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ABSTRACT spectralsignaturea” € R™! and aspatial density profile

- - " , , ¢ € RY. The column vectora* are grouped into a ma-
Devising efficient sparse decomposition algorithms inéagun- trix notedA € R™" and the line vectors; are taken from

dant d.ICtIOI’]aI‘I(.ES has., aFtracted much. attention recent@w.e\i.er, matrix ® € RY't. GMCA models the dat& < R™* as
choosing the right dictionary for a given data set remainsgsan

] ) ) oo follows :
sue. An interesting approach is to learn thestdictionary from
the data itself. The purpose of this contribution is to diegca X = Av® + N = Z Z y,’g'akqsk/ +N 1)
new dictionary learning algorithm for multichannel datalgsis kK

purposes under specific assumptions. We assume a large numbe h h i fh trix of fficient
of contiguous channels as in so-calleghberspectradata. In this where the entries of the Sparse matrix ot Coefticientsp-

case it makes sense to considguriori that the collected data ex- resentingX in the multichannel dictionarf? = A ®

k' m,t e i
hibits sparse spectral signatures and sparse spatial ologdés in gre no.tedulk tand N tel R . IS Indu(;jelq 10 accountG‘flarCA
specified dictionaries of spectral and spatial waveformsldihg aussian instrumental noise or modeling errors.

on GMCA, the proposed algorithm gives a practical way to ergfo further assumes that th_e dictionary of spatial wavefoims
the additionah priori spectral sparsity constraint on the dictionary is knawn bef_or_hand Wh"? the_ spectral compone@,talso
space. Numerical experiments with synthetic and real tsyjesr- Calle_d the mixing matrix in blind source Separatlon (BSS)
tral data illustrate the efficiency of the proposed algonith atepllcatlons_, is learned from the data. The image from the
p™" channel is represented here asfeow of X, z,,.
The successful use of GMCA in a variety of multichannel
1. INTRODUCTION data processing applications such as BSS [2], color image
restoration and inpainting [1] motivated research to exten
Generalized Morphological Component Analysis (GMCA) its applicability. In particular, there are instances véhene
is a recent algorithm for multichannel data analysis de- is urged by additiongbrior knowledge to further constrain
scribed in [1, 2]. It was derived as a multichannel extension the dictionary space. For instance, one may want to enforce
to MCA [3] and as such it is a powerful algorithm for the equality constraints on some atoms, or the positivity or the
sparse decomposition of multichannel data over multichan-sparsity of the learned dictionary atoms.
nel dictionaries. A major feature of the GMCA algorithm, Builiding on GMCA, the purpose of this contribution is to
in comparison to other sparse decomposition algorithms, isdescribe a new dictionary learning algorithm for so-called
that it alternates sparse decomposition steps with diation  hyperspectratlata processing. Hyperspectral imaging sys-
learning steps, in a fast iterative thresholding loop with a tems collect data in a large number (up to several hundreds)
progressively decaying threshold leading to a very robustof contiguous regions of the spectrum so that it makes sense
salient to fineestimation process. In fact, learning dictio- to consider for instance that some physical property will
naries for the sparse representation of given data setsvis no show some regularity from one channel to the next. In fact,
a growing field of interest [4, 5] although it is worth noting the proposed algorithm, referred to as hypGMCA, assumes
that this problem has a long history [6, 7, 8]. that the multichannel atoms to be learned from the collected
Obviously, it is required to set priori some constraints on  data exhibit diversely sparspatial morphologies as well
the dictionary space in which the optimal dictionary is to as diversely sparsgpectralsignatures in specified dictio-
be looked for. In the case of GMCA, it is assumed that naries® € R%! and¥ € R™™ of respectively spatial
the size of the multichannel dictionafy, i.e. the num- and spectral waveforms. The proposed algorithm is used to
ber of atomsn x t/, is specified beforehand and that the learn from the data rank one multichannel atoms which are
multichannel atoms are all rank one matrices, product of adiversely sparse [2] in a given larger multichannel dictio-



nary. a practical approximate solution as reported in [1]. Prob-
In what follows, regardless of other models living in other lem (3) is readily interpreted as a MAP estimation of the
scientific communities, the terhyperspectratlenotes mul- ~ model parameterd andv where the/; penalty terms im-
tichannel data following model (1) with the above two spe- posing sparsity come from a Laplacian prior on the sparse
cific propertied.e. that the number of channels is large and coefficient matrix..

that these achieve @egular sampling of some additional Building on GMCA, we want here to learn spectral dictio-
and meaningful physical indexe(yg. wavelength, space, nary A so that again on average the columnsXod” are
time) which we refer to as thgpectraldimension. We de-  simultaneously sparse it and, what is more, the columns
scribe next the proposed modified GMCA which we devised of A are sparse iW.

to account for thea priori sparsity of columns* in U, A well known property of the linear mixture model (2) is
a given dictionary of spectral waveforms. Accounting for its scale and permutation invariancé consequence is that
this prior requires a modified objective function, discusse unlessa priori specified otherwise, information on the sepa-
in section 2. The resulting hypGMCA algorithm is given rate scales of* andy, is lost, and only a joint scale param-
in section 3. Finally, numerical experiments in section 4 eter fory*, v, can be estimated. This needs to be translated

demonstrate the efficiency of the proposed method. into a practical prior on~*v,. We propose here that the
following p, is a good and practical candidqtént sparse
2 OBJECTIVE FUNCTION prior for v* andv;, after the loss of information induced by
multiplication :
With the above assumptions, equation (1) is rewritten as fol
lows : (Y un) o exp(=XelvFuell)
Y S 7
X=X+ N=) U/ &+ N="ad (2 AR
k k

. where~¥ is thei entry iny* andv] is the j™ entry in
where X, = as; are rank one matrices sparse(in= vk. The proposed distribution has the nice property, for
¥ ®® such that” has a sparse representatidrin ¥ while  supsequent derivations, that the conditional distrimstiof

s has a sparse representatigrin ®. In a BSS context, the  k given,, and of;, given~* are Laplacian distributions
rows s of S are commonly referred to as sources. For the \hich are commonly and conveniently used to model sparse
sake of simplicity, we assume thétand® are orthonormal  gjstributions. Finally, inserting the latter prior dirition
bases ant that the noigeé is uncorrelated inter- and intra- iy 3 Bayesian MAP estimator leads to the following mini-
channel with variance?®. Extensions to more general cases mization problem, expressed in coefficient space :

are readily derived. Denote, = v*1;, the rank one matrix

of coefficients representing, in Q) .

Looking at the above matrix equation column-wise, each  min —
column of Uav = X &7 is represented as a sparse linear {7*¥»} 20°
combination of columns imM with coefficients in the cor-

responding column of = S®7. Indeed, the assumption Let us first note that the above can be expressed slightly
that the lines of are diversely sparse(g. sparse and in-  differently as follows :

dependent, or sparse with disjoint support, etc.) resnlts i

2
) el vl 5)
k

X - Z\Ilvkuk@
k

the columns of also being sparse. Usual sparse decompo- ~ Mina,} 5oz [IX — 325 X |* + 32, Aellowells
sition algorithms work on each column &f®7 separately . (6)
to seek its sparsest representatioslinGMCA comes into with X, = ®a;, ¥ andVk, rank X;,) < 1

play when the dictionary is not fully known beforehand and

A needs to be learned from the data. GMCA constrains theWhich uncovers a nice interpretation of our problem as that
dictionary space assuming that matrixs unknown yet of of approximating the datX by a sum of rank one matrices
specified sizen x n and that® is given. This leads to a X} which are sparse in the specified dictionary of rank one
joint sparse coding and dictionary learning objective whic Matrices. This is the usuél minimization problem [9] but

can be expressed as a minimization problem in augmentedVith the additional constraint that the, are all rank one
Lagrangian form using afy sparsity measure at most. The latter constraint is enforced here mechawicall

through a proper parametric representatioXaef = a*s;
or a = v*v,. A similar problem was previously investi-
(3) gated by [10] with a very different approach.
2 We also note that rescaling the columnsof— pv while
which is clearly a difficult non-convex optimization prob- applying the proper inverse scaling to the rowsSof—
lem. Nonetheless, the GMCA algorithm is able to provide 1/pS, leaves both the quadratic measure of fit and4he
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Fig. 1. Image data set used in the experiments.

sparsity measure in equation (5) unaltered. Although renor
malizing is still worthwhile numerically, it is no longerdi
tated by the lack of scale invariance of the objective func-
tion and the need to stay away from trivial solutions, as in
GMCA.

Finally, adopting a BSS point of view, the objective func-
tion (5) is fully symmetric in its treatment of the mixing
matrix A and the source processSs The great major-

ity of BSS methods invoke a uniformmproper prior dis-
tribution for the spectral parametess. Truly, A andS
often have different roles in the model and very differ-
ent sizes. However, dealing with so-callbygperspectral
data, such an asymmetry is questionable. There have bee
previous reports of a symmetric treatmentfofand S for
BSS [11, 12] however in the noiseless case. We also note
that very recently, the objective function (5) was proposed
in [5]. However the algorithm used in [5] is very different
from the method proposed here which benefits from all the
good properties of GMCA, notably its speed and robustnes
which come along the iterative thresholding with a decreas
ing threshold.

3. ALGORITHM

Unfortunately, there is no obvious closed form solutions
to optimization problem (5) which is again clearly non-
convex. Similarly to the GMCA algorithm, we propose here
a numerical approach by means of a block-coordinate re-
laxation iterative algorithm, alternately minimizing Wwite-
spect toy andv. Indeed, thanks to the chosen prior, for
fixed v (resp.v), the marginal minimization problem over
v (resp. ) is convex and is readily solved using a variety
of methods. Inspired by the iterative thresholding methods
described in [13, 14, 15], akin to Projected Landweber al-
gorithms, we obtain the following system of update rules :
Ay (l/(_) + R, (a — Wu(_)))

{ Ac (Y + (a=1v) Ry)

where R, and R, are appropriate relaxation matrices for
the iterations to be non-expansive. Assume left invertibil

e
4

(7)

ity of A and right invertibility of S. Then, takingR,
(WTW)_I v andR, = T (VVT)_I, the above are rewrit-
ten as follows :

)

(8)
9)

A+

where vectorn has lengthn and entries n[k]
Aell7* 111/ 17113, while ¢ has lengthn and entries;[k]
Xe||vkll1/]|ve]|3- The multichannel soft-thresholding oper-
ator A, acts on each rovk of v with thresholdn[k] and

A, acts on each columh of - with threshold([k]. Equa-
tions (8) and (9) rules are easily interpreted as thresklolde
alternate least squares solutions. Finally, in the spfrit o
the fast GMCA algorithm [2, 1], it is proposed that a so-
lution to problem (5) can be approached efficiently using
the following symmetric iterative thresholding schemehwit

a progressively decreasing threshold, which we refer to as
hypGMCA :

1. Set the number of iterations I, and initial

thresholds )\,(CO)

2. Transform the data X into «

N3. While A" > \min,

— Update v assuming ~ is fixed using eq. (8).
— Update v assuming v is fixed using eq. (9) .
— Decrease the thresholds )\,(ch).

5. Transform back v and v to estimate A and S.

SThe salient to fineestimation process is again the core of

hypGMCA. With the threshold successively decaying to-
wards zero along iterations, the current sparse approxima-
tions for v and v are progressively refined by including
finer structures spatially and spectrally, alternatinglne

final threshold should vanish in tmiselesgase or it may

be set to a multiple of the noise standard deviation as in
common detection or denoising methods. Soft threshold-
ing results from the use of af sparsity measure, which
comes as an approximation to thepseudo-norm. Apply-

ing a hard threshold instead towards the end of the iterative
process, may lead to better results as was noted experimen-
tally in [1, 2]. When non-unitary or redundant transforms
are used, the above is no longer strictly valid. Neverttseles
simple shrinkage still gives satisfactory results in picacas
studied in [16]. In the end, implementing the proposed up-
date rules requires only a slight modification of the GMCA
algorithm given in [1, 2]. Where a simple least squares lin-
ear regression was used in the GMCA updatedfyr the
proposed update rule applies a thresholding operator to the
least squares solution thus enforcing sparsity on the esti-
mated spectral signaturesagriori desired.



4. NUMERICAL EXPERIMENTS GMCA with spectral constraints
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4.1. Toy experiment with synthetic data
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In this section, we compare the ability of hypGMCA and
GMCA to recover and learn the dictionary atoms that were
used to synthesize a given data set, generated according to
model (2). Using the language of BSS, we consider syn-
thetic 2D data consisting ofi = 128 mixtures ofn = 5
image sources. The sources were drawn at random from a
set 0f128 x 128 structured images shown on Figure 1. These e e e .
images provide us with 2D structured processes which are o
sparse enoughin the curveletdomain [17]. The spectra were

generated as sparse processes in some orthogonal wavelet

domain givera priori. The wavelet coefficients of the spec- Fig. 3. Evolution of the mixing matrix criterion Ca as
tra were sampled from a Laplacian probability density with a function of the SNR in dB. Solid line : recovery results
scale parametgr = 1. Finally, white Gaussian noise with  with GMCA. e : recovery results with hypGMCA.
variancer? was added to the pixels of the synthetic mixture
data in the different channels. Figure 2 displays four tgbic
noisy simulated mixture data with SNR 20dB.
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a further qualitative assessment of the improved dictipnar
and source recovery provided by correctly accountingfor
priori spatial as well as spectral sparsity. The top images
were obtained with GMCA while the bottom images, were
obtained with hypGMCA. In all cases, both methods were
run in the curvelet domain [17] with the same number of
iterations.

4.2. Application toreal data

We applied the proposed dictionary learning algorithm to
hyperspectral data from the 128 channels of spectrometer
OMEGA on Mars Expresswww.esa.int/marsexpressat
wavelengths ranging from.93um to 2.73um. Example
maps collected in four different channels are shown on fig-
Fig. 2. Four128 x 128 mixtures out of the 128 channels. ure 5. Model 2 is clearly too simple to describe this hyper-
The SNR is equal ta0dB. spectral reflectance data set. Non-linear instrumental and

atmospheric effects are likely to contribute to the=gener-

ative process. In any case, we use hypGMCA to learn a dic-
The graph on figure 3 traces the evolutiorCaf = ||I,, — tionary of spectral atoms, sparse in some orthogonal wavele
PATA||1, which we use to assess the recovery of the spec-dictionary, that well represent the data. The spectral dic-
tral dictionary A, as a function of the SNR which was var- tionary was learned assuming it is sparse in an orthogonal
ied fromO0 to 40dB. Matrix P serves to reduce the scale and wavelet representation. Preliminary results are shown on
permutation indeterminacy inherent in model (2) anblis figure 6. Interestingly, exactly two atoms were found to be
the pseudo-inverse of the estimated spectral dictionary. | respectively strongly correlated with reference speatra f
simulation, the true source and spectral matrices are knownH,O andCO, ice. Given the simplicity of the model, the
and so thaPP can be computed easily. Criterién is then close match between the learned spectra and the reference
strictly positive and null only if matrix4 is correctly esti- spectra is is remarkable. Figure 7 shows the corresponding
mated up to scale and permutation. Finally, as we expectedspatial maps which were assumed sparse in an orthogonal
since it benefits from the addedpriori spectral sparsity  wavelet basis. We note that tli&O, ice appears spatially
constraint it enforces, the proposed hypGMCA is clearly concentrated at the poles which is in close agreement with
more robust to noise. A visual inspection of figure 4 allows the results presented in [18].
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Fig. 4. Left column : Estimated sources using the original
GMCA algorithm.Right column : Estimated sources using
the new hypGMCA. [4]

(5]
5. CONCLUSION

We described a new dictionary learning algorithm,
hypGMCA, for sparse signal representation in the case
where it is knowna priori that the spatial and spectral (6]
features in the data have sparse representations in known
dictionaries of template waveforms. The proposed method
relies on an iterative thresholding procedure with a pregre
sively decreasing threshold. This alone gives the method 7]
true robustness to noise. As expected, taking into account
the additional prior knowledge of spectral sparsity leaxds t
enhanced performance. Numerical experiments focus on

a comparison between GMCA and hypGMCA. GMCA is
compared to state-of-the-art dictionary learning and BSS [8]
algorithmsin [2, 1].
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Fig. 5. From left toright : Mars Express observations at
wavelengths .38 - 1.75 - 1.94 and2.41um.
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