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Abstract—This paper explores numerically the ef- is identifiable forp(n) > 0 that increases slowly as

ficiency of £ minimization for the recovery of sparse the under-determinacy factardecays ta0.
signals from compressed sampling measurements in

the noiseless case. Inspired by topological criteria [l. SPARSERECOVERY CRITERIA

for ¢'-identifiability, a greedy algorithm computes

sparse vectors that are difficult to recover by /;- Generic recovery criteria. Precise criteria for
minimization. We evaluate numerically the theoretical jgentifiability are obtained by considering the lo-

analysis without resorting to Monte-Carlo sampling, . : .
which tends to avoid worst case scenarios. This allows cations and signs of non-zero entriesaoindexed

one to challenge sparse recovery conditions based onbY the supportl = I(x) of z. Such criteria use the
polytope projection and on the restricted isometry interactions between the columns 4f = (a;)icr
property. and the other one@;);¢;. Fuchs [3] proved that a

sufficient condition forx to be identifiable is
|. COMPRESSEDSAMPLING RECOVERY

Compressed sampling paradigm consists in ac- F(z) = me [(as, d(z))| <1
quiring a small number of linear measurements where d(z) — A (A*AN " i
y = Az, wherez € RY is the high resolution (z) 1(A7Ar)™ sign(@r),
signal to recover, andy € RY is the vector of see also Tropp [4] for a related result.

measurements with < . Topological recovery criteria. The centro-

The resolution of the ill-posed inverse problem, tric polvtoped( B ) is the i f the'!
y = Ax is stabilized by considering a matrixb)‘,;mme fic polytoped(By) is the image o

A= (a5, e RPXN that is drawn from a proper B =i\ |3, <1}

random ensemble. This article considers the case

where the entries ofd are drawn independentlyand is the convex hull of{+a;};. The |z|o-

from a Gaussian variable of variant@P. dimensional facetf, C A(B;) selected byz is
For noiseless measurements= Az, the recov- the convex hull of{+a;};c;. Donoho [5] showed

ery of a sparse vectar is achieved by solving the that

convex program x is identifiable <  f, € 9A(B;)  (3)

7 = o |7l subj. to Az =y, (1) \here DA(B;) is the boundary of the polytope
A(B,). Dossal [6] shows that this topological con-
B ~ dition is equivalent to having: as the limit ofz,,
2l = Z |il- where F(x,,) < 1.

! Using (3), Donoho [5] determines, in the noise-
The vectorz is said to be identifiable ift* = z. |ess case) = Az, a precise value fop(n) in (2).

One usually seeks simple constraintsmothat en- For instancep(1/2) ~ 0.089 and p(1/4) ~ 0.065.
sure stability. Of particular interest are constraints

on the sparsityz|o = #I(x) where the support of Restricted isomgtry criteria. Original works of
ris Donoho [1], Cands, Romberg and Tao [2] focus on

I(z) = {i\ &; #0}. :[Pe stability_ of the compressed sampling decoder.
owards this goal, these authors introduced the
With high probability on the sampling matriA, restricted isometry property (RIP), which imposes
compressed sampling theory [1], [2] shows that arthat there exist constants < J™in < §max < 1
vector satisfying such that for anyr € RY with |z < s,

lzlo < p(P/N)P @ A=) < JAz]* < 1+ 682 (4)

where



In the original work of Cands et al., the RIP is :Hl‘l as

symmetric, and they require equal RIP constants, (

gmin — gmax — §_ These authors proved that a

small enough value oby, ensures identifiability

of all s-sparse vectors. This is achieved with high —as

probability onA if s < CP/log(N/P), which cor-

responds to condition (2) with(n) < C/log(n=1). —€
It turns out that the largest and smallest eigenvafl(xl)

ues of the Gram matrid; A; do not deviate from 1

at the same rate. Using asymmetric RIP constants,

Foucart and Lai [7] show that

(4V2 = 3)o5n 4 05 < 4(V2-1)  (8) l /

. T _ _ Figure 1. Geometry of? recovery, forN = 3 and P = 2. The
ensures identifiability of alk-sparse vector. Blan vectorz; = (2, —3,0) is not identifiable becausfs, is inside

chard et al. [8] determing, such that with high the polytopeA(B;), and as a large|d(z1)]|. On the contrary,

probability on A x2 = (—5,0,3) is identifiable becausg,, € JA(B1), and it
has a small|d(z1)].
|z]o < po(P/N)P (6)  Figure 1 illustrates this proposition faP = 2

dimensions. This property, together with condition

ensures that condition (5) is in force. One necessatﬁ) suggests that a vecterhaving a small value

. 0 . i
lly has p"(n) < p(n) since condition (6) guarantees 1/]d(z)| is more likely to be non identifiable.

identifiability, but it also ensures a strong robustness _. . . .
v g Figure 2 estimates with a Monte-Carlo sampling

to noisy measurements. This causes the cons@antth tio of tors that dentifiabl di
to be quite small, and for instangg(1/2) = 0.003 € ratio of vecltors that are identinable, according

- to the sparsity|z|, and to a quantized value of
and po(1/4) = 0.0027. |d(x)|. The curve parameterized t(x)| exhibits
I1l. | NTERIOR FACETS AND a phase transition that is even sharper than the curve
NON-IDENTIFIABLE VECTORS parameterized by sparsity (each dot on the curves
accounts for 1000 andom realizations of the signal).
An heuristic for identifiability based on 1/|d(x)|. The numerical evidence provided by Figure 2

From (3) we deduce that a non identifiable veator suggests that non-identifiable vectors might be
corresponds to a facgt, belonging to the interior found not just by increasing the sparsity of a
of the polytope A(B;). The following property given vector, but also by decreasing the value of
allows one to compute the distance ff to the 1/|d(z)].

center of the polytope. . _ L
An heuristic for sub-matrices conditioning based

Proposition 1. For any vector z such that on 1/|d(z)|. The following proposition shows
rank(A;) = |I], the distance from the facet. to that 1/|d(x)| is not only suitable to locate non-
Ois m- identifiable vectors, it is also a good proxy to

Proof: The distance of/, to the 0 is the mini- extract sub-matrices ofl that are ill-conditionned.

mum of the distance between any hyperpieon-  proposition 2. For any vector = such that
taining f and0. The definitiond(z) = Ajd(z) =  rank(A;) = |I|, one has

sign(xy) implies that(d(z), (signx;)a;) = 1 for

all i € I. The hyperplane {

Ho = {u\ {d(z), u) = 1}
is such that for alli € I, (signx;)a; € H, and

. _ +\* o
thus f, C H,. The distance betweeH, and 0 is e isPrt%Zf. 223:;??&/23; (0‘21 )azlgnh(:éi,ewhere
1/[d(z)]. 1 P I

521“1 z1- S/”d(fﬂ)”Q, (7)
o > s/|d(z)* - 1.

Let H; = {u\ (¢, u)} be anorther hyperplan such )
that (signz;)a; € Hy, for all i € I. The distance ) 4y < G (AF)")
min I X ‘max I
2

betweenH; and 0 is%;. For alli € I, we have = | sign(z;)

llel
(¢, a;y = (d(x), a;) and thus{c — d(z), a;) = 0.
Sinced(z) € sparfa;)icr, (¢ — d(z), d(x)) = 0 whereApn(B) and A\pax(B) are the smallest and
and then|c|? = ¢ — d(x)|* + |d(x)|*> > |d(z)|?, largest eigenvalues aB*B. Since the eigenvalues

which completes the proof. m of A} A, are the inverse of those of; (4;)* and



hence
|d(@)]* = |d(2)|? + |d(z) — d(@)[*.

Finding an extension that maximizes (resp. mini-
mizes) 1/|d(z)| is thus equivalent to minimizing
(resp. maximizing)|d(x) — d(Z)].
Introducing the dual vector
a; € spart(a;)jer(z) Y ai)

such that

V] S I(ZC), <ELi, CLJ'> =0 and <C~ll, Cli> =1,

we have

d(7) = d(x) = —a;((d(x), a;) — o),
which implies

|d(z) — d(2)] = la;][{d(z), a;) — o] .

Computing|a,| for all possiblej ¢ I(x) is com-
putationally demanding since it requires to solve an
over-determined system of linear equations for each
j. We thus select an approximately optimal exten-
sion by maximizing or minimizing{d(z), a;) — o|
instead of|a,||(d(z), a;) — o].

The maximization (resp. minimization) of
1/|d(zx)]| is thus obtained through the extensions
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Figure 2. Left: ratio of identifiable vectors as a function of
lz[o. Right: ratio of identifiable vectors as a functionfof(z)|. €1 (z) =2 +0tA;+ and £ (2) =x+0 A

since | sign(z7)|? = s,

1— 6™ < Ain(Af) < —— it = argmin [1 — [(d(), a;)|
ld(z)[? where { _ J#® (8)
s i~ = argmax [(d(z), a;)|
Ty S Amex(Ar) ST JEI()
+ I
which completes the proof. | and { o™ = sign({d(z), a;-)), (9)
Estimating a sharp lower bound @¥** (resp. o = —sign((d(z), a;+)).

sminy can thus be achieved by computing a vector . . .
z with |z]o = s that maximizes (resp. minimizes)Greedy minimal and maximal worst extensions.

1/]d(z)] For each location € {0,..., N —1}, starting from
the initial 1-sparse vectomjfo = A;, we compute

IV. SPARSEEXTENSIONS iteratively two s-sparse worst case extensions as

To build a vectorz that is not identifiable, or

a ill-conditionned sub-matrixd;, we progressively { bs P Js—1 (10)

increase the sparsityz|, by extending it with s = E(@551)-

additional non-zero entries. We consider a signed V. GREEDY SEARCH FOR

Support extensionr of x, written asz = x + O'Ai, NON-IDENTIEIABLE VECTORS

whereo € {+1,-1}, i ¢ I(z) andA; is a Dirac i .

vector. The extension of to obtain Z increases Proposmop 1 gugggsts that the gregdy extensions

by one the sparsitfz|o, and we select carefullyg s for varying j defined in (10) is likely to be

58 . .
1 and o to maximize or minimize the variation of 'ﬁ"?“'t o identiy. .
1/]d(x)|. Givenn = P/N < 1, we use a dichotomy search

on s to compute

Approximate minimal and maximal worst ex- . o . -
tensions. Sinced(x) € spara;)je;(,) andI(z) ¢ " (n,P) =min{s\ 3j, 27 is not identifiablg ,

I(z), we have which is an empirical upper bound on the maximal

(d(x) — d(2), d(z)) =0, allowable sparsity that guarantees identifiability.



The following table reports our numerical find-to the empirical restricted isometry consta&g‘é“.
ings forn = 1/4, and compares this numerical ev-The same is true for the estimation &gwx using
idence with the sharp theoretical bound of Donohe/|d(z)|? — 1. This proves numerically that our
[5] p(1/4) ~ 0.065. heuristic (7) is accurate in practice.

[ P [[125] 250 500 [ 1000

s*(1/4,P) || 10 | 20 | 42 | 79 o8
[p(/HP] | 9 | 17 | 33 | 65

For instance, withNV = 1000 and P = 250, we
are able to find a 20-sparse vector that is not
identifiable. In contrast, the Monte Carlo sampling%’
displayed in Figure 2 does not reveal any nor
identifiable vector for sparsity less than 54.

0.51

VI. GREEDY SEARCH FOR 0.4}
ILL-CONDITIONED SUB-MATRICES

Empirical restricted isometry bounds. The ex-
te_nsion:zcjfS defined in (10) is ans-sparse yector : 7 s 3 T 1 4 1s s
with a small \{alue of1/]d(z)[. ErOpOSItIOI’\ 2 Figure 4.  Plain curves: values o™ and §7** as a
suggests that its suppot = I(z; ;) selects a function ofs. Dashed curves: values df — s/|d(z5 )| and
Gram matrixA*A; with a low smallest eigenvalue s/[d(z{)? — 1.
Amin(A7). Similarly, I = I(z},) can be used to
find & sub-matrixA7A; with a big largest eigen- gphirical sparsity bounds for restricted isome-
value Amax(Ar). __try condition. Givenn = P/N < 1, we compute
We define empirical lower bounds on restrlctega(mp), the minimums for which our empirical

Isometry constants as estimates invalidate condition (5),

Smin = i 1-— )\min A - Smin Tmax
05 = iy (A1a;,) an (4v/2 — B)3min | §max > 4(y/2 — 1)
05 = ogiXN )\m"(AI(If.S)) - L Figure 5 shows our numerical estimation of the

whereAmin (B) andAma (B) are the minimum and bound (5) for a v_arymgs._The following table

. . N reports our numerical findings fof = 1/4, and
maximum eigenvalues aB* B. . . . . .
compares this numerical evidence with the theoreti-

Figure 3 shows the numerical valuessgf™ and
or»* and compare these bounds with more naivce"’lI bound of Blanchard et al. [#)(1/4) ~ 0.0027.

ones, obtained as follows. ] P || 250 | 500 | 1000 [ 2000 |
— Random sampling:.we use K = 10* sets s§(1/4, P) 1 2 3 ?
{1}, of #1;, = s indexes, and use [po(1/HP] | 2 | 3 5 ?
{ Ot ina = maxy 1 = Amin(Az), CONCLUSION
srand = 0% Amax(Ar,) = 1, We have proposed in this paper new greedy algo-

as empirical lower bounds fai™™ and max. rithm to find sparse vector that are not identifiable
and sub-matrices with a small number of columns
that are ill-conditionned. This allows us to check
numerically sparsity-based criteria for compressed
R sampling recovery based either on polytope projec-
{ 6;?33”6: max; 1 — Amin(Ar;), tion or on restricted isometry constants.

— Cone sampling:for each0 < j < N, we
select thes columns(a;);es, of A that maximize
<ai, 0,j>. We use

Smax — max.; \ Ar)—1
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