash dotted” curves represent approrimations of the

theoretical bounds from Theorem 8.8 for each choice of (e, ) considered.

F1G. 5.  Numerical validation of Theorem 4.9: distance to the optimum x* as a function of
time on a quadratic function f(x) = %HA96H2 Left: speed comparison w.r.t. (CN) for several choices
of € and a. Right: Comparison with LM for o integrable or not and several choices of €. Shades of
blue represent cases where £(t) > a(t) while shades of red represent the opposite setting.

5.1. Methodology. We compare the solutions of (CN), (LM) and (VM-DIN-
AVD) obtained for strongly convex functions in dimension n = 100. Since closed-form
solutions are not available, they are estimated via discretization schemes with small®
step-sizes v = 10~!'. All ODEs are initialized at zo € R"™, where each coordinate
of zg belongs to {—1,1}. For all functions this means that z( is approximately at
distance y/n of z*, hence not very close to z*. We then approximated the ODEs on
time intervals that are long-enough to observe both non-asymptotic and asymptotic
convergence behaviors. We used Euler semi-explicit schemes obtained by solving linear
systems, for the sake of stability. The resulting algorithms are detailed in Appendix E.

5.2. First Experiment: Distance between Trajectories. We begin with an
empirical validation of the results of Section 3 on the distance between x, xp s and
zy. Each of Figures 2, 3 and 4 corresponds to a different strongly convex function,
specified below its corresponding figure. To ensure strong convexity, each function

8In practice Newton’s method would converge faster when used with v = 8 = 1, here we take a
smaller step-size v to more accurately approximate the solutions of the ODEs.
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e-x 1

Fic. 6. Same experiments as in Figure 5 but in the setting v = B = 1 (so that Newton’s
method converges in one iteration), for large values of o (left figures) and small e (right). The
use of a large step-size v makes this setting out of the scope of our theoretical results. Due to fast
convergence, different behaviors can be observed for large values of g and smaller ones.

contains a quadratic term of the form ||Ax||?, where A is symmetric positive definite.

Several observations can be made from the numerical results, but we first note
on the right plots of Figures 2 to 4 that xy always converges asymptotically linearly
(i.e., exponentially fast). This is also the case for 2 and zp s in some (but not all)
cases. This is important because ||z(t) — zn(t)|| < ||z(t) — z*|| + |zn(t) — z*]|, so
if both = and xx converge linearly, then the bounds of Theorems 3.1 and 3.8 need
not be asymptotically tight. That being said, the strength of these results is to be
non-asymptotic and this is highlighted by the experiments as we now explain.

The left and middle plots of Figures 2, 3 and 4 are consistent with Theorems 3.1
and 3.8, since the distances ||z (t) — 2z (¢)|| and ||2(t) —z s (¢)|| decrease relatively fast
to zero. Again, when x converges rapidly to «* this is not very insightful, however,
the main interest of our theorems appears on the left of Figures 3 and 4: the blue and
green curves, corresponding to slowly decaying choices of €, converge more slowly than
other trajectories. However, when taking faster decays, we recover fast convergence
and closeness to xy (this is particularly true for the purple curve). Very similar
observations are made w.r.t. zy); on the middle plots. Despite not being stated in
the theorems of Section 3, the experiments match the intuition that when ¢ > «, x
may be closer to x and when € < «, x would rather be closer to xy ;. This is more
noticeable on the top rows of the figures, where « is not integrable.

Figure 4 suggests that the bounds in Theorem 3.8 are rather tight for small
t, since, for example, the blue and green curves on the left show a relatively slow
vanishing of ||z(t) — zn(t)] for slowly decaying €. The bounds seem however often
too pessimistic for large t, for which the second part of our study provides better
insights (see Section 4 and below). Interestingly, slow decays of £ might result in
faster convergence for x than fast decays (and also faster convergence than zp /),
notably on Figure 2. We also note that £(t) = ¢/t combined either with «(t) = ag/t
or a(t) = ap/t? seems to very often yield fast convergence in these experiments.

5.3. Second Experiment: Empirical Validation of Theorem 4.9. We now
turn our attention to the solutions z, z and x s for a quadratic function of the form
fly) = %||Ay|\27 y € R™, and for several choices of ¢ and «. The results in Figure 5
exactly match the expected behavior summarized in Table 1. Indeed, looking first at
the right-hand side of Figure 5, z is as fast as the corresponding® x5, when ¢ is not

integrable and regardless of «, and x is faster when ¢ is non-integrable. Then on the

9That is, the solution of (LM) for the same « as that considered for (VM-DIN-AVD).
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left-hand side, when comparing to xy, x is slower in settings where « is larger than e
and non-integrable (red curves), or almost as fast when « is integrable (pink curve).
However, acceleration w.r.t. to zy is indeed achieved for non-integrable e regardless
of a (first-two blue curves), and the rate is the same as that of 2 when ¢ is integrable
(third blue curve). Finally, on Figure 6 we empirically investigate the case of large
step-sizes v and take v = 8 = 1 (optimal for Newton’s method on quadratics). Due to
large step-sizes our theoretical results do not hold and the choice of £y matters more.
This evidences a trade-off between g and v in the case of discrete algorithms which
is not present in the analysis of ODEs and is worth investigating in a future work.

6. Conclusions and Perspectives. We introduced a general ODE (VM-DIN-
AVD) featuring variable mass, and provided a deep understanding on the behavior of
its solutions w.r.t. time dependent control parameters € and «, both, asymptotically
and non-asymptotically. We can conclude that (VM-DIN-AVD) is indeed of (regu-
larized) Newton type, since it can be controlled to be close to both (CN) and (LM).
Yet we also showed that (VM-DIN-AVD) fundamentally differs from the other two
dynamics in its nature. In particular, Theorem 4.9 and the numerical experiments
emphasized that ¢ and « can accelerate (or slow down) (VM-DIN-AVD) w.r.t. (CN)
and (LM). We also note that our bounds in Theorems 3.1 and 3.8 seem relatively
tight, in particular for functions with large gradients (see Figure 4). Our contribution
yields a complete and satisfying picture on the relation between the three systems,
which was only partially understood. We believe that our results build a strong foun-
dation for the development of algorithms that combine the best properties of first-
and second-order optimization methods.

As for future work, we showed that (VM-DIN-AVD) is promising from an op-
timization perspective. So far we approximated solutions of (VM-DIN-AVD) via
schemes that required solving linear systems (this is also true for (CN) and (LM)).
Our new understanding on (e, @) paves the way towards designing new Newton-like
algorithms with a significantly reduced computational cost, which is crucial for large-
scale optimization. Another open question is whether it is possible to preserve the
properties evidenced in this work when ¢ is defined in a closed-loop manner (formally
depending on x rather than on t). Finally, it would be worth investigating how the
current work can be extended to general convex and/or non-smooth functions.

Acknowledgment. We thank the development teams of the following libraries:
Python [44], Numpy [49] and Matplotlib [32].

Appendix A. Equivalent First-order System and Existence of Solutions.
A.1. First-order Equivalent Formulation. We reformulate (VM-DIN-AVD)

as a system of ODE involving only first-order time derivatives and the gradient of f.
For this purpose, notice that for all ¢ > 0 (VM-DIN-AVD) can be rewritten as,

(A1) % [e(t)z(t)] + ﬁ%Vf(x(t)) +at)i(t) —#)xt) + Vf(z(t) =0, t>0.

We then integrate (A.1) for all ¢ > 0,

(A.2) €(t)9b(t)+ﬁvf(w(t))*ﬁofbo*ﬁvf(xo)Jr/O (a(s)—¢'(5))(s)+V f(2(s)) ds = 0.
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For all ¢ > 0, we define the variable,
¢
2(t) = / (a(s) —€'(s))i(s) + Vf(z(s))ds — eozo — BV f ().
0

We differentiate z, for all ¢ > 0, 2(t) = (a(t) — &'(t))z(t) + Vf(x(t)), so that we can
rewrite (A.2) as

{()()Jrﬂvf(x(t)) 2(t) =0 .
2(t) = (a(t) = '(t)i(t) = V(@) =0 "~ ~

We substitute the first line in the second-one,

(A3) {e(t)ac(t) + BV f(@(t) + 2(t) = 0 -

Ba(t) — Blalt) —€'(t) — ge(®))i(t) +2(t) =0~

To ease the readability, we recall the notation v(t) = a(t)—e’(t)— E e(t) from Section 2.

Then define for all t > 0, y(t) = z(t) — v(t)x(t), and differentiate, y(t) = 2(¢) —
v(t)i(t) — v/ (t)z(t). We finally rewrite (A.3) as,

e(t)a(t) + BV f(x(t)) +v(t)z(t) +y(t) =0
g(t) + v/ (H)z(t) +282(t) + Jy(t) =0

which is (gVM-DIN-AVD). Finally, the initial condition on y is

1
—£0)xo.

B

Remark A.1. Notice that the quantity v(t) = a(t) — €'(t) — %6(75) involved in
(gVM-DIN-AVD) also plays a key role in our analysis of Section 3, see e.g., (3.6). In
particular the sign of v(¢) changes the nature of (VM-DIN-AVD) and is related to
Assumption 2.

A.2. Local Solutions are Global. Using the formulation (gVM-DIN-AVD),
we proved local existence and uniqueness of solutions of (VM-DIN-AVD) in Section 2.
Using the same notations, we justify that the local solution (x,y) actually exists glob-
ally. According to Lemma 3.4, the Lyapunov function U(t) = ?Hx(t)”2 + f(z(t)) —
f(z*) is non-negative and decreasing. Thus, it is uniformly bounded on R, and the
same holds for t — f(x(t)) since for all t > 0, U(t) > f(x(t)). Then, f is coercive
by assumption, so z is uniformly bounded on Ry (otherwise f(z) could not remain
bounded). We now prove that y is also uniformly bounded. From (gVM-DIN-AVD),
iortall t>0,9(t) = —%y(t) - (% +v/(t))z(t) so we can use the following integrating
actor,

y(0) = 2(0) — v(0)z(0) = —eoio — BV f(z0) — (o — £( —

¢

¢ t 1
y(t)ze_ﬁyo—e_ﬁ/ —en
o B

Using triangle inequalities, for all ¢ > 0,

)

(v(s) + BV (s))x(s) ds.

(A4) )] < e ol + sup | ((s) + B/ (el F [ Zek as

< IIyo||+Sup||( (s) + Br/(s))z(s)I
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Using the definition of € and « from Sections 1.1 and 2, observe that €, a, ¢ and o’
are all bounded on R, , and &” is assumed to be bounded. So v and v/ are bounded,
and since we also proved that z is uniformly bounded on R, we deduce from (A.4)
that y is uniformly bounded as well. Hence, the unique local solution (z,y) is global.

A.3. Existence and Uniqueness for Non-smooth Functions. Following
Remark 2.2, we here provide the main arguments to extend (VM-DIN-AVD) to the
non-smooth setting. Assume, in this section only, that f is convex, proper, lower
semi-continuous, and (without loss of generality) that dom(f) = R™. Consider

A5) e(t)a(t) + BOf(x(t)) + v(B)a(t) + y(t) >0,
‘ (1) + v Bat) + o) + dyt) =0,

where Jf is the sub-differential of f. Note that when f is differentiable, (A.5)
boils down to (gVM-DIN-AVD). An absolutely continuous mapping (z,y) : Ry —
R” x R™ that satisfies (A.5) is called solution. Remark that defining G(t, z(t), y(t)) =
(A0 ) (t) + “Pa(t) + Sy(t) and F(t,a(t),y(t) = (5 F(2(1)),0), (A.5)
rewrites (Z(t),5(t)) + OF (t, z(t),y(t)) + G(t, z(t),y(t)) 3 0. Then under our assump-
tions on € and «, é(t, -,+) is Lipschitz continuous which allows showing existence of
a solution via the theory of non-linear semigroups; see [20, Proposition 3.12]. Note
that the chain rule on (z,y) holds for a.e. ¢ > 0 thanks to absolute continuity, which
allows extending our Lyapunov analysis as well.

for a.e. t > 0,

Appendix B. Generalization to Strictly Convex Functions. Following
Remark 3.7, we detail how to generalize Section 3 beyond strongly convex functions.
Assume, here only, that f is strictly convex. Since f is continuous and the trajectories
are contained in some compact set Ko (see the proof of Theorem 3.1), it follows that
f is uniformly convex on Kp; see [15, Proposition 10.15]. This implies that Vf is
uniformly monotone [15, Example 22.3] on Kg. That is, there exist an increasing
function ¢ : Ry — Ry such that ¢(0) = 0, and Vy1,y2 € Ko, (Vf(y1) — Vf(y2),y1 —
y2) > o(|ly1 — y2||). Note that when f is strongly convex, ¢(s) = uk,s%, Vs > 0. We
deduce that 2z=vzl) < IV f(y1) — Vf(y2)|l, which allows extending (3.3) and our

lyr —y2ll
analysis to strictly convex f whose associated ¢ is such that ¢(s)/s — 0. In that
S—>

case, ¢ is called a growth function, and this covers many applications; see [26, 40].

Appendix C. Proof of Theorem 3.8: Key arguments. This section is
devoted to proving the general result of Section 3. Fix some constants ci,co > 0
and let ¢ and « such that Assumption 3 is satisfied with these constants. Let x
be the corresponding solution of (VM-DIN-AVD), zy, and xpys that of (CN) and
(LM), respectively. Following the same arguments as in the beginning of the proof
of Theorem 3.1, for all ¢ > 0, z(t), n(¢) and xzp(t) belong to the bounded set Kg
defined in that proof. Since f is p-strongly convex on Kg, the proof relies again on
bounding differences of gradients like in (3.3). Following the exact same steps as in
the proof of Theorem 3.1, we know the closed form of V f(xy) given in (3.4), and an
expression for V f(x) given in (3.5). For all s > 0, we have the identity,

(C.1) efi(s) = efi(s) + le%m(s) - lel%x(s) = %(e%z(s)) - %e%x(s),
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Therefore,
(C.2)
~% teﬁas:iss s = a(t)x —eiﬁax— tesgt o (s @ z(s)ds
et [ Bl as =alatn) - Fanso— [ 7 (o'l + 5 ) alas
and we can substitute in (3.5),
(C.3)
BV f(z(t)) = ﬂe_%Vf(xo) + e Feodo —e(t)z(¢) —|—A eF <;6(S) —|—6’(s)> z(s)ds

t

—a(t)z(t) + e~ 7 agzo + /Ot 7 (o/(s) +

One then proves (3.8) by inserting (C.3) in (3.3) and by using the uniform boundedness
of z and Assumption 3. The proof of (3.9) follows the same arguments based on the
fact that Vt > 0,

Vf(xLM(t)):e*%w(mo)—e*%/o %e% ()3 101 (s) ds.

Appendix D. Integrability of ¢ and Additional Asymptotic Computa-
tions. Below we prove Lemma 4.7.

Proof. We suppose that Assumptions 4 and 5 hold. As stated in Remark 4.3,
since ¢ is continuous, we only need to check its integrability when ¢ tends to 4oco.
Let ¢t > 0, we first establish some useful identities, we omit the dependence on ¢ for
the sake of readability.

, e —(a+pN)e a’e? —2a'e’e — (a+ BA)e"e + 2(a + BA)(€)?

p = = , and p’ = =
Then,
2 2p" 4\ A)? 2p'e? 4N
T_P(1+1;2>_(a+§) (1+ ver £ 2>
(D.1) 4 P ep 4e (a4 BA) (a4 BA)
’ ~ (a+BN)? (1 222" d)e >
4e? (a+ BN (a+pX)  (a+BA)?)"

An important consequence of Assumption 5 is that |'(¢)| = o(e(t)), |€”(t)| = o(€'(¢))
(and the same holds for a w.r.t. to its derivatives). Therefore, we deduce from (D.1)
that

(a(t) + BA)?

7(t) ~oo 12(2)2 )

and we note that 1/r decays at the same speed as £2, which will be useful later. In
order to study ¢, we now differentiate r,

! 20 4\ 1 4(pH2  8\p!  4AXe
/:W(1+P_6p>+<2pn_ () v, 6)

4

(D.2)
2 / 1 4 /\2 / 4 /
_ P (2}7” . (p") + 8\p Ae ) . and,

+
P ep €2




24 C. CASTERA, H. ATTOUCH, J. FADILI AND P. OCHS

"o ()2 9/
oy VPR,
p
1 7 ( ) - 2]?” / p”pa - (p/)QE - p'pE' 4 e” 8)\(€/>2
+ 1 (2p +4 2 + 8\ 27 + R .

Then, to justify that ¢ is integrable, we prove that -7 and (5 /)2 are integrable. Slnce
we know that 1/r decays at the same speed as £2, we can equlvalently show that &3
and €°(r’)? are integrable. To this aim we fully expand all the terms in (D.2) and
(D.3). We first deal with (D.2), it holds that:

(a + BN)? ( (ai?ai)z +1+ (Z2(a+BNe +2a 8)> e’

(EETYE
2.5 _ | _
r%e® = NG
/ / 2 7(a+ﬁ)\) +2
+(a+ﬂ>\)2\@ e N 8\ae N a'e
4 (a+ B2 (a+BA)3 (a+ BN)?
(M —2(a+ A" — 4’ + 20/’6) 2(—=2(a+ BN + 2d/¢) o
* (a+ B2 - (a+ B3
2
(a+ BA) 4)e (=2(a+ BN +2d/e) ,
AP e T e )lvE

The computations for 27" are omitted since they are longer but very similar.
We analyze the 1ntegrab1hty of each of the terms above (and those of ¢2r""). By
Assumption 5, €/, ¢” and ¢’ are integrable, as well as a o and o', this justifies

the integrability of most of the terms. We also need 1 E and (6 to be integrable,
which holds by Assumption 5. Overall, ¢ is integrable on R+ O

We now state and prove the a result used at the end of the proof of Theorem 4.8.

LEMMA D.1. Under Assumptions 4 and 5, for all s > 0,

1 <2p’(5) IN/Z(5) )2: ele) o
(a( '

16 \ p()%2 ~ (als) + BA)/2 SENCVE

Proof. We omit the time dependence on s > 0 for the sake of readability. Using
Assumption 4 we can define and expand the following quantity,

L(2 __awE NP e PWE W)
16 (}73/2 - (a+5)\)3/2) BCEN N 3/2(04—1—5)\)3/2 + 4p3
. A2¢e _/\(0/5*(04+ﬂ,\)5’)+( ) €+(8 (Oé-i-ﬁ)\) 2a’5’(a+ﬁ)\)
= (a+ BA)3 (a4 BA)3 NTCENINE .

Assumption 5, implies in particular that |¢'(¢)| = o(e(¢)) and that o/(¢) — 0, which
we use in the equality above to obtain the desired conclusion. 0



CONTINUOUS NEWTON-LIKE METHODS WITH INERTIA AND VARIABLE MASS 25

Appendix E. Additional Experimental Details. We used Euler discretiza-
tion schemes with fixed step-size v > 0, for approximating the solutions of the three
ODEs considered in Section 5. For a trajectory x, at times t, = vk, k € N, we denote

x(ty) L 20 We approximated (CN) by explicit discretization, Vk € N,

(E.1) 2B = (B [BVQf(xE\}?))] B V).

Then, defining ¢ = e(tx) and ax = a(tg), (LM) and (VM-DIN-AVD) are obtained
via Euler semi-implicit discretization. The solution of (LM) is approximated by,

-1
(E:2) D = ol = [k + BV RG] VIR,

where I, is the identity matrix on R™. The solution of (VM-DIN-AVD) is similarly,
(E.3)

-1
ok D) = () 4 [(sk +yap) I, + 7BV f(x<k>)} (5k(x(k) — gDy _ 42y f(x(k))) .

As sanity check, one can see that for e, = 0, (E.3) is equivalent to (E.2), which is
itself equivalent to (E.1) when oy = 0.
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